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Question 1  (*%)

The curve C has equation

=t ol
2x+1° 2
a) Show clearly that
2
dy _2x"+2x
dx  (2x+1)°

b) Find the coordinates of the stationary points of C.

[the nature of these stationary points need not be determined)|

()

Question 2 (*%)

A curve C has equation
y=+x=3, x>3.

Find an equation of the normal to C at the point where x =7

, [4x+y=30
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Question 3 (¥%)

Differentiate each of the following expressions with respect to x, simplifying the final
answers as far as possible

3
a) y=(x2—4)
b) y=xcos2x
0 y= sin x
X

A —
]:I, Q=6x(x2—4) ’ ?zcost—szinbc, %:—xcosx SIn X
X x X

Question 4 (*%)

Evaluate f'(3).
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Question 5 (*%)

The curve C has equation
x
=lnx——, x>0.
g 4

Find the exact coordinates of the turning point of C, determining by calculation whether
it is a maximum or minimum.

max (4,2In2-1)

Question 6  (*%)

The curve C has equation

y=xlnx, x>0.

Find the exact coordinates of the turning point of C.
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Question 7  (¥%)

Differentiate each of the following expressions with respect to x, simplifying the final
answers as far as possible.

a) y=(1—x2)6

b) y= x> sin3x

0 _ 5x
’ ¥ +2
10(1-x°
l:l, ﬂ=—12x(1—x2)5 [ ﬂ=3x2(sin3x+xcos3x) , @ _ ( xz)
dx dx dx (x3+2)

Question 8  (**+)

A curve has equation

y=(x2+3x+2)0052x.

Determine an equation of the tangent to the curve at the point where the curve crosses
the y axis.

L [ |y=3x+2
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Question 9 (**+)

A curve C has equation
y=xe, xeR.

Show that an equation of the tangent to C at the point where x =% is

2y=e(4x-1).

|:| , |proof

Question 10  (**+)

A curve C hasequation

y= x>+1,xeR.
Show that an equation of the normal to C at the point where x =1 is given by

y=\/§(2—x).

l:l , |proof
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Question 11 (**+)

The point P, where x =2, lies on the curve with equation
f(x)= 1n(x2 +4) .

Show that an equation of the normal to the curve at P, is given by

y+2x=4+3In2.

proof

Question 12 (**+)

The curve C has equation

, x>0, x#e |

I 1+Inx

Show that C has a single stationary point and find its coordinates.
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Question 13 (**+)

The curve C has equation

Show clearly that

Question 14  (**+)
Given that
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y:\3/1+6x, xX=—

A=

y=xcosx, xe R

3z

Show clearly that the value of @, at x= 37 s —.

dx 2 2
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proof

proof
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Question 15 (**%)

a) Find %(x2 cot Zx)

b) Show clearly that

i(tan x)=sec’ x
dx

@ = 2x(cot 2x— xcosec22x)

dx

Question 16 (**%)

The curve C has equation

y=(x-1)(x=2)+Inx, x>0.

—In 2) and fihd

NY[OV)

a) Show that one of the turning points of C has coordinates (%,

the coordinates of the other.

,%—IHZ).

=

b) Determine the nature of the turning point with coordinates (

(1,0)], max(

@ 4= d-342+bax

(bj 1 RE RGeS
He 2o
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Question 17  (**%)

The point P, where x=2, lies on the curve with equation

[NS][o8)

y:%( 2+5) , xe R.

Find an equation of the tangent to the curve at P .

Question 18  (**%)

Differentiate each of the following expressions with respect to x, writing the final
answers as simplified fractions.

a) _ Inx
Y 1+Inx
1
b) y=ln( j
x2+9

l:l @: 1 ﬂ:_ 2x

dx x(1+lnx)2 dx X249
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Question 19 (**%)

A curve has equation

x=(y+2f.

a) Find 2 in terms of x , by first finding @
dx dy

b) By making y the subject of the equation and differentiating the resulting
equation, verify the result of part (a).

Question 20  (¥*%)

The point P, where x =7, lies on the curve with equation
f(x)=e'sin2x, 0<x<27.
Show that an equation of the normal to the curve at P, is given by

x+2ye” =1

|:| , |proof
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Question 21 (**%)

The curve C has equation

a) Find an expression for %
X

b) Find the exact coordinates of the turning points of C.

AT

Question 22 (¥%%)
x? X
x)=2——+In|—|, x>0.
F)=2-2 4[]

a) Find an expression for f(x).

b) Find £ inexact surd form, such that f'(5)=0.
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Question 23 (**%)

A curve C has equation

yzln(%j, x>0.

Find an equation of the normal to C at the point where x =4

Question 24  (**%)

A curve has equation

x=42y+1, y=>2-

=

a) Find Y in terms of x , by first finding @
dx dy

b) By making y the subject of the above equation and differentiating the resulting
equation, verify the result of part (a).

2

dx
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Question 25  (**%)
Given that

y=cos x

find the value of ﬂ at x = z.
dx

Question 26  (**%)

: . T .. . .
The point P with x = 7 lies on the curve with equation

f(x)=3sin2x+cos2x, 0<x<27.

a) Find the gradientat P .
b) Show that an equation of the tangent to the curve at P, is given by

4x+2y=6+r1.
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Question 27  (**%)

The point A, where x =1, lies on the curve with equation
f(x)=(x+1)Inx, x>0.

Find an equation of the normal to the curve at A.

Question 28  (**%¥)

Differentiate each of the following expressions with respect to x, simplifying the final
answers as far as possible

a) y= .
(2x=1)

b) y=xle "

0 y_2x2+1
3% +1
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Question 30  (**%)

A curve has equation

2% +
y=—2 3 _ . ©  (eR.0<x<2.
2x“—=x—6 x"—x-=-2

a) Show clearly that

y=x+3, xeR, 0<x<?2.

x+1

b) Show further that the equation of the normal to the curve at the point where
x =1 passes through the origin.

I:I ; | proof
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Question 31  (¥%%)

Differentiate each of the following expressions with respect to x, simplifying the final
answers where possible.

a) y= .
1-2x

b) y=e>*(sinx+cosx).

_Inx
¢) y—7.

¥ 3 —
I:I’ Q=(1—2x) 215 Q=263x(sinx+2cosx) dy _1-2Inx
x
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Question 32 (**%)

A curve has equation
y=xe>*, xe R.
Show clearly that

d*y  dy
4 49 a4y,
dx? dx ’

proof

Question 33 (**%)

1

The point A, where x = 7

lies on the curve with equation
2
y=e2x+—, x#0.
X

Show that an equation of the tangent to the curve at A is given by

y=(2e-8)x+8.

proof
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Question 34  (**%)
Given that

y =2sinxtan x

find the exact value of ? at x = z.
X

Question 35  (**%)

Differentiate each of the following expressions with respect to x, simplifying the final
answers where possible.

a) y= X2 -1
b) y=x4lnx
e'—1
¢ y=
e +1

i X
I:I, ﬂ:x(xz—l) 4 ; ﬂ:4x3lnx+x3 f Q: 2e
dx dx

Created by T. Madas



Created by T. Madas

Question 36  (**%)

The point A , where x =2, lies on the curve with equation
f(x)lenx, x>0.

Find an equation of the tangent to the curve at A, giving the answer in the form
y=mx+c,where m and c are exact constants.

y=x(1+In2)=2

Question 37  (¥%%)

A curve C has equation
_ 2
x=y Iny, y>0.

Show that an equation of the normal to C at the point where y =e is

y+3ex=e(3ez+1).
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Question 38  (**%)
Given that

y=In(cosx+secx)

find the exact value of ? at x= z.
X

Question 39  (**%)

The curve C has equation

x=4siny, x>0.

a) Find D in terms of y.
dx

. . T .
b) Show that an equation of the normal to the curve at the point where y = 3 is

3y+6x=7£+12\/§.

dyys 41
dx 4cosy
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Question 40  (**%)

f(x)=51nx+l, x>0.
X

a) Solve the equation
f(x)=0.

b) Hence write down the y coordinate of the turning point of f(x) in the form

k—klInk , where k is an integer.

¢) Find f”(x) and use it to determine the nature of the turning point of f (x).

, f”(x)z%—i f”(%)=125>0 so minimum

2 b
X X

=
Il
n|—

Q J&- s¢
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Question 41  (**%)

The curve C with equation y =4x+ e > hasa turning point at A .

a) Find the exact coordinates of A and determine whether it is a local maximum or
a local minimum.

The curve C lies entirely above the x axis.

b) Calculate the exact value of area bounded by the curve C, the x axis and the
lines x=1 and x=-1.

min(—%ln 2,2—2In 2) , |area =%(62—e_2)
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Question 42 (**%)

The curve C with equation y = e>*—18x+11 has a turning point at A.

a) Find the exact coordinates of A and determine whether it is a local maximum or
a local minimum.

The curve C lies entirely above the x axis.

b) Calculate the exact value of area bounded by the curve C, the coordinate axes
and the line x=1.

min(In3,20-18In3)|, |area =%(ez+ 3)

Question 43  (**%)

f(x)len(1+x2), xeR.

Show that an equation of the tangent to the curve with equation y = f(x), at the point

where x=1, is given by

y=x(1+In2)-1.

|:| , |proof
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Question 44  (**%)

The equation of the curve C is given by

y=e"(cosx+sinx).

a) Find an expression for @

dx

b) Show further that % can be simplified to
X

o

e’ (sinx+3cos x).
dx

¢) Hence show that the x coordinates of the turning points of C satisty

tanx=-3

[, @ 2e”*(cos x +sin x)+e** (cos x —sin x)
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Question 45 (**%)

A curve has equation

y2 =2x+1, xz—%, y=0.
o I . ) dy .
a) Use implicit differentiation to find 2 in terms of x.
X

b) By making x the subject of the equation and differentiating the resulting
equation, verify the result of part (a).

Question 46  (**%)
By differentiating both sides of the equation

In(sinx)=1In(secx), OSX<%,

. . V4
show that the only solution is x = T

proof
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Question 47  (**%)

A curve has equation

yzxzcosx, xeR.

Show that the tangent to the curve at the point where x =7 is given by

y+27[x:7[2.

proof

Question 48  (**%)

Find an equation of the normal to the curve with equation

y=x/1+3x-In(3x-2), xe R, x>%,

at the point on the curve where x=1.

y=4x-2
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Question 49  (***4)

A function is defined by

f(x)=+e'-1, x>0.

a) Find the values of ...
i ... f(Ins).
i. ... f/(In5).
The inverse function of f(x) is g(x).
b) Determine an expression for g (x).

¢) State the value of g’(2).

f(m5)=2|, | '(In5) =

N

Created by T. Madas




Created by T. Madas

Question 50  (**%4)

A curve has equation
y(y—1)=5x-3.

Find the gradient at each of the points on the curve where x=3.

I+
<Jn

Question 51  (**%4)

The curve C has equation
f(x) = (2x—l)e_2x, xe R.
a) Find an expression for f’(x).
b) Show clearly that
f(x)=4(2x-3)e™.

¢) Hence find the exact coordinates of the stationary point of C and determine its
nature.

f(x)= 4(1—x)e_2x max(l,e_z)
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Question 52 (**%4)

A curve has equation

y=(3x+2)e .
Show clearly that ...

dy

a) ... =2 =—(6x+1)e .

) dx ( )

b) d_2y+4_y+4 =0
S dx =

proof

W) i I
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Question 53  (**%4)

The curve C has equation
_ 2 x
y=x"¢e , xe R.

a) Find the exact coordinates of the stationary points of C.

. X ) d’ . L
b) By considering the sign of d—g at each of these points determine their nature.
X

I:I, min (0,0)], max(—Z,izj

Question 54  (¥*%4)

The curve C has equation

3
y=12lnx—x2, x>0.

Determine the range of values of x for which y is decreasing.
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Question 55  (**%4)

The curve C has equation

where k and a are non zero constants.

a) Find a simplified expression for % in terms. of a and k.
X

b) Hence show that C has a single turning point for all values of a and k, and

state its coordinates.

1. |2-

dx

dakx
2

(kx2+a)

(0.-1)
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Question 56  (**%4)

The curve C has equation

x2—6x+12 11
y=————,xeR, x#— .
4x—11 4

a) Find a simplified expression for %
RS

b) Determine the range of values of x, for which y is decreasing.

2_
I:I, Q:4x 22x-|;18 , 1<x<2
dx  (4x=11)

Created by T. Madas



Created by T. Madas

Question 57  (¥*%4)

A curve C has equation
2 1
y=4x"In(3x-1), xeR, x>§.

2

Show that the value of % at the point where x =1 is
X

15+8In2.

proof
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Question 58  (**%4)

The curve C has equation

where a is a non zero constant.

Given that f’(2a)=-2, determine the value of a.

O DIFFQRATIATNG 3y THE QIOTIA RUE

c/ Caix 2 — 23 2x-a)
(o Gz — 23 )
= {Q) = 2 — 2

= t{l\ —2&

=5 2 (22

B -ty B O Ml
G-
T

2 a3

= -2 4

= -2a —4
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Question 59  (**%4)

Show clearly that ...

3 1
i i(xz ez’cj:l(4x+3)x2 e,
dx 2

. d (4x+1j 6
ii. ... — = .
dx\1-2x (1—2x)2

d
i, ... —(1 +1 =S .
jii dx( n(secx anx)) ecx

proof

Created by T. Madas



Created by T. Madas

Question 60  (***+)

The curve C has equation
y=xvlnx, x>1.

Find an equation of the tangent to the curve at the point where x = e giving the answer

in the form ay =bx - e ,where a and b are integers.

[ ] [4y=9x=¢’

@ DELUTE THE GDUATION DIRFOASTINTE THE Probucr:

= 2 Cw)?

y T
e Q)+ 4w $0) x5

. . ruevE
() + £C)

\

T
= e v —

dn o
. 2w
| al
A e 24w
=gt
\
2+ &
= &
+

v

G : By
© ALD Wit 3=o , Y=< | et]® 1€

® THS We five THE CpuATIoN OF TiHE ThAnGET
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Question 61  (¥*%4)

The curve C has equation
y =ezx(2x—l) , xeR.
Show clearly that

dy _ 4xy
dx 2x-1"

Question 62  (¥*%+)

f(x)=In(cosecx—cotx), 0<x<7.

Show clearly that

f(x)=cosecx

proof
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Question 63  (***4)

Solve the equation f/(x)=

AW

Question 64  (***4)

The curve C has equation

y=1n(1c2—4)—§x2 , x|>2.

Find the exact coordinates of the turning points of C and determine their nature.

max(—3,ln5—%) , max(3,1n5—%)
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Question 65  (***+)

X
x)= , xeR.
f( ) > +4

a) Find an expression for f'(x).

b) Determine the range of values of x, for which f(x) is decreasing.

==,

x<—-2orx>2

Created by T. Madas



Created by T. Madas

Question 66  (***4)

A curve C is defined by the function

1+sin2x
x)=——,0<x<2rx.
f() 44+cos2x
a) Show clearly that
, 2+4+2sin2x+8cos2x
f(x)= >
(4+cos2x)

b) Show further that the equation of the tangent to C at the point with ng is

given by

2x+3y=xm+1.

proof

a
e

B o
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Question 67  (***4)

A curve C has equation

4x+k k
= , XF—,
4x—k 4
where k is a non zero constant.
. . . . dy .
a) Find a simplified expression for o in terms k .
X

The point P lies on C, where x=3.

b) Given that the gradient at P is —2—87 , show that one possible value of k is 48

and find the other.

£ dy___ 8 [ s )
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Question 68  (***+)

A curve C has equation
o 2x( .2
y=e (x —4x—2), xe R.
a) Show clearly that

%zZezx(x2—3x—4).

b) Show further that

%:2ezx(2x2—4x—11).

2

. . f . d
¢) Hence find the exact coordinates of the stationary points of C and use d_;) to
b

determine their nature.

, min(4,—2e8) . max(—l,3e_2)

Created by T. Madas



Created by T. Madas

Question 69  (**%4)

The curve C has equation given by

Show that an equation of the normal to C atthe point (1,1) is

4x+y=5.

|_| , |proof

Question 70 - (¥**4)
f(x):ixz—ln(x—1)3, xeR, x>1.

Find the range of values of x for which f(x) is a decreasing function.

1<x<3

Created by T. Madas



Created by T. Madas

Question 71  (**%4)

Show clearly that ...

i di_2x3(2x+3)5J:2x2(16x+9)(2x+3)4.
X L

L d| 2221 2x

nm. ... — 3 == 7
A3 (3641)

i, ... i[ln(secx+tanx)]=secx.
dx

proof
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Question 72 (**%4)

The curve C has equation
_ 2x X
y=e"—4e —16x.
a) Show that the x coordinates of the stationary points of C satisfy the equation

e?*—2e*~8=0.

b) Hence determine the exact coordinates of the stationary point of C, giving the
answer in terms of In2.

[ ] [(2in2,-321n2)

® 4=t @ Svadoxe

Question 73 (¥**+)

Given that
y= (x2 +8x)e_4x,

find the exact value of Q at x = _1 .
dx 2
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Question 74  (***+4)

The equation of a curve C 1s

y= al xeR .

249

a) Find the coordinates of the stationary points of C.

2

d . .
b) Evaluate the exact value of d_g at each of these stationary points.
X

L1 38) (3-8

Question 75  (¥*%4)

The point A, where x=2, lies on the curve with equation

y =(x2—3)e%x.

Show that an equation of the tangent to the curve at A is given by

2y=(9x—16)e.

proof
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Question 76  (***4)

Differentiate each of the following expressions with respect to x, simplifying the final
answer as far as possible.

a) y=se02x.

b) y=ux(1-2x)°.

0 y= sin x
Y 2—cosx
D agee vtanx| |2 = (14x21)(2x-1)° = (1= 14x) (1-28)°| |2 = 200”—12
a dx dx  (2-cosx)

Question 77  (¥**4)

Given that

y= 3tan’ 2x

find the value of ﬂ at x= f_
dx
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Question 78  (***4)

The following trigonometric identity is given

sin3x = 3sin x—4sin° x .

By differentiating both sides of the above trigonometric identity with respect to x, find
the corresponding identity for cos3x in terms of cosx.

, |cos3x = 4cos’ x—3c0s X

Question 79  (***4)
f(x)=8x*+8x+Inx, x>0 .
a) Show clearly that

f’(x)zM,

X

where a and b are integers.

b) Hence show that f (x) is an increasing function.

a=4,b=1
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Question 80  (***+)

sin x

,05x<27m .

Fx)=

2—Ccosx

a) Find a simplified expression for f”(x).

b) Hence find the minimum and maximum value of f (x).

2 -1
e Byl

Question 81  (**%+)

Show clearly that

proof
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Question 82  (**%4)

The curve C has equation

x+13
= x#-3,2.
YT ) (x+3)

The point A lies on C and has x=-1.

a) Find the value of % at A.
X

b) Find an equation of the tangent to C at A, giving the final answer in the form
ax+by+c=0, where a, b and ¢ are integers.

x—6y—11=0

6 ’
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Question 83  (**%4)
F sin(x/gx) , xe R.
Find the exact value of each of the constants R and ¢ so that

%ZRC_XCOS(\/gx-l-a’) ,

where R >0 and O<0{<%.

Created by T. Madas



Created by T. Madas

Question 84  (***+4)

A curve has equation

yz%ln(%), x>0.

. . dy .
a) Find an expression for d_y in terms of x.

X
b) By making x the subject of the equation and differentiating the resulting
. . dx
equation, find —.
dy

¢) Use the results of parts (a) and (b), to deduce that

dy dx
L X —=
dx dy

I.

|:|,ﬂ=i , ﬁ=662y=2x
dx 2x| |dy

Created by T. Madas



Created by T. Madas

Question 85  (**%4)

A curve C has equation

X
—xz, xeR.

1
y=e?

The curve has a single stationary point at x = x, such that n < xy <n+1, ne N.

Determine the value of n.
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Question 86  (***4)

A curve has equation
y=(x+a)sinx,
where a 1s'a non zero constant.

a) Find an expression for @ .

dx

2

b) Show that %+ y is independent of a .
X

d . d’
—y=(a+x)cosx+smx , —§+y =2cosx
dx dx
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Question 87  (**%4)

The curve C has equation

-1
) [l VY Y
x+2

a) Show clearly that

@_ ax’> +bx+c
dx  (x+2)°

where a, b and ¢ are constants to be found.

b) Deduce that the graph of C is increasing for all allowable values of x.

c:1|

la=1|, [b=1],
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Question 88  (***4)

The curve C has equation

2 4x

y==x"—¢

=

Show clearly that C has a point of inflection, determining its exact coordinates.

2
[—ln2,%(ln2) —%}

Question 89  (¥**%4)

x+1 1

yz( ,x¢2,x;t§.

x=2)(2x-1)

Find the value of ﬂ at x=1.

dx
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Question 90  (***4)

A curve C has equation
1 2x
y=—e"+3, xe R.
4

The point P lieson C where x=1In2.
a) Show that the equation of the tangent to the curve at the point P is
2x—y+4=In4.

This tangent meets the x axis at the point A, and the normal to the curve at the point P
meets the x axis at the point B.

b) Show that the area of the triangle APB is 20 square units.

proof

Created by T. Madas



Created by T. Madas

Question 91  (**%4)

The figure above shows the graph of the curve with equation

The curve has a stationary pointat P .

Determine the exact coordinates of P .
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Question 92 (**%4)

The figure above shows the graph of
y=e ¥  and y=e ‘sinx, 0<x<7.
The curve with equation y =e¢ " sin x has a local maximum at the point where x = x; .

The curves touch each other at the point where x =x,.

Show clearly that

_7'[
XZ—XI—Z.

|:| , |proof
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Question 93  (**%4)

yA A

oV12

sin 6.x

y

The figure above shows the graph of the curve with equation

N

yze’“/ﬁsin6x, OSxSE.

The curve has a local maximum at the point A .

Find, in terms of 7, the x coordinate of A.
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Question 94  (**%4)

B P L CANS
(x+2)(x—-3)
a) Show clearly that
A B
=

where A and B are integers.

b) Hence show further that f (x) is a decreasing function.

A=5, B=1

Question 95  (¥**4)

=
Il
—
=
—_
>
&)
+
O
N —
[\SO8)

Show clearly that

a3y
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Question 96  (¥*%%)

The curve C has equation
y=12x% —2x+sin’ 2x.
Show clearly that C has no points of inflection.

proof

Question 97  (¥*%%)
X

y=a ,a>0, a#l.

a) Show clearly that

A curve has equation
y=(Inx)*=12(0.5)", x>0.

b) Show that at the point of the curve where x =2, the gradientis 4In2.

proof
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Question 98  (¥¥¥%¥)

The curve C has equation

C2x*—1-2Inx"

X

>0.

9

The curve has a point of inflection at P .

Show that the straight line with equation y = x is'a tangentto C at P.

, |proof

RWBTING- T oo Bees DIFFRASTATION TN HE o AT (i),
4= 281 2lno® | 2Pt - 2ndux 4
> > i;l+aazx*1+;§—§
2
Y= %‘%’ka”—h—f—z\m Wl
(ato) A2 ar-2 =)
s
DHFRETIAT: Wk BT ® 3 ) T
. _. _ ERUNTION of THE TANGEN] AT | @ JAsser
:7%: 2+vf<% = 24 o2t 5 s
B : Teoos i
:')(;i: R A=Y= mGi-)
®w-1=1G-)
0 0N of_IvAlerion %}5@ gy = x|
R . e - 3”1//
N 32&7 = ;T A 2LguIeid
= 0= 2?
= - =0
= 20(x~) =0

K

= 2. A y= 22l

- |

e AT CLi) TR 8 A Fond of infieron),
(v w5 T ae0e fooTee. 48 THe WSTiod AT <o)
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Question 99  (¥¥¥%¥)

£/ s T x#-1, x#1
YT (2-1) R

2

Find the value of d—;j at x=1.
dx

Question 100 (**%%)

The equation of a curve C is

y=e_2x\/;, x=0 .

Determine the exact coordinates of the stationary point of C.
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Question 101 (¥¥%%)

The curve C has equation

x=y1-4y, ySi.
a) Show clearly that

dy _1-4y
d« 1-6y

b) Show further that an equation of the tangent to C at the point where y=-2 is

3x=13y-8=0.

proof
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Question 102  (¥¥%%)

Differentiate each the following expressions with respect to x, simplifying the final
answers as far as possible.

(Fractional answers must not involve double fractions)
—F3
a) y=sin 2x.

b) y=xtan4x.

c) y=ln(x—+1j.
X

Q:6sin22xcos2x, ﬂ:tan4x+4xsecz4x A S~
dx dx dx X2+ x

Question 103 (¥*%%¥)

f(x):e_2x+E, xeR, x>In4.
X

a) Show that f(x) in a decreasing function.

b) Hence find the range of f(x).

L Lf(x)er, f(x)<

2o
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Question 105  (¥¥%%)

a) Find an expression for f’(x).
b) Show further that

9—8x°

f(x) “ i

¢) Hence calculate that the exact coordinates of the stationary point of C.

f'(x)=(9—4x2)%—4x2(9—4x2)_% : (3ﬁ %)

Created by T. Madas



Question 106

Created by T. Madas

(****)

Differentiate each of the following expressions with respect to x , simplifying the
answers as far as possible.

a) y= e"‘““(x2 +1) .

2
b) y=v1+2e? .

0 y= 4x? +3x
2 -Tx

Created by T. Madas
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Question 107  (¥¥%%)
A curve has equation

—2x —2x
y=e “4+axe 7,

where a is'a non zero constant.

2

d ) 4 . 2
Show that the value of d_;} at the stationary point of the curve is —2ae? ! .
X

, |proof

OB T AT Tuo Deguodons
4= 7% o™

B 0 ) - P aen 2a)

. 2 2
3,% = -.i C:pz-l«;) £ ()
= -2 [a-2-200 4]
¢ 26 Camznn)
= 4e® (ax=a+)
R SHTIONAR ANIES % -0
= (2 re-20) =0
—24q 2020 (€%0)
> a2=2:mx

EPE Y
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Question 108  (**%%)

The curve C has equation given by

a) Show clearly that ...

. dy x—4
L. ... — a3 -
dx 2(x-2)2
2 —
i, 42 __ 51 4
dx™  4(x-2)2

b) Hence find the exact coordinates of the stationary point of C, and determine its

nature.

Created by T. Madas
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Question 109  (¥¥%%)

The curve C has equation

2Inx-1
y= , X
2lnx+1

a) Show clearly that

dy 4
dx  x(2lnx+1)*

b) Show that the equation of the normal at the point where the curve crosses the x
axis is given by

y+x\/g=e.

proof

Created by T. Madas



Created by T. Madas

Question 110 (¥¥%%)

2x
X)=——, x<1.
==
a) Find an expression for f’(x).
b) Show further that
, 2—x
f(x)= 3
(1-x)2

Created by T. Madas
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Question 111 (¥¥%%)

A curve C has equation
y=x—21n(x2+4), xeR.
a) Show clearly that

d’y 4(x2 ‘4)

The curve has a single stationary point.

b) Find its exact coordinates and determine its nature.

I:I , |point of inflection at(2,2—61n2)
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Question 112 (¥¥%%)
- T
y=Xx—+/sinx, 0<x<5.

2
Show clearly that when sin x = l , the value of d—;} is H
4 dx 8

proof
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Question 113 (¥¥%%)
f(x)=e*—4e7, xeR.
a) Show that the inequalities
f(x)>0 and f7(x)>0
have the same solution interval.

b) Determine, in exact form, the common solution interval.

l:l, x>%ln2

« B LS
~ {&ve = 3fwyo = fwye

(e THE Shntt souTianl ndlreunl

pZ

e A
b sowws fov>o &

S At

= ¥ o Pl VN 2
3 W@ S " o 3
= &(Fa)vo Sy S
= fluve [@h0]  §Evat 8
BRI S & LS S
- <54 e ¢
= RV A ¢
> >k = 2] VAl A I, >n]%
= =y W 3
P :
L I AR
L3 = 1
= S B B}

Created by T. Madas



Created by T. Madas

Question 114 (¥¥%%)

The equation of the curve C is
r 2 1-x
y=(x+2)"e™, xeR.

a) Show clearly that ...

.. E:—X(X‘FZ)CI_X.
- d*y 2 i
. ... —==(x"-2)e .
Ly _(0-2)

b) Find an equation of the normal to Cat the point (1,9).

The curve has two stationary points at P and Q.

¢) Find the exact coordinates of P and Q, further determining the nature of these
stationary points.

|x—=3y+26=0

, |[max at (0,4¢)|, [minat (-2,0)

Created by T. Madas



Created by T. Madas

Question 115 (¥¥%%)

The equation of the curve C is given by

y=x\/x3+l, x=>-1.

a) Find an expression forﬂ.

dx

b) Show further that @ can be simplified to

dx

dy  5x°+2

dx o 41
¢) Hence show that an equation of the normal to C at the point where x =1 is

7y+2)m/§:9\/§.

B ()3 ()
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Question 116 (**%%)
It is given that

d
—(secx)=secxtanx.
dx

a) Prove the validity of the above result by writing sec x as

COS X

The curve C has equation

V4 V4
y=e3xsec2x, —Z<x<=,
4 4

b) Find an equation of the tangent to C at the point where C crossesthe y axis.

The curve has a single stationary point at P .

¢) Find the x coordinate of P, correct to 3 significant figures.

y=3x+1],[x=~-0.491
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Question 117  (¥¥%%)

YA

The diagram above shows the graph of a curve C with equation
y=2x—=xlnx, x>0.

The curve has a maximum at M .

a) Find the exact coordinates of M .
The point A lies on C where x=1.
The curve crosses the x axis at the point B.

b) Determine the coordinates of A and the exact coordinates B .

¢) Show that the tangents to the curve at A and B are perpendicular to each other.

. . e’=1 e’+1
d) Show that these tangents intersect at the point Q .

S A

M (e.¢)|.|A(1,2). B(*,0)

® oy 2aa
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Question 118  (*¥%%)

a) By differentiating y =e*2, find the derivative of y =2*.

2
b) Hence find the exact value of the gradient on the curve with equation y=2" at
the point where x=2.

di(z’C):z’flnz , [64In2
X

Question 119  (¥¥%%)

y= arctan(%x), xe R.

By writing y= arctan(%x) as x=f(y), show that
@ 2
dx  x>+4

, |proof

PRALLED AN T e hiST

— Y= arbd (42)
= by = tan (arch ()
= by - s
B
- %4 - sy
N A
= . o(ebyy) %uﬁeeb}{)
Y 9 A 2 58
= &= o 2bdy

B Tie wviese 2o
— da _ L
7 Sk

foduy we vk 4 =2 %
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Question 120  (¥¥%%)

Prove that ...

.. d|3x>+6x-5 16
nm. ... — > — 3
dx|  (x+1) (x+1)

proof

| [Ny

et
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Question 121  (¥%%%)

The curve C has equation
f(x)=€*'sin2x, 0<x<7.
a) Find an expression for f”(x).
b) Show clearly that
f7(x)=8e*cos2x.

¢) Hence find the exact coordinates of the stationary points of C and determine
their nature.
1
e

N|§|

3z
f,(x)ZZBZX(sin2x+0052x) , max(%ﬂ',ge 4 j , min(%f[,—
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Question 122  (¥¥%%)

The curve C has equation given by
y=xv1-2x, xS%.

a) Show clearly that

Q 1-3x
dx  J1-2x
b) Show further that
d*y 3x-2

—.
d® (1-2x)

¢) Hence find the exact coordinates of the stationary point of C, and determine its
nature.

max at (%,%\/5)

@ y

© &
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Question 123  (¥*%%¥)

A curve has equation

Find the exact coordinates of the two points on the curve which have gradient 5 -

Created by T. Madas

y=x+Inx, xeR, x>0.

I:I, (e.e), (e‘l‘,%e‘l‘)

3
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e
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Question 124  (¥¥%%)

The curve C has equation

, y>0.

Show that the equation of the tangent to C at the point where y =e can be written as

e(x—y)=1.

o Pette)

@ MUTIRY T DJoMATOR AR D DIFFRATIATE WeT 3

- =y

r (AROF R W

= w-¢) - gl

) 3’%&:*3 -2l = “Q%\ﬁx

® SiRwATE The Aga0t expaission 4T PCerd e )

b,

@ KopToN of Tavear AT Merdic)

5 y-e =1 (a-e-k)
5 Yo = A e

ar

® A THE Guilio oF HE TANET O Re Hund AL pecoe
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Question 125  (¥¥%%)

At the point P, which lies on the curve with equation

the gradient is %

Determine the possible coordinates of P .

[ ].|p(n48,4)

Hce we vaw e

o 4=y = o W(#-y)
= x=hla-w
= (- = x = x-=hd
—dx_ -2 iy = RS
dy S ® 4% = a- W@-E]
© ool AT THE GufiTia) o )30 We My Dtk THeouest STEs \“‘/L Cxl<o
PR S T
3 o =
AR o e oy vong o« P W) -
dy— ey P
s s 2

NG S - &
@ s %é
e
&)

[
nlE

= e
s

Wl

= §u = e

= Sy rR=o

= (®-24-4)
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Question 126  (¥**%)

A curve has equation
y=e>*(2cos3x—sin3x).
Show that

2
d—§—4ﬂ+13y=0.
dx dx

, |proof

Question 127 « (**%¥)

Find, in exact form where appropriate, the solutions of the equation

S
dx\3—e* '

x=0, x=1n9
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Question 128  (*¥%%)

The point P(In2,5b—3a) lies on the curve with equation

y=a+be",
where a and b are non zero constants.
The gradient at P is 8.
a) Find the value of a and the value of b .

b) Find the exact coordinates of the point where the normal to the curve at P
crosses the x axis.

a=3, b=4|, |(88+1n2,0)
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Question 129  (*¥%%)

Tx+2 1
=  x# 22 xx—1.
T o) (rr2) (2 T2

Find the exact value of ﬂ at x=-1.

R

Tk
(=23G) (o)

[ O i > 7
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9

o F 22
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© a2
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da
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L dy|— P ey
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Question 130  (¥¥%%)

The curve C has equation

1
1—x)2
= — | (2x+1), —-1<x<1.
Y (l+xj ( * ) o

By taking logarithms on both sides of this equation, or otherwise, show that at the point

on C where x:%, the gradient is —%\/g .

Question 131 (¥¥%%)

The curve C has equation
y=arcsin(2x—1), 0< x<1.

Find the coordinates of the pointon C, whose gradientis 2.
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Question 132 (¥¥%%)

A curve C has equation

xX= y\/9—4y2 ,

3

a) Show clearly that

dy _ \/9—4y2

dx  9-8y*

b) Find the exact coordinates of the two points on C, with infinite gradient.

B33

N[OV
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Question 133 (¥¥%%)
Given that

y=3cos(Inx)+2sin(Inx), x>0,

show clearly that

X' —=+x—=Ay,

stating the value of the constant A .

W DECRECT T o

4 \ - WS e Na s st
= s n ke 26 (lin) < L 4= 2o ) + 290 ()
- - B o emn)wd + 2ts(ln) =L
g‘;— = A 2y = () | or Quar g+ 2t imy,
s MUY AROR § DIFRATIATE CH . WM R T 2
DIFEGSIATING. e gt =B
i LT " CISN 2 o
b 5z 2o Q) -3amClan) [+ L -2sm(l)y i) | e Aot ]
= = — = | x - 2 o Lo Clindy
g o z 9 5 | =3 () + 2cosChn)
& T3 - = 7 PN . L £
b«% N ’i“ [ 2@ = \'sm(,w\,j = ,x\i[_zw,umj +3 ,A\WL‘ : . )
Ueda oy qdh o i Om)el. — 20 () =
& i Ty Y \ Rt £ @ X vy
e 2t () ~2sn () + 20 () + 3t () | % X i
8 ANy gl et b s () ()
B d o - L{om ) w2 G0
C MR W ORIy
9= L Seacln)— swion) 24 P -
i L (el | a %Tfl 3 x,ﬁ o L&u;smﬂﬁ + 2w (\‘w«))]
ey ue 4jooe &
= R e )% -
o — e Ea NJ
2l < ] o) -nl] 43 el 30

== | Swa(m)- sn \:MM',J + [ () = 39a(ln)]

= = Sws(ln) - an () + 20 (bn) - 3 ()

= =3 () ~ 2 ()

= = [l + 2m [m]
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Question 134  (¥¥%%)

The equation of a curve C 1is

y ,xeR, x>0 .

112«

The curve has a single turning point at P .

a) Show that the coordinates of P are (\/g,%\/g ) .

2
d i
b) Evaluate the exact value of ), at P and hence determine its nature.

dx”

d’y 1 » .
I:l, —2=—\/—>0, SO minimum

dx 2\e

Question 135 (¥%%%)
Show thatif x=sec2y, then

proof
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Question 136  (¥*%%)

A curve has equation given by
y=xvx+1, x=>-1.

a) Show clearly that

dy 1 a4
—=—(3x+2)(x+1) 2.
=2 (3x+2)(x+1)

The function f is defined as
f(x) =xvx+1sin2x, x>1.

b) Show further that

Created by T. Madas
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Question 137  (¥%%%)

The curve C has equation

N
2—sinx
Show clearly that
@_1 y2 COSX .
dx 2

, |proof

S,y OxGon)—2Cwaun)
. @ -smy>

Question 138  (*#%%¥)
Given that

‘h{zxﬂj
y 2x-1

find the exact value of Q at x= l .
dx 4

Created by T. Madas



Created by T. Madas

Question 139  (¥¥%%)
The function f is defined by

Show clearly that f*(2)==16 .

proof

Question 140  (¥%%%)
y=In(secx+tanx)—sinx.

Show clearly that

dy .
— =smxtanx .
dx

proof
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Question 141  (¥¥%%)
It is given that

i(tan 2x)= 2sec’ 2x .
dx

a) Prove the validity of the above result by considering the derivatives of sin2x
and cos2x.

A curve has equation

y=6xtan2x, xe R.
b) Show that the tangent to the curve at the point where x = %ﬂ' meets the y axis at

the point with coordinates (0,—%7[2) .

, |proof
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Question 142  (¥¥%%)

y=x- i + 3 , xeR, x#-3, x#1.

¥ +2x-3 x-1

a) Show clearly that

b) Solve the equation

Created by T. Madas



Question 143  (¥¥%%)

A curve has equation

Created by T. Madas

y=1e? P -am(Lx), x>0.

The tangent to the curve, at the point where x =2, crosses the coordinate axes at the

points A and B.

Show that the area of the triangle OAB, where O is the origin, is given by

(16-3e)
16(4—¢)

, |proof
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Question 144  (*¥%%)
Show clearly that

d

3 1
d—(26_3x(2x+1)2j = —12xe‘3X(2x+1)5 :
X

proof

Question 145  (¥¥¥%¥)

Differentiate each of the following expressions with respect to x.

a) y:(2x+lnx)3.

X2

3x—1

b) y=

c) y= sin*3x .

2_
I:[, Q:3(2x+lnx)2(2+lj, Q:M, @:IZSin33xcos3x
dx X dx (3x-1) dx

o) 9= oy Copan Dug)

1 P o2
B 3ee)x(ard) = 3G b)Y o
T
b) - 3 (v rue)
SRRt
FIRRNCE e N T WU Y PN P Rttt
LIS (32 €%

132 (€T

. L d Lok
<) 4 adtaa = Camad)t Cofpg pui)

3 §
%: H)x wdox3 - \:sﬁslwu/ %
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Question 146  (**%%)
The functions f and g are defined by

f(x):3ln2x, xeR, x>0
g(x):2x2+1, xeR.

Show that the value of the gradient on the curve y = gf (x) at the point where x =¢ is

31 41m2).
€

, |proof
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Question 147  (¥¥%%)

1
The graph of the curve with equation y = Eex is shown below.

Yy AN
y=s%e'
B
P
Al o R
__ S x
0]

The points A and B lie on the curve, where x =0 and x =In4, respectively.
a) Show that the equation of the tangent to the curve at the point A is
2y—x—1=0.
This tangent meets the normal to the curve at the point B at the point P .

b) Show that the coordinates of P are given by
32+ V2.
2 4

[continues overleaf]
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[continued from overleaf]

The region R bounded by the curve, the normal to the curve at B and coordinate axes is
shown shaded in the diagram above.

¢) Show that the area of R is 1—21 square units.

proof
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Question 148  (¥¥%%)
y=20+480e """, xe R.

Show clearly that

dy 1
10

proof

Question 149  (¥*%%)

A curve has equation
y= 10e X , xe R

where k :%an .

Find the value of x that satisfies the equation

ﬂ:ln[ﬁ)

dx 2
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Question 150  (¥¥%%)

A curve C has equation
y =%ezx—4x+1, xeR.

The point P lieson C where x=1n4.
a) Show that the equation of the tangent to the curve at the point P is
y=12x+9-32In2.
The point Q lies on C where x=1In2.

The normal to the curve at the point Q meets the tangent to the curve at the point P, at
the point R.

b) Show that the coordinates of R are

(In2,9-201n2).

proof
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Question 151  (¥¥%%)

A curve C has equation

y=(x+1)"e*, xeR.

a) Show that

i. Qz 2(x+1)(x+ 2)ezx.
dx

e dzy

= =2(2x2+8x+7)62x.
X

b) Hence, or otherwise, find the exact coordinates of the stationary points of C and
determine their nature.

I:l, min(—1,0)|, max(—2,6_4)
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Question 152  (¥¥%%)
A curve C is defined by the equation

x=sec(%), O<y<r.

a) Show clearly that

dy 2

dx wx?-1 .

b) Hence find the exact coordinates of the point of C, where % = \/5 .
X
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Question 153  (¥¥%%)

fx :—lx+sinxcosx, 0<x<2rx.
2

Use differentiation to find the range of values of x for which f (x) is increasing.

OSx<% U 5_7r< <7_7r U 1%<x<271’
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Question 154  (¥¥*%%)

A curve has equation

y=arcsin2x, —

a) By finding % and using an appropriate trigonometric identity show that

dy___ 2
A \J1-4x2

b) Show further that ...

; dzy _ Ax

T (1—4x2)% ’

. d3y_ Bx*+C

il ... —5= 55
dx (1—4x2)2

where A, B and C are constants to be found.

, |proof
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Question 155  (¥¥%%)

Show, with detailed workings, that

a) i(cos 2xtan2x)=2cos2x.
dx

o) Mmioust s sepessan |

glevbn]. glonsn] - dha

= A = 2y
02 By T $Iooucl Rute

r 1

g.hvnmlmvﬂ: - 25w faupa ¥ logdr se2ax2
= 2w self2x — 2audlauia
_ v i 2 A ST
= 2fwends - s

[l i~iEnfs 7
Rl M =N .|
el T i 9
L x| o
=

55
[
PZ e
E) B THe QUoteR e

Eth (302 = 3% 203
i) Lo

A

Question 156  (**%%)

A curve C has equation

y:2+26_2x—e_3x, xeR.

Find the exact coordinates of the stationary point of C and determine its nature.

max (In( ) 48)
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Question 157  (¥¥%%)

3x2=10x+2 r 9
(1—2x)(x—2)2 ’ ’

Find the exact value of % at x=3.

dy| .52
I:I’ E_ | 25

x=3
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Question 158  (¥#%%)

A curve C has equation

x2

y=—o, xeR, x>0.
Inx

Find, in exact form, the equation of the tangent to C at the point where x = Je.
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Question 159  (¥¥%%)
The function f is given by

f(x)Eemx(x2+x), xeR,

where m 1is a non zero constant.

Show that f has two stationary points, for all non zero values of m .

Created by T. Madas

, |proof
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Question 160  (**%%)
y =cotx, 0<x<%.

Show, with detailed workings, that

, |proof
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Question 161 (*¥%%)

The curve C has equation

/4
x:sec2y+tany, 0<y<—.

a) Show that

dy _ cos’ y
dx 2tany+1"

3 . T .
b) Hence show that the equation of the normal to C at the point where y =— is

4y+24x=7mw+72.

, |proof
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Question 162 (**%%)

IA
s
IA

y=arcsin x, —

|
SN
IN
<
IN
o |y

N | =
N | =

a) By finding ? and using an appropriate trigonometric identity show that
Y

d__ 14
dx  \J1-x? '
A curve C has equation
y = xarcsin2x, —leSl, —ZSySZ
2 2.2 2

b) Find the exact value of % at the point on C where x :% .
X

]
JE O
I - P =) //
7y

%
& sen

b) Difemincn o e ey o

Y= vamav = 9. (xomw + Ax

ax
% = o
RO
- axk ¥
T = (meem)
=
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Question 163  (*¥%%)

y = 2xarcsin 2x +v1-4x? —%st%.

Show clearly that

, |proof
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Question 164  (¥***4)

The curve C has equation

y=xvlnx, x>0.

The equation of the tangent to C at the point where x=a is

4y=bx-a,

where a and b are non zero constants.

Determine the exact value of a.
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Question 165  (***%4)
y=arccosx, —1<x<1,0<y=srx.

a) Prove that

dy 1
dx 1-x°
The curve C has equation given by
e _1 1
y=arccos4x, 4st4.

1
b) Show that an equation of the tangent to C where x = 3’ is given by

3y+8\/§x:7£+\/§.

proof
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Question 166

(****+)

Created by T. Madas

\/1+6sin2x

= (1+tanx)

, tanx #—1.

. . = . e . . | T
By using logarithmic differentiation, or otherwise, determine the value of  f (—] .
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L1

= foy - JTseain . Gesin®
[GE T [ SE
\{ CuCavfaye 7

e ey

= Wk
= Wil = b lroai® o b ey
= W< 44C69R) - 2l b
NOW_LET Lo WO TisT
40F)- A L
=

DO 4() Wi pesteer T 2

\ ‘ f
by O = de L o -2 Ly
IrGui P

[ AN \

A e Y S Y
‘T,

24w - 2

24mg) - -§

m) < - %/




Created by T. Madas

Question 167  (***%4)

A x=(y+2)In(3y+4)

> X

The figure above shows the graph of the curve with equation
x=(y+2)In(3y+4).
The curve meets the coordinate axes at the point P and at the point Q.

Determine the gradient, in exact from where appropriate, at P and at Q.
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Question 168  (***%4)

It is given that

If tan3y =3tanx show that

Created by T. Madas

i(arctan x)= i
dx 1+ x2

dy 1
dx  1+8sin®x

, |proof
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Question 169  (***%4)

The curve C has equation

y=4e*—2¢ P _e3* xeR.

a) Show clearly that ...

i. ..ﬂz—e“x(4ezx—4ex—3),
dx

ii. ... d—zyzeax(4e2x—86x—9)
dx? ’

where « 1is a constant to be found.

b) Hence find the exact coordinates of the stationary point of C and determine its
nature.

e

(@
&
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Question 170  (***%4)

The curve C has equation

y= T xeR.

X2+l

a) Show that thereis no point on C where the gradient is —1.

12
b) Find the coordinates of the points on C where the gradient is 55"
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Question 171  (**%*%4)
y=(x+ 2)2 e™, xeR

Show clearly that

2
(x+2)2%+x(x+2)%+2y =0.
X

, |proof
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Question 172 (**%%4)

A curve has equation

Use differentiation to find the exact coordinates of the stationary point of the curve, and
further determine its nature.

, |[max (2-1n2,4)

Question 173 (**%%4)

The point P lies on the curve with equation

y=xvlnx, x>1.

Determine the two possible sets of coordinates of P given further that the gradient of

the curve at P is %

1.
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Question 174  (¥**%*4)

0 > X

The figure above shows part of the graph of the curve with equation

Use differentiation to show that

S

, |proof
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Question 175  (**%*%4)

The curve C has equation given by

a) Show clearly that

b) Show further that

d’y _dy

dx>  dx

= =2 (I=cot x) + ycosec’x.

¢) Use the above results to find the exact coordinates of the turning point of C, and

determine its nature.
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Question 176  (***%4)

The curve C has equation

The normal to the curve at the point P where x = p passes through the origin.

Show that x = p is a solution of the equation

2xe*-1=0.

, |proof

Created by T. Madas



Created by T. Madas

Question 177  (**%*%4)

> <

f(x)=e"+ke™

Q
v
=

The figure above shows the graph of the curve with equation
f(x)=e"+ke™, xeR, k>1,n>0.

Find the range of f(x) in exact form.
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Question 178  (***%4)

A curve has equation
y=In tan(x+£j , where tan(x+zj >0.
4 4
Show that

Q =2sec2x .
dx

, |proof
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Question 179  (**%*%4)

&N

y= %arcsec Jx

> X
0 1

The figure above shows the graph of the curve with equation

y:%arcsec x, x21, OSy<%7r,

where arcsec(u) is the inverse function of sec(u).
Show clearly that ...

a) .. Q— |

Cdx 4x/x—1 '

d?y 2-3x
b) .. — . <.
dx”  8x*(x—1)2

, |proof
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Question 180  (***%4)

a) Differentiate the following expressions with respect to x, fully simplifying the
answers.

i oy=(4x-1)e".
ii. y=4sin’2x.

b) Prove that

%(\/x}_jljzz\l/}'

— =¢ *(5-4x)|, Q=24sin2 2xcos2x
dx dx
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Question 181  (***%4)

The curve C has equation
y=+e*-2x, ™ >2x.

The tangent to the curve at the point P where x = p passes through the origin.

a) Show that x = p is a solution of the equation

(I-x)e =x.

b) Show that the equation (1=x)e** =x has root between 0.8 and 1.

The iterative formula
Xy =1-x,e70

with x,=0.8 is used to find this root.

¢) Find, to 3 decimal places, the value of x,, x,,x; and x,.

d) Hence show that the value of p is 0.8439, correct to 4 decimal places.

[ ][ =0838, x,=0843, x;=0844, x,=0.844
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Question 182  (***%*4)

The curve C has equation
y=2%_32x4%, x20.
a) Show that C has a turning point at (2,-256) .

b) Without further differentiation explain why this turning point must be a
minimum.
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Question 183 (**¥*4)

The curve C has equation
8)C+1 _ 2)C+1

y=4x

Show that an equation of the tangent to the curve, at the point where C crosses the x
axis is given by

y=(x+2)ln2.

, |proof
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Question 184  (***%4)
y=arccosx, —1<x<1,0<y<rx.
a) By writing y=arccosx as x=cosy, show that

G T

dx 1—x° '

The curve C has equation

_ _1 — 52
Yy = arccos x 2ln(l X ),x>0.

b) Show that the y coordinate of the stationary point of C is

1
—(z+1In4).
J(7+nd)

, |proof

" " = 22X =
6 frouen 4 AD0sed L
- =5

=2 A= arcosa I
K] — s

= X= 5

= COX}&:’L

= — = 4L 2ol o
= 2=y = =i A xm - k5 voes NoT SR THe

CUATION 2= =22 — T oA

. % :»,S\Y\\q
- %‘"i\wg NOSASRCER SOWTIoN IS DoE T SALUG:
- %:, ' Ak?svi”}*“"?j:l % ARG THE 0 (Q-oQMNATE
— o jifa x § S\:\u‘gifgwg = 4= ames - th(-2)
Cr / &g s{fw»m)m i = g o) W0
ke vy ¢ WA 9T

4= Foghk

= Y= ‘{ + 5W2

Q DIFRRISSTIATING THE LPUATION 0f THE- QuRuk
= Y= 1@ +1lnz:[

= Y= arccona~Sn(i-ad)

| \ r
= %}g:< = ,rgx \ﬂ‘x(\x) = 4= L (5 +1w+}
- s _ = |
g — qW\m

Created by T. Madas



Created by T. Madas
Question 185  (***%*4)
y=In(1+sinx), sinx=#—I.

2
Show clearly that % = f (), where f(y) is a function to be found.
x
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Question 186  (****4)

A curve C has equation
y=x", xeR, x>0.

Show that y is a solution of the equation

, |proof
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Question 187  (***%4)

YA

The figure above shows that the graph of
f(x)zx_lnx, xeR, x>0.
The curve has a turning point at A.
a) Find the coordinates of A.

The point B lies on the curve where x=e.

b) Show that the equation of the tangent to the curve at B is given by

ezy+2x:3e.

A(1,1)
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Question 188  (***%4)

Show, with a detailed method, that

A P 1
dx \/x2+1—x \/x2+1

, |proof

Looel. AR _BUowS,

STof 11 S,
e R R G I e e J

Question 189  (****4)

A curve C has equation

y:x“/;, xeR, x>0.

1 2
Show that the coordinates of turning point of C are (—z,ee) 1
e

proof
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Question 190  (**%%4)

A curve C has equation

1
y=x*, xe R, x>0.

Show clearly that ...
dy

) l‘2(1 Inx)
a E—X nxj.

4
b) ... the coordinates of turning point of C are (e,eej :

proof
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Question 191  (**%%4)

A curve C has equation
y =(cosecx)x, xeR, x>0.

a) Show that

dy X
£ 1 —xcot .
¥ [ In(cosec x) - xcotx |(cosec x)

V4
b) Find the equation of the tangent to C at the point where x= PR
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Question 192 (**%%4)

y=arctanx, x€ R.

a) By writing the above equation in the from x= g (), show that

i(arctan x)= .
dx 1+ x°

The function f is defined as
f(x)=arctany/x, xeR, x>0.

b) Show further that

f”(x):—ix_%(3x+1)(x+1)_2.

, |proof
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Question 193  (**%%4)

The function f is defined as
f(x)=x"e™, xeR, x>0.
a) Find an expression for f”(x).

b) Show clearly that

¢) Show that the value of f”(x) at the turning point of the function is

+1 °
ee
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Question 194  (¥**%*4)
Given that
(1) (x-2)

y= ( 1)3 , xeR, x#-1,
X+

find the value of ﬂ at x=3.
dx

e

x|,y 16
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Question 195  (**%%4)
y=x", x>0.

a) Show by using logarithms that

A curve C has equation

In2

7

b) Show that at the point on C where x =% , the gradient is —

proof
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Question 196  (*¥**4)
Y2
)’=2{ezx+3ln[x+(ex+1) }} :

Show that the value of % at x=0 is 23(1+6ln 2)
%
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Question 197  (**%*%4)

A curve has equation
9yx* —6x(y+1)+y+1=0, xeR, x;ﬁ%.

Find, in exact form where appropriate, the three solutions of the equation

42
22 =6x+1,
dx
d? y
where F represents the second derivative of the above equation.
X

@cmpL Gxrizo & a--k

oR V
%
G

= (&-)* =3¢
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Question 198  (***%4)

. . d 6-v2 . . .
The point P, with x coordinate 7 "yt lies on the curve with equation

x=sin(2y+%), 0<y<

NN

Show that the value of the gradient at P is

V2 =46
e,

proof
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Question 199  (**%%4)

A curve C| has equation

y=ln\/;+ Inx, x>1.
a) Differentiate y with respect to x, simplifying the answer as far as possible.
A different curve C, has equation

(1-dx)?, Lexcd
270

=

y=(2x+1)

b) Show that C, has no turning points.

A third curve C5 has equation

¢) Show that

i |

dx  2x 2xIn<x

Solng: Br 26w
—_—

= W) & Cwdt
b= Loxdat 4 £Qua) e L = 5
= TSI JOETR T
&. L oy
R 2 MO SoWLaNS q AT Ko TORING Ponas /
L //« 7
oL 22 22 Tux -
/ q B e quontil Rule
CANTATE R THE FIRST TeM { ( 5 3 (a-0G )4
s o o fanda xd
(5 o |G j €Y
G ) = Gy eant
w0
Y Difeumanus i Provocr

= ooyt

Vo GV G = H)0-0) g

PRI -2
= ) O 2 ) G B
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Question 200  (¥*%%4)

Show clearly that

i( x+1J:_ 1
dx{ N x—1 (x—l)\/xz—l'

proof

Question 201  (***¥4)

Solve the equation

i(\/l—COSZx)zl, 0<x<2r.

dx
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Question 202  (***%4)

Given that
5600
p= ~0.25
T425¢
show by a detailed method that
dP _ P(800—P)
dt k ’

where k is an integer to be found.
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Question 203  (***%4)

| Jx
f(x)z(—j ,xeR, x>0.

Determine in exact simplified form the coordinates of the stationary point of f(x),

fully justifying its nature.

. 1 2
I:I, local maximum at (—z,eej
e
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Question 204  (¥*%*4)

y:3tan32x, xeR, xi%nﬂ'.

d
Determine, by showing detailed workings, the value of d_y ,at x= arctan% :
x

1 -2

dx xzarctan% 9

ST &Y RN THE QAT itTion] S AL THE Plsods
pRETIE. :
@/3%21 $= Bhiuscn
= Thin (swln)xe &) lh@ o
g%-,ae‘n}mgz, E 3%
L‘,,; acortagl
o leln
e =
« @ 2D dy ko
i
Woi)| Sortio) of S AT onhek ol
T 2= o | L sl o 2
el i) 5 iy 4
e el =
= oz 2k
1= tufa
= by 2 2E
{7 4
.
= e

=5 Ju,llx», %

Rob) @dno- THe CimiARD TBIMIGLE o A indy7:

— 14 b= sl
= l+ £ - 25

- =z
, ;
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Question 205

(edeg)

Created by T. Madas

_L+cosx 3

,05x<2m, x#2

14sinx 2

.

Determine, with full justification, the coordinates of the minimum point of 'y .

[
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Question 206  (¥*%%4)

x=In(sec3y), 0<y <%7£.
) . g L ) dy .
Determine, with full justification, an expression for d_ in terms of x.
x

|2

dx ) 3We? =1

?1: \vs(sx?:g) oLy«

de | L secty boudy x3
deo g n e by

g ke
dy _ |
T Ty

oW We MANIIWATE THe CQUATIoy A8 uont

= 2= W(sezy)
=& =y
i)\(a’)i (%3 )

N
)
= S ey

= iy = £
_KW'.\} WE OBSEMWE THAT
oLy« F
o <3y < %

0 < by < v

kay>o
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Question 207  (***%4)

A curve C has equation

3
xe™"

y:2x+k ’

xeR, x#k,

where k is a non zero constant.
Itis given that C has a single turning point at P .

Find the exact coordinates of P..
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Question 208  (***%4)

A curve has equation

2x
238

;, xeR.

dy .
Express — in terms of y .
p e y

dy
, |—=2yIln
|2 =2

@ DRI T o) e x omoie e %] 8 oy

3™ £
=9 = dy_ ¥
9 2 o 2%xb xS
)
= %;glmx 2x (3e®)

NoW e NOTe AT
lgg = bn 2™
Wy = GCm2)
~J :
|
= Q. o =
9 o tjl‘i‘j -

ril

@ ATLQIATE BY NG Loss! PRI Gusud B eudT DEEGIIATON

a
> = 2
(]

21
. |
=2
2y

= by = (2)(se™)

DFROTATE Wit PEPHT® g
- % %:i = () % 6™
= %\‘1 = "‘jx&'ﬂz)"sﬁu
= e 2k Gl
= = by e
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Question 209  (***%4)

A quartic curve C has equation

y=x(x—2)3, xeR.

Show that there is only one point on C where the gradient is 10.

, |proof

DT 2utt)

dy G2y
= G WOe2) 4 a3

= %\% = & zj3+ a2y
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Question 210  (***%4)

The point P lies on the curve with equation
xy=e , xy>0.
The tangent to the curve at P passes through the origin O .

Determine the coordinates of P.

1. |p(23¢)
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Question 211 (*¥*%4)

A curve has equation

y=-log,[(2-x)In2], xe R, x<2.

d
Determine a simplified expression for Ey in terms of y.

Created by T. Madas
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Question 212 (*¥*%4)
y=arccosx, xe R, —-1<x<1.
a) By writing the above equation in the from x= f (), show that

i(arccos x)=-— !

dx 1452 '

A curve has equation
y:arccos(l—xz), xeR, O<xS\/§.

b) Show further that

¢) Show clearly that

2 5
16d—3y:4x—d2y dy +(2+ 2) -
P dx? \dx dx

, |proof

Al Rugomc T sussesmor Gum
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P& ey
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Question 213 (Gk¥E**)

A'curve C has equation

yzﬂ, xeR, x>%.
NV2x—1

Find the coordinates of the stationary point of C, further determining the nature of this
point.

You may not use the product rule, the quotient rule or logarithmic differentiation in
this question.
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Question 214 (F¥%%*)
Show with a detailed method that

d ln[\/e"ﬂ—lJ 1

dv Jer+1+1 _\/ex+1'

|_| , |proof

Created by T. Madas



Created by T. Madas

Question 215 (¥*%%%)

A curve C has equation
y=x", xe R, x>0.
Show that y 1s a solution of the equation

d’y
dx*

= xx(1+lnx)2 +x 1

Question 216 (ki)

Find, in terms of 7, the solutions of the equation

x/;di(\/;+2005\/;)=1, 0< x<4rx’.

X

c=4972 121x
36 ° 36
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Question 217  (G¥¥¥%¥)

Given that
. Jx
1+4/x
dy . A .
show that i f(»), where f(y) is a function to be determined.
x

1 (=122
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Question 218  (¥*%%%)

A curve C has equation
y=8"-4""42 xeR

Show that C has no stationary points.

proof
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Question 219  (Gk¥¥*%)

The point P lies on the curve and the point Q lies on the positive x axis so that
|OP| =|PQ| where O is the origin.

1

N
, |proof

Show with full justification that the largest area of the triangle OPQ 1is
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Question 220  (Gk¥E**)

=

_ (3=2005 x}(1+6sin” x) 1
7= (1+tanx)2 > tanx= g

Determine the value of f '(%j :

Question 221  (¥***%)
Show clearly that

d VI=x? =1 )
—|1In = '
x| (12 1) x1-x

proof
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Question 222  (Gk¥EEX)

A curve is defined over the largest real domain by the equation

1

- xe'Jx+1

Show that

dy _ f(x) e
dx 22 (x+1)2

2

where f(x) is a quadratic expression and hence find, in exact form, the coordinates of

any stationary points of the curve.

[ (x)=2x+5x+2|, (—%,—2@)
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Question 223  (¥##*E*)
Show clearly that

di[ln(x—2+mn:

X

Created by T. Madas

1

Va2 —4x+13 .

, |proof
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Question 224  (k*%EF)

The function f is defined as
f(x)=x7", xeR, x>0.
Show that the value of f”(x) at the stationary point of the function is

e+2
e ©

|_| , |proof

@ Now Fud THE VAwE OF T FoL Wirtoy - I\ STTIoNAY
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Question 225  (¥*%%%)

D=

f(x)=h{(x2+1)

Show clearly that ...

b) ... f(x)is an odd function.

+x},xeR.

proof
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Question 226
Show clearly that

(*****)

—sinx—cosx O<x<arw
d cos2x
—| ———=—|=1<sinx+cosx am<x<prx
dx\ \/1+sin2x .

=sinx=cosx pr<x<2w

where @ and S are constants to be found.

= N2 (tosam T + ST S )

N2 s (x-T5)
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Question 227  (GF¥¥EF)

Show clearly that ...

. i( x—4j_ 1
T a\Jx+2) 2Ux

d|4x-8Jx+3|_ 1

11. E (\/}_1)2 \/;(\/;_1)3

, |proof
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Question 228  (¥*%%%)

’ 1—x )
y arctanx+arctan(l+x , xeR.
Without simplifying the above expression, use differentiation to show that

P 0, for all values of x.
dx

proof
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Question 229  (Gk¥EEX)

v =

The figure above shows the triangle ABC, where KACB =6 .

The points A and B have respective coordinates (0,1) and (0,3), while the variable

point C(x,0) lies on the positive x axis.

’ . LT
Show that as C varies, the maximum value of @ is g

Created by T. Madas



Question 230

A curve C has equation

(*****)

Created by T. Madas

y:earctanx’ xe R

a) Show, with detailed workings, that

d3y (6x2_6x_1)earctanx

dx’ (1+x2)3

b) Deduce that C has a point of inflection, stating its coordinates.
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Question 231  (Gk¥¥**)

2x—4

y

The figure above shows the graph of the curve C with equation
y=+2x—-4,x=22.

The point P lies on C, so that the tangent to the curve at the point P passes through

the origin O .

Use a calculus method to find the coordinates of P.

] |p(a.2)
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Question 232  (GF¥¥EF)

Given that
e)C
T tet]
dy . Ny . :
show that o = f(y), where f(y) is asimplified function to be determined.
X

[ 1L r()=y-)?
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Question 233 (Gk¥EEX)

I

The figure above shows the graph of a curve with equation
y3—y2 =x, xe R, ye R.

There exists a tangent to the curve T', so that this tangent crosses the curve at the point
of tangency.

Show that an equation of 7' is

27x+9y=1.
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Question 234  (GF¥¥EF)
1 1
f(x) :xln[(x2 +1)2 +x}—(x2 +1)2, xeR.
Show clearly that ...
1
a) ... f’(x)zln[(x2+l)2+x} .
b) ... f(x) is an even function.

proof
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Question 235  (GF¥¥EF)

A curve is defined in its largest real domain by the equation

acosx+b}

Yy = arccos
a+bcosx

where a and b are constants such a >b >0.

Show that y increases with x at a rate which lies between

/a—b /a+b
and .
a+b a—b

1

d
You may assume that —[arccos x] =— =
X

1-x
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Question 236  (¥¥*¥EF)

The function f is defined, in terms of the real constant & , by
f(x) =X +ke’ +x+1, xeR.

Investigate the number of turning points of f for different values of k, distinguishing
further which ones are stationary

, [investigation

SN of INFLEXION

Y
WKz +l =0
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Question 237  (GF¥¥EF)

The figure above shows the wall AB of a certain structure, which is supported by a
straight rigid beam PR, where P is on level ground and R is at some point on the wall.

In order to increase the rigidity of the support, the beam is rested on a steady pole NQ,
of height 3.2 metres.

The pole is placed at a distance of 1.35 metres from the bottom of the wall B.
The beam PR is forming an acute angle & with the horizontal ground PNB'.
The angle @ is chosen so that the length of the beam PR, is least.

Determine the least value for the length of the beam PR, assuming that R lies on the
wall, fully justifying that this is indeed the minimum value.

[ ].]625
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Question 238  (Gk¥E**)

The variables x and y are such so that
ax+by=c,
where a, b and ¢ are non zero constants.

Show that the minimum value of x” + y2 is

, |proof

GEOMTRY ConsuDeRATIONS
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Question 239  (Gk¥EEX)

The point A(a,0) lies on the circle with Cartesian equation

The point P is also on the same circle , and the point Q lies on the tangent to the circle
through P, so that AQP is a right angle.

Use a calculus method to show that for all possible positions of P, the largest area of
the triangle AQP is
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Question 240  (Gk¥E*X)

A curve has equation

3 25
~ k2 -2
Y 16

Inkx, xeR, x>0.
where k is a positive constant.

The point A lies on the curve, where x = % .

Given that the normal to the curve at A passes through the origin O, find an equation
of the normal to the curve at A.

Lot ly=44]
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Question 241  (Gk¥k**)

The figure above shows a circle with centre at C and radius 1.5 metres.
The points A and B lie on the circle so that {BCA=26, 0<@< .

The point D lies outside the circle so that the line segments BD and AD are equal in
length and the length of DC is 3 metres. The point E lies on the circle so that DCE is
a straight line segment of length 4.5 metres.

The total length of the line segment BD, the line segment AD and the circular arc
AEB denoted by L.

. . . V4 d
Given that @ varies, show that L has a stationary value when 8 =— and determine

further the value L and the nature of this stationary value.

|:|, inflection at (%,27‘[+3\/§j
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Question 242 (Gk¥EEX)

B P 0 C

2a

The figure above shows a network APQD inside a rectangle ABCD , where |AB| =a
and |BC | =2a . The endpoints of the network A and D are fixed. The points P and Q

are variable so that they always lie on BC with |AP|:|QD|. The angles BPA and

CQOD are both equal to 8. A particle travels with constant speed v on the sections AP

S

and QD , and with constant speed 3

v on the section PQ.

Let T be the total time for the journey APQD .

Given that the positions of the points P and Q can be varied as appropriate, show that

14
the minimum value of T is 5—a , fully justifying that this is the minimum value.
v

, |proof
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Question 243 (Gk¥EEX)

The function f is defined as
f(x)=4x*-12x*+8x, xeR, 0<x<3.

Find the range of f*, and hence sketch its graph, showing clearly the coordinates of any
relevant points.

[ 1 |[-5V3<r(x)<24
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Question 244  (Ck¥EEX)

y=arccosx, —1<x<1.

a) Show that

The Chebyshev polynomials of the first kind 7, (x) is a family of functions defined as

T,

o (x) =cos(n arccosx), —-1<x<1, ne N.

b) Show further that

% (1—x2)5%[Tn(x)] g T (x)

Q)

b) o we sve By e osoor mue

df atd e 1]
Fle §[Te] [+ wo-
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Question 245

(*****)

Created by T. Madas

The real functions f and g have a common domain 0< x <4, and defined as

f(x)

(x1)(x=2)(x-3)  and g(x)EJ.Oxf(t) .

Use a detailed algebraic method to determine the range of g .
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Question 246  (¥*¥EF)

where a and b are positive constants.

Show, by a detailed method, that

dx" n!

d"y (—l)ny(Zn)!L a ]n
4(ax+D)

ax+b

, |proof
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Question 247  (Gk¥EEk)

2xtanx=1, xi%nfr, ne N

a) Show that the above equation has a solution in the interval (0.6,0.7) )

b) Use the Newton Raphson method to find the solution of this equation, correct to
5decimal places.

The figure below shows a circle, centre at O . The points A, B and C lie on the
circumference of this circle. A circular sector ABC, subtending an angle of 28 at C, is

inscribed in this circle.
A
A! ,
C

¢) Determine the greatest proportion of the area of the circle, which can be covered
by this sector.

You may give the answer as a percentage, correct to two decimal places

x=~0.65327], |=52.45]

b 9
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Question 248

(*****)

Created by T. Madas

A lump of metal, of volume 76 cubic units is moulded into the shape of a cuboidal box,
with a square base, rectangular sided and no lid.

All the faces of the box are 1 unit thick.

All the metal is moulded in the construction of this box, and the construction it has

maximum capacity.

If the internal width of the box is x, find the value of x which maximises the capacity
of he box, and hence determine this maximum capacity.
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Question 249  (Gk¥EEX)

The variables x, y and z satisfy the following relationships.

, |proof

2
x=tn(z+l)  and L2 Y
dz e
Show that
2
ay_dy
dx*  dx
e
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Question 250  (k¥EE*)

y=e, k#0.

dx? dy2 ’

giving the answer in terms of k£ and e

Find a simplified expression for

Created by T. Madas

proof
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Question 251  (Gk¥¥*k)
0.6°+0.8" =1, xe R.

Find the only solution of the above equation, fully justifying the fact that it is the only
solution.
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Question 252  (GF¥¥EF)

From a thin sheet of metal, a circular sector of area A is removed.

The circular sector is folded without any overlapping into the curved surface of a right
circular cone of volume V .

The measurements of the circular sector are such so that V is maximum.

Find the angle subtended by the circular sector at its centre and show further that the
maximum value of V is

6
1412A .
9\ 2
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Question 253  (Gk¥EEX)

The variable point P lies on the positive x axis and the variable point Q lies on the
curve with equation

yz%, xeR, x=0.
x“+4

The x coordinate Q is always half the x coordinate of P .

The point P starts at the origin O and begins to move in the positive x direction at
constant rate.

Determine the largest rate of area increase and the largest rate of area decrease of the
triangle OPQ,as P is moving away from O.

, [largest rate of area increase =1/, |largest rate of area decrease =0.125
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Question 254  (Gk¥EEX)

x3+px+q:O, xeR

The cubic equation above is given in terms of the real constants, p and ¢ .

Use differentiation to determine the conditions that p and g must satisfy so that the
above equation has ...

e .. onereal root.

... three real roots, of which one is repeated.

e . three distinct real roots.

4
—_— , |p<0 ﬁqz— p

3 3
|:|, p=20 U l:p<0 mq2—4p >0:l
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Question 255  (Gk¥EEk)

The figure above shows the curve C with equation
y=%\/a2—x2 , x20,

where a and b are constants such that b>a>0.

The point P lies on C and the tangent to C at P meets the coordinate axes at the
points A and B, as shown in the figure.

Show with full justification that the minimum area of the triangle AOB, where O is the
origin, is ab .

, |proof
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Question 256  (¥¥¥EF)

The function f is defined as

f(x)=kx= ; , xe R,
x7+1
where k is a positive constant.
Given that f is increasing for xe R, show that k >% and hence sketch the graph of  f,

showing clearly the behaviour of f at +2 .
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Question 257  (Gk¥EEE)

The function f is defined as

1
f(x)E(1+4sin2x)2(8+se02x) eR. x;&lnﬂ'.

tan3 X 2

(138}

7).

Find in exact simplified form the value of f '(

W=
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Question 258  (Gk¥E**)

The curve C has equation

Created by T. Madas

_ X +2

x> —x+1

Find the coordinates of the stationary point of C and determine its nature.

l:l , |point of inflexion at (1,3)

\FRQENTIATION B2 SIMeUUN , &Y UNG-
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S 2 a(ae) s Gran) |
B s T B -xt!
> L4+ ! @ ot
= — = X+l ¢ QF-at
Y-l .
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2
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R
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Question 259  (Gk¥EEX)

A curve C is defined in the largest real domain by the equation
y=log, 2.
a) Sketch a detailed graph of C.
The point P, where x=2 lieson C.

The normal to C at P meets C again at the point Q.

b) Show that the x coordinate of Q is a solution of the equation
[1 + xIn4 — 1n16] Inx=1In2.

)

to find the coordinates of O, correct to 3 decimal places.

¢) Use an iterative formula of the form x,,;= A , with a suitable starting value,

[ 1.]0(0518-1.054)

0) B SETH it Eusiof THE PULS OF BARTHAS SQURTION OF THE NORMAL 1S Gt BY

RCROGAING THE GoAe We orTdN
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Question 260  (Gk¥E**)

A sphere of radius r, whose centre is at O, is fixed on a horizontal plane.
A thin right circular conical shell, without a base is placed over the sphere.

The axis of the conical shell is vertical and passes through O. The circumference of the
missing base of the conical shell is at the same horizontal level as O.

Show that the minimum value of the outer surface area of the conical shell is

3\/§ zr’
—2 )

)

2= Twc®

@ HONE THE LRUED SUPFRCE CAY BE ORI AR A Fama) oF B

= = Tz(aty)

G AN
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Question 261  (k¥¥**)

The function y = f (x) satisfies the following relationship.

5 2
4x%+4x(?j +2?—1=0.
X X X

It is further given that x = % and y=Inv.

Show that

, |proof
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Question 262  (Gk¥EF*)

The point P(x,y) lies on a circle with centre at (1,0) and radius 1.

Find, in exact surd form, the greatest value of x+ y, for all the possible positions of "the

point P .

,1+42

THE GROATION OF A CIROE WG Chstet (10) AN RARS | IS

( ¢
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DIECRATIATE AND SoE fop 2600
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=€) = 1o LGt )
5 \ o r vk = i
= 0 = 1\t Q-)(a-) 2
Lo ol
= 0= (-2
= a-1=(m-)E \
) noNS
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Question 263  (¥*E®E)
Assuming that 7 =3.14 and e= 2.7, show without any calculating aid that

e” >t

You must show a detailed method in this question.

D , |proof
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Question 264  (Ck¥FEF*)

A general curve C has equation
y=x"(x-1)",
where xe R, me N, m>22,neN, n=2.

Sketch in four separate of axes, the 4 separate shapes which C can take, m=2.

The sketches must contain the coordinates of any stationary points.
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Question 265  (¥¥¥EF)

The point P lies on the curve C with equation

y= ! xeR, x=0.

1+ x?

The straight line L is the tangent to the C at P.

Determine an equation for L, given further that L meets C at the point (0,1).

, 2y+x=2

2o emet Pel) o p(Lk)
o Te ot Ar P =2

Ot Eufita) o e ThugeT =
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Question 266  (x¥***)

The point P has rational coordinates and lies on the curve C with equation
y:x2—4x+3, xeR.
The straight line L is the normal to the C at P.

L meets the curve again at the point Q.

Given that |PQ| =8 , determine the possible coordinates of P and Q.
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Question 267  (Gk¥E**)

Leibniz rule states that the n' derivative of the product of the functions f(x) and

g(x) satisfies

[#(x) e(] ZH Lo )

where fo(x)zf(x) , fl(x)zf'(x), fz(x)zf”(x), 'y fk(x)z—[f(x)].

Show, by a detailed method, that

4

ch" [ Inx]=ntx* Zijf(n,r)]

r=0

where f (n, r) is a function to be found.
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Question 268  (Gk¥FE**)

A curve C has equation
y =x—1, xeR, x>1.

Show that there exist exactly two tangents to- C which pass through the point (1,2), and

find their equations.

:

y=2|,127y=4x+50
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Question 269  (Gk¥E**)

A curve C has equation

__ 3ht
2x% +2—|x+2

,oxeR, x=#0, x;t%.

Find, in exact simplified surd form, the y coordinate of the stationary point of C .

[ 1.[y=7-2410
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Question 270 (FHEHER)

A curve, defined in the largest real domain, has equation

y=In|x+4|-6|.

Determine, in its simplest form, an expression for %
X
1
, x=>—-4, x#2
e R
dx L <4 x#-10
x+10
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Question 271  (Gk¥¥*%)
Show that
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1
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where A is a non zero constant.
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(*****)

Question 272

Xxsin x+cos x

fx) =

XCOSX—sinx

Show that

f(x) = g (x)sec?[x+arccot x],

where g(x) is a rational function to be found.
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Question 273

The function f is defined as

(*****)

f (x) =sinx+cos x+ tan x + cot x+ sec x + cosec x,

Created by T. Madas

Determine with full justification the range of f .
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Question 274  (Gk¥EEX)

Assuming that 7 = 3.14, show without any calculating aid that

37 >,

You must show a detailed method in this question.

, |proof
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Question 275  (Gk¥EEX)

The function f is defined in the largest possible real domain, contained in the interval

(=27,27x), and its equation is

a) Find the domain of f .

b) Show that f’(x)

f(x)zln[tan(8 5

k

)}

—————, for some constant k .
V1—=sin2x
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Question 276  (¥*¥%F)

A curve has equation

a) Show that y-is a solution of the following differential equation.

2
x3%—x(l—lnx)%+(3—21nx)y:O.

b) Show further that

, |proof
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Question 277  (Gk¥EEX)

The positive solution of the quadratic equation x?>=x=1=0 is denoted by ¢, and is
commonly known as the golden section or golden number.

This implies that ¢* —¢—1=0, ¢=1(1+5)~1.62.

Show, with a detailed method, that

Al )] = (5

D , |proof
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Question 278  (¥¥¥EF)

The curve C is defined in the greatest real domain by the equation

X

(y=2)(y+1)(y-3)

a) Show that

dy 1

dx 2(y—1)(ay2+by+c) ’

where a, b and ¢ are integers to be found.
b) Determine the exact value of the gradient at the points on C, where x=40.

¢) Sketch the graph of C.

The sketch must include the coordinates of any points where C meets the
coordinate axes, the coordinates of the points of infinite gradient. You must
also find, with a full algebraic method, the line of symmetry of C.

Created by T. Madas



Created by T. Madas

Question 279  (GF¥¥EF)

YA
=] y=2
i \
0 i > x
\ /
‘\ ,:
_— ’\. ’/'.
i s y=-2
x=-1
! . . i 2 2x—1
The figure above shows the curve with equation o d [~ whose three asymptotes
X-

are marked with dotted lines.

A circle centred at the point C and of radius r is drawn, so that it touches all three
branches of the curve, as shown in the figure.

Determine the coordinates of C and the value of r.
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Question 280  (Gk¥E**)

The function with equation y = f (x) has smooth first and second derivatives.

Show. that

dzy (dyfdzx
LR ) )
dx* \dx) ay®

, |proof
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