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Question 1  (*%)

. . ) 2. L A
The binomial expression (1+x) ~ is to be expanded as an infinite convergent series, in

ascending powers of x.

a) Determine the expansion of (1+x) ; up and including the term in-x°.

b) Use part (a) to find the expansion of (1+2x)_2 , up and including the term in

X, stating the range of values of x for which this expansion is valid.

|:|, 1—2x+3x2—4x3+0(x4) , 1—4x+12x2—32x3+0(x4), —5<x<
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Question 2 (**+)

. . . -1. . A
The binomial expression (1—=x) - is to be expanded as an infinite convergent series, in

ascending powers of x.

a) Determine the expansion of (1- x)_1 , up and including the term in X

, up and including

b) Use the expansion of part (a) to find the expansion of -
—2x

the term in x°.

¢) State the values of x for which the expansion of 3% 1s valid.
-2x
2.3 4 1. 2.,4 .2, 8 3 4 ! o 3
I+x+x"+x +0(x), 3+9x+27x +81x +O(x), 2<x<2
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Question 3  (**+)

1
The binomial expression (1+x)2 is to be expanded as an infinite convergent series, in

ascending powers of x.
1
a) Determine the expansion of (14 x)2, up and including the term in X,

b) Use the expansion of part (a) to find the expansion of V4 +2x , up and

including the term in X

¢) State the range of values of x for which the expansion of v4+2x is valid.

I:l, l+%x—%x2+%x3+0(x4) 5 2+%x—%x2+6—14x3+0(x4) ,

& (s 14 2oy 20y HEBGY + o

() Jara - i ‘
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Question 4 (**+)

1 L. . "
The binomial expression (1+x)3 is to be expanded as an infinite convergent series, in

ascending powers of x.

1
a) Determine the expansion of (14 x)3, up and including the term in X,

1
b) Use the expansion of part (a) to find the expansion of (1—3x)3, up and

including the term in X

1
¢) Use the expansion of part (a) to find the expansion of (27 -27x)3, up and

including the term in X

-

1+%x—%x2+%x3+0(x4) , l—x—xz—%x3+0(x4)

3—x—%x2—%x3+0(x4)

@ Y- s Eey s EDEr 38K e

® [ \ A

@ (71- 7)) = e (1)
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Question 5 (**+)

5x+3
(1-x)(1+3x)”

L, ¢!
f(x)— x|<3.

a) Express f(x) into partial fractions.

b) Hence find the series expansion of f (x), up and including the term in X

] 1) =——+— | (x)=3=x+ 117 - 252 + 0 1)

1-x 1+43x

Question 6 (**+)

2x 1
e
) (+22) 2

a) Find the first 4 terms in the series expansion of f(x).

b) State the range of values of x for which the expansion of f (x) is valid.

1 f () = 20127 +48 2160x* + 0 (x|, [-L < x<
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Question 7 (**+)

8x
xX)=
F() ==
Show that if x is small, then
f(x)z4x+—x2+ix3.
32

l:l , | proof

Question 8 (**+)

4
=2l+4x+——.
1) y 1+x

=

a) By combining the first 4 terms in the expansions of (1+x)_1 and (1+4x)
show that

f(x)=6+4x.

b) State range of values of x for which the expansion of f (x) is valid.

1. [F<i<

=

Created by T. Madas



Created by T. Madas
Question 9 (**+)

(1+2x)? ]
MW=

a) Find the first4 terms in the series expansion of f(x).

b) State the range of values of x for which the expansion of f (x) is valid.

(%D f(x):1+6x+16x2+32x3+0(x4) -L<x<

Question 10  (**%)

-2
F(x)=(1+3x)(1=3x) .
a) Show that if x is numerically small
13 .16 » +@x3 .

=1+ 8l
f) =1+ + >,

b) State the range of values of x for which the expansion of f (x) is valid.
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Question 11 (**%)
1 1
y=\/4—12)C, —§<X<§.

a) Find the binomial expansion of y in ascending powers of x up and including

the term in x°, writing all coefficients in their simplest form.

b) Hence find the coefficient of x* in the expansion of

=

(12x—4)(4—12x)

l:l, y:2—3x—%x2—%x3+0(x4) , |—27

[:0 Y= N t-122= (4-) (1= 32) = -
Qe Y + B - EEDED
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Question 12 (**%)

-1 P . .
The binomial (1+x) 2 is to be expanded as an infinite convergent series, in ascending

powers of x.

_1
a) Find the series expansion of (I+x) 2 up and including the term in X

b) Use the expansion of part (a) to find the expansion of , up and

1
VI+2x
including the term in X3,

¢) State the range of values of x for which the expansion of is valid.

1
V1+2x

with x=—0.1 to show that +/5 = 2.235.

d) Use the expansion of

1
V1+2x

1—lx+§x2 —ix3 +0(x4)

2 ] 16 1—x+3 5 ix3+0(x4) -

7)( —2 <x<

=
=

-
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Question 13 (**%)

f(x)=\/1—2x , |x|<%.

a) Expand f(x) as an infinite series, up and including the term in x>

b) By substituting x=0.01 in the expansion, show that V2 ~1.414214.

f()c):1—)c—%x2 —%x3+0(x4)

@ ARD=NTx'= (2= |

) & azool
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Question 14 (**%)

18—19x
(1-x)(2-3x)’

f(x)

Il

xeR,

x|<%.

a) Express f(x) in partial fractions.
b) Hence, or otherwise, show that if x is numerically small

f(x)=9+13x+19x% +28x°.

i )=—s2
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Question 15 (**%)

2—x

f(x)zm,

x| <l.
a) Show that the first four terms in the binomial expansion of  f (x) are
2—2x+§x2 .
4

b) Use the answer of part (a) to find the first four terms in the expansion of

_ 2-2x

Fe——— .
g( ) N1+2x
> g(x)=2—4x+5x>—8x
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Question 16 (**%)

x|<8.

Pl =ik,

a) Expand f(x) as an infinite series, up and including the term in X2

b) By substituting x=1 in the expansion, show that

525 o 180
181 128

|:|, f(x)=1+%x—5—%2x2+0(x3)

d)  EXPAND GRING THE SADACD RRUUA

7 L N5
K@= e = Oe)”
G 0 SCH AL A0y
fo = v =08y + ;\iz,‘ggu + oG
Lol = et e)
3 £v3 < ///

| DATRAE Gls
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Question 17 (**%)

2742 _ P, Q
(2=x)(1+3x) 2-x 1+3x

a) Find the value of each of the constants P and Q.

b) Hence show that if x is sufficiently small

27x+2
(2—x)(1+3x)

z1+11x—26x2+%x3.
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Question 18 (**%)

16 A B C
= - -

(1-x)(2=x)° 1-x (2-x)° 2-x

a) Find the value of each of the constants A, B and C.

b) Hence show that if x is sufficiently small

16

W“4+8X+11X2 3
1—x)(2—x

. |[A=16], |B=-16/, |[C =-16]

9 b

S o Et(a=
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Question 19 (**%)

15

f(x)=ﬁ»

x|<1.

a) Expand f(x) as an infinite series, up and including the term in "2

b) By substituting x=0.1 in the expansion of f(x), show that

J10 =3.162

f(x):15+%x+%x2+%x3+0(x4)
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Question 20 (**%)
In the convergent binomial expansion of
(1+bx)", |bx|<1
the coefficient of x is —6 and the coefficient of x* is 27
a) Show that b =3 and find the value of .

b) Find the coefficient of X,

¢) State the range of values of x for which the above expansion is valid.

ln=-2

: [xﬂ:—log, <<

W=

Q) @D Ciaba)' I Gaweal foou b T 2

Qb = 1 v A1) + (s 2D ).

G pmj = 1k b+ PnE)Bal + InGeior IS

4

a1

-< Depiee w ()

SOING St Wm@&t,j

o = -5 _ {V\‘D:—G ,{
gw»w:ng = oG- 77

-3¢

R = St 3 -
- 36@-1) = Stn
= 2-36=s{
= X = By
no= -2 //
4 b= 3/ (vb-w)
e
D (2]: Laaa2)b - L@@ = — o8

c) vaun B b < |
3| < |

x| < i
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Question 21 (**%)

20

f(x):m’

x| <2.
a) Expand f (x) as an infinite series, up and including the term in "2

1 4
b) By substituting x = B in the above expansion, show that

J6 =245,

[0 [£(x) =103+ 152225 5 0(+4)
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Question 22 (**%)

f(x)=+225+15x,

x| <15.
a) Expand f(x) as an infinite series, up and including the term in x

b) By substituting x =1 in the expansion of f(x), show that

1859
VIS =——.
480

1 [r=158ke- 1)

) mx2+0(x3)

Q) POMD_RINCUIAUX
foy=Vmems' = (asss)t= 25 (e )

= w4 fe)®

=5 [ Ry ¢ HBG) - ]

= s - J

sodoys s — L o)

Y

SUBTUTAY: <l ko SCTH. SIDEC OF BHE Shsion

NETORREY s+ Lo fgf

Jasriad’ = S+ - ot

V240! ~ s+ kb
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Question 23 (**%)

4x+1

_axrl <l
(1-2x)(1+x)

f(x)= <E.

a) Find the first four terms in the series expansion of (1+ x)_1 X
b) Hence, find the first four terms in the series expansion of (1 - 2x)_1 .
¢) . Hence show that

f(x)= 1450+ 7x2 +17x°,

stating the range of values of x for which the above approximation is valid.

L1 |a+x) =t=xea® 10 (o)), |(1220) 7 =1+ 20+ 427 +8x° +0
<X<%

=

Q) BPAWNNG. BiNOMIAW/
(s e TG0l R ) 2EAENGY ol
=doxuclo o oo
Ykt st=(+yy’
T (2= g6
Baoe $EnY = (1-20'= (= () + ()= Gy +0QY

— 1y 2+ 2% 820+ oY)
—_—

d)  BY MDA RTINS OF DIREET MUDAULATION

feo= B () ey’
L0)= Qrw) Qeaea™ = ) (e 2ty )
£S) =00 42 £ 1 e 4+ o)
S o S LT )
a 42+ o(aY)
—a* +o(av
o0 e Cvg v 5 4 06
do)= e e v ol

+40 ¥ 440+ 00

LBy | oy R R o)

o () s vaup [xlel, @ azac
v (-2 15 vaue |mle)) € -i<xad

. el
Jo e 5l
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Question 24 (**%)

f(x)=(6_xj2»

1+2x

1
A<=,
2

Determine the value of the coefficient of x? in the binomial expansion of f(x).

[ ], [481
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Question 25 (**%)

W=

, —1<x<l.

F0)=(1-v)

a) Find the binomial expansion of f (x) in ascending powers of x up and

including the term in X2,

8 8
=(8-3x)3, —2<x<—.
g(x)=(3-30)}, St

b) Use the result of part (a) to find the binomial expansion of g (x) in ascending

powers of x up and including the term in x2.

¢) Hence, show that

37 . 55!

288

[ 1 [f@=t=da-gs2+0(x)). [s(x) =2-fx 552" +0(x’)

4 4= C-0F
== 12 @@nﬂ o0e)

= {o)=1- 42~ ,Lﬁ, o@y) _~
7
b ane por

- - @0 - - 20w

-39 =2 {3
= 0 = 2[ - 4@y FEY e
— 0= 2[-Fr s gpteoly

— g = 2 gt ;o&ﬁ)//

QT a=l W Ron] SOE of THE ExeAn o )

(- 2%« 2o fu-42
G- »0¥a 2- L) @

U

= A7 ~ 3L

A o
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Question 26 (**%)

In the series expansion of

ax|<1,

(1+ ax)n ,
the coefficient of x is —10 and the coefficient of x° is 75.
a) Show that n=—2 and find the value of a.

b) Find the coefficient of X,

¢) State the range of values of x for which the above expansion is valid.

n|—

b

a=>5

2

[xﬂ:—soo, ~Lcxc

o) e Bwouisly 4P TO Q_J

n Coxe )
(redls 1+ Ho #2020 ' 2IOD (0, o)

(iray= 1 (3 +@;@E‘» Lhe-)6-aale o)
-b s

SOWING_SIMUTINESVSLY
va=-lo _, (na=-io oot
Lnfm)al=78 n(n-)a?= 150 0

iz 100
= ((-)ver= \SOHE
100 (n-1) = lson
(oo - 100 = 1Som

i

U

-10 = Son

w:—Z/ g Shee ma-lp
'——',%‘

|
N

az

b)  soRctme =g jn=-2 nes
Anl)(w2) of = HE)@) Coxsd = ;:m//4

Q) T ooy 8 orup me  loa) <l
=2 s«

] .
= 75—<1<§//
/
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Question 27 (¥%%)
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f(x):\/l—x,—l<x<1,

b) Use the expansion of part (a) to show that if y

a) Expand f(x) in ascending powers of x, up and including the term in X2,

is numerically small

\/1—4y+y2 z1—2y—%y2.

1. f(x):l—lx_lx2+0(x3)

Created by T. Madas

o) GPNDNG BONIALY VP T a2
S4E)- VT2 = G-xF = 1« %(,,3' LI

X2
Q=T g - OB S
p
Y s ly ) — Gatouwo e i o8 4
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N
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Question 28 (**%)

4+ x
(1+3x)2 ’

f(x)=

1
A<=
3

a) Find the series expansion of (1+3x)_1 , up.and including the term in X
b) By differentiating both sides of the expansion found in part (a), show that
-2 2
(143x) “=1-6x+27x" +...

¢) ‘Hence find the first three terms in the series expansion of f (x).

[ |32 =1-30492 - 27 +0(x*)|. | £(x) =4-23x+10227 +O(x)

o PRocess A& Ruows
m e
= Chead'= e TG B o)
=C(+2) =1 -~ 3 +3® -2 #o@‘%
Z
Y DeespAm A SIGCETED

- %[ (‘,,313‘]' = l;{[vhﬂf—ﬁlﬁ D(J“)j

= -3 = 6 -3 vlg -8l wo®)
2l B2 _ en? g
=  Cma) = =kl et ol
-2
= (=3 = [ - 6x + 20 + o) 7
V4

Q  oweer &)

&= ﬁ‘ = @EOGray?
=@mli-q +21e o) |

Sk -2+ o8y +00Y
X - ex2 +0okd)

= 4 221+ 02F + o) //
4
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Question 29 (**%)

f(x)=(1-20)2.

a) Expand f(x) up and including the term in x*.

b) State the values of x for which the expansion is valid.

1
¢) By substituting x = 3 in the expansion of part (a) show that

N

147 °

I:I, 1+x+%x2+0(x3) f —§<x<%

4) QAN Binpunduy R To a?
<4 5
£0= (207 1+ Ely + %)(»m‘m(m

= 12+ 32 40() ~
s ) S

b) viud g |2l <!

- <k

= -bex<y o
A

Q9 er a=k
(,pa)’z\ ~ 42 43
Q 7u&LY{'x L+ L 423G

3

oy
Q_‘ch I+ F+ 5

o om
)

N
- @
Ity
~ o

18
a7

%,

b o) %

P
vl

wlgy
3

2
R
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Question 30 (**%4)
f(x)=(1+ax)", ae R, neR.

It is given that the series expansion of f(x) is

1+2x+%x2+bx3+0(x4).

a) Show that a :% and find the value of n.

b) Find the value of b.

¢) State the range of values of x for which the above expansion is valid.

_4 1 |22 2
l:l, n=3l, b= 6l 3<x<3

@ (e’ 14t + A g, 200 9, 0
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Question 31 (**%4)

In the series expansion of

(1+ax)",

ax|<1, a,ne R,

the coefficient of x is 15 and the coefficients of x> and x° are equal.
a) Given that n is not a positive integer, show that a =6.

b) Find the value of n.

¢) Find the coefficient of xt

S

1]
|
Ik %7

=
~
L |

1]

|
N
0|
S

Created by T. Madas



Created by T. Madas
Question 32 (**%4)

8x% +17x
(1-x)(3+2x)*

x|<1.

F(x)=

a) Express f(x) into partial fractions.

b) Hence show that
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Question 33 (¥*%4)

The algebraic expression J1=3x is to be expanded as an infinite convergent series, in
ascending powers of x.

a) Find the first 4 terms in the series expansion of J1-3x.
b) State the range of values of x for which the expansion is valid.

¢) By substituting a suitable value for x in the expansion, show that

3997 ~9.989989983 .

I:l, l—x—xz—%x3+0(x4) , —%<x<

W)=

A oo % o 3

T - Gao®e 1s 3 (o + AL 5B o

. Loty v
= l-a-a*- £ %o@)/

O & e [3x) <]

b)

bl<i

\ iy
A<t 2
& 3//{/

Q) Lr 2= ooel

= i ~

AP osg
e e o
—
= 13bood = 1= (s00)~ (som)~ $ (oo’
el
=309 ~  o998m6998z
—
SUYDL ~ os9gveel. .
—
=
,)V’% o~ ©09989p9%63 _ .
Ne=}

21
)

©9985989983... .

9-969989962 . - /
H tpuisn

X R

= ¥
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Question 34 (*¥*%4)

3
The binomial expression (1+12x)4 is to be expanded as an infinite convergent series,

in ascending powers of x .

FNoN)

a) Find the first 4 terms in the expansion of (1+12x)4.

b) State the range of values of x for which the expansion is valid.

¢) By substituting a suitable value for x in the expansion show that

3
(23)* =1.04467.
l:l, 1+9x—2—27x2+%x3+0(x4) | —ﬁ<x<%
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Question 35 (***4)

f(x)=+1+8x,

1
x<=
8

a) Expand f(x) up and including the term in x°.

b) By considering +1.08 and the series obtained in part (a), show that

J3 =1.73205.

f(x)=1+4x=8x" +32:° + 0 (x*)

Created by T. Madas



Created by T. Madas

Question 36 (*¥*%+)

1

- 1 1
X)= , — o <X<-.
£x) Ji+4x 4 4
a) Find the binomial series expansion of f(x) up and including the term in x’.

b) Hence determine the coefficient of x> in the binomial expansion of  f (x + x2) .

[C ]| £(x)=1-2x+6x2=20x° +0(x*) . [x3]:_g

o) G- \‘# - e 1 2 2o I
R i

)= - 24 6= 2t ¢ o(:ﬂ)/

b o G

lare)= - zfim +é@lﬁf— zo@?‘ 0@
- tefe el 2 [t - cad)

= +22° -200° + o)

<o Ce]e -8~
—_—
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Question 37 (¥*%4)

I+x A +Bx+C
(1-2x)(1+24%) 1-2x 142

1
A<=
2

fx)=

a) Find the value of each of the constants A, B and C.

b) Find the binomial expansion of f(x), up and including the term in .

A=1, B=1, C=0], |f(x)=143x+42>+6x° +0()

Question 38 (**%+)

Show that if x is small, then

f(x)=—1-x+4x.

, |proof

={0- 2, = G tay?
= 40)= Grin) [ 1+ 2y - 0G0 2D (af 4]
=~ Gy [1va v + sobree |

>y -4 »;Zl,m‘w@)

+3a + /AT + 30 + 0QY

.
=)= +a.+u13+o(ﬂ)/

A breogty
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Question 39 (***4)

1
(125-27x)3, o] < 12

x| <
a) Find the first three terms in the series expansion of f(x).

b) Use first three terms in the series expansion of f (x)to show that

Y120 =222
1125

|:|, f()c):5—ix—i 2+0(x3)

X
25 3125
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Question 40 (**%4)

(1-x)* 1
X)=—r—, |x|<—
Show that if x is small, then

f(x)z1—3x+%x2—gx3.

, |proof

Poceo A Ruont
(y 0= _ (1 _aycramy®
= -0) — (-2y (o
= o= ()] 1+ T2y S oy AR o]
= fa)y=(1-mnd [1-x + 22 - 52+ o)

ROTPUNG. ROy

{ox v 3 - 53y o)
2 4 222 - 353 + O(Y)

@ - 2 4o

e I NPt PO IO o@y/
A Bpotro

- i“(lji
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Question 41 (*¥*%4)

The algebraic expression

3 is to be expanded as an infinite convergent series, in
5

ascending powers of x.

1 . . .3
a) Expand —— up and including the term in x
P Ay £

3
b) Use the expansion of part (a) to find the expansion of (1 +%xj up and

including the term in &y

¢) Hence find the expansion of 3 / 4255 up and including the term in X
+ 23X

I:I, 1—%x+%x2—%x3+0(x4) , 1—%x+% 2—97—6x3+0(x4) ,
4—x+%x2—%x3+0(x4)

d) SENSINO SNOMAWY WP To 2
L S0 A s
o =i 36 s Gy, 2@ o0

‘‘‘‘‘
= 1-L 22 3 «
) 4 - g Fo@‘/

oo eaar @)

F o s Gt e {89 - Ceat
=
fo G ts L)+ 33 Gy oy
Copyda 1ok

R .
Bl s F e S
Z

) MARATE s fouss
26 _ e Yl -
Vi = J@ TR & (4 gy

Dotee'top g sl 3 4

= 4[% dxt B g‘;f + o()\)]

:¢f1¢‘21_;’—4f + o6
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Question 42 (*¥*%4)

1 2

f(x)Em’ 3

a) Find the series expansion of f(x), up and including the term in x°.

It is given that

where p and ¢ are non zero constants.

b) Determine the value of p and the value of ¢.

1| () =g+1gxrigr’ +o(2)). |[p=-8.q=-

oo\O

B 2xpx 3 |
@ G-z =GR = )R+ fa Bt o)
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Question 43 (¥*%4)

1
4

a) Find the series expansion of f(x), up and including the term in %
b) Use the result of part (a) to obtain the series expansion of

i

up and including the term in X

x|<%,

No credit will be given for obtaining a direct expansion in this part.

[ 1 [£(x)=8+48x+240x" +1120x° +0(x*) ,

/%_x:%—x—x2—2x3+0(x4)

a)  cosre A One” M "D

3

(#—lfés (%YIQ/MT = W%Cw»n)%
- efi-u]d
= a{\ «’%(4@\ ’&%? )+ g’@%ﬁpuﬂ :r
= 8 e rsolilofy.. ]
= 8+8x 12doxt y l2ogdy - ///
B)  Pren Ax Ruons
VE = (e G et
= (- o) (3485 v 20P 107+ )

= b ks e 7ol Les

Ao e ot s
81+ 4B 4

st-2-2_2br.. _~

~
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Question 44  (***+)

3 A Bx+C
+

(1—2x)(1+2x2) 1-2x  1+2x2°

x|<%.

a) Find the value of each of the constants A, B and C.

b) Hence or otherwise find the first five terms in the binomial expansion of

3
(1-2x)(1+2:7)

lA=2|, |B=2],|c=1

, 3+6x+6x2+14x3+36x4+0(x5)
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Question 45 (*¥*%4)

The function f (x) is defined in terms of the non zero constant n, by

F(x)=(3+2%)", -3 <x<

\S](O8}

a) Given that n is not a positive integer, find in terms of n the ratio of the

coefficient of x> to the coefficient of x° in binomial expansion of f(x).

It is now given that n = A

5
b) Evaluate the ratio found in part (a).

The coefficient of x” in the binomial expansion of f (x) is negative.

¢) Find the smallest value of r.

0[] [=2(n=2)29), [ |- | =1:3], [r=5
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Question 46 (¥**¥)

4—x

, |lxl<4.
4+x

f(x)

a) Expand f(x) as an infinite convergent series, up and including the term in x

b) By substituting x=0.5 in the expansion of part (a), show that

339

128

Ji=

1

flo)=1=

1

Z.X'i‘

1
32

x2+0(x3)
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Question 47  (¥*¥%¥)

1
F(x)=(1-8x)%, [ <.
a) Find the first four terms in the binomial series expansion of f(x).
The term of lowest degree in the series expansion of
)5
(1+ax)(1+62%) = £ (x),
is the term in x°.

b) Determine the value of each of the constants a and b, and hence state the

coefficient of x°.

[T ji-2x-6x? =285 +0(x*)|. [a=—2]. [p=-8|, [x3}=40

D fenyo snouawy ver a3
Geefe 1 HEoy s 3Bayt + Doy o)

(= 1-= - 6 ®m+ o(w/

b)) Pmeed A fougus

(1a0G )~ Cead¥
= (o [1e o) + 009 ] - [1-20-a-amatsony]

— Cran) TLl S+ o] ~ [ -2 —G@'-28ad vl ]

< 1 4+ax + Sha? & Sab? vof) — | 2 +624 23" 10l
= (ada + (sb+)a +(Sab +2)x + o0
+

2620 2600

L A==
be-£
4 Goefey of 2 3b 28
= SEEDe
=40 7
2
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Question 48 (***¥)

24 352 A, B, G
(2x+l)(x2+l) 2041 P41 2+l

a) Find the value of each of the constants A, B and C in the above identity.

b) Hence, or otherwise, determine the series expansion of

2—3x?
(2x+1)(x+1)
up and including the term in X
[a=1]. [B=1], [C=—2], [2-4x+3x" 62 +O(x*)
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Question 49 (¥**¥)
f(x)zx/l—x, —1<x<1.

a) Expand f(x) up and including the term in x’

b) Show clearly that

8x /1—i =37
64

¢) By using the first two terms of the expansion obtained in part (a) and the result
shown in part (b), show further that

127
N -

48

|:|, 1—%x—%x2 1x3+0()c4)

16

) QMDD Biokiauy 1P T 33

= 05 - (=0 1 ) - g K o
ST = =g =gt volt) #
P e R
7
B Pectay A Rusal
- [, BYa _ slEvT
R s
- 8N Ly
- 8

g LONBINNG DEUTS

V=~ (-da (R suma, fer nos)
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Question 50 (F**¥)

X . T 2
143 is to be expanded as an infinite convergent series, in
+3x

The algebraic expression

ascending powers of x.
a) Find the first 4 terms in the binomial expansion of

1+x
1+3x

b) State the range of values of x for which the expansion is valid.
¢) By substituting a suitable value for x in the above expansion show that

101’4 0.980582 .
103

<x<

1—2x+6x2—18x3+0(x4) . |-

W=
W)=
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Question 51 (¥**¥)

The algebraic expression v/9—x 1is to be expanded as an infinite convergent series, in
ascending powers of x.

a) Find the first 4 terms in the series expansion of +9—x.
b) State the range of values of x for which the expansion is valid.

¢) By substituting a suitable value for x in the expansion show that

V850 = 29.1548.

21,1 2 _1 .3 4 _
3§l ~gggg . +O(rY)).

@ A
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Question 52 (¥**¥)

f(x)=

5x%—52x+4 1
3 |X|<7.
(1+2x)(2—x)

Show that if x is numerically small
f(x)=1-14x+17x> =42x°.

proof
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Question 53 (¥**¥)

%73, __A B C
(3-2x)(1=x)° 3-2x l-x (1-x)

a) Find the value of each of the constants A, B and C.

b) Hence show that for small x

2
= kT S L

(3=2x)(1-x)° 379
¢) State the range of values of x for which the approximation in part (b) is valid.

A=6, B=-2, C=-1{, |-l<x<1
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Question 54 (F**¥)

18—20x 3 3
f¥)=—F——, ——<x<=.
8x —18x+9 4 4

a) Express f(x) into partial fractions.

b) Hence show that
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Question  (

Use a quadratic approximation for f(x) to'solve the equation

f(x)=16-67x—2x>.

1
l:l’ x~%

Created by T. Madas
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Question 55 (¥**¥)
f(x)zx/l—x, —1<x<1.

a) Expand f (x) up and including the term in x°.

b) Show clearly that

91— =45
81

¢) By using the first two terms of the expansion obtained in part (a) and the result
shown in part (b), show further that

161
N

72
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Question 56 (¥**¥)

f(x)= ‘/T—x ~1+ Ax+ Bx?, for small x.
—x

a) Show that B :% and find the value of ‘A .

b) By using x= 10 in the above expansion, show clearly that

Ji1 =563

200
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Question 57 (¥**¥)
f(x)zx/l—x, —1<x<1.

a) Expand f(x) up and including the term in x°.

b) Show carefully that

17— 1243,
\" 289

¢) By using the first two terms of the expansion obtained in part (a) and the result
shown in part (b), show further that

2 Y&,
408
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Question 58 (***¥)

4x(9x-10)
(2=x)(2-3x)"

x|<%, x#0.

f(x)

xeR,

a) Find the values of the constants A, B and C given that

A B C
+ + :
2—-x 2-3x (2—3x)2

£ (x)

b) Hence, or otherwise, find the binomial series expansion of f(x) , up and

including the term in x2.

The equation f(x)=-0.63 is known to have a positive solution which is. further

known to be numerically small.

¢) Use part (b) to find this solution.

| J[a=4], [B=0], [c==8], | f(x)=-5x-13*+0(~)|, [x=0.1
©) LG STpA wmpe O soue AG = 083 e TR APPEKIMATON
blhew oA = ~Sa-Wia-o®
G 2= = B4 = 06z
ey = = Wi -ea-o
o F anz = o0y -t
I L GOMES S=iAtARIac QUADRATC FoRuuh 07 PrcmR@sTen
= (Boa4e)(ea-11=0
b)

= 2wty

AN SRAIGons
eas K—?ﬁiﬁgﬁ ) - ~si-gito@)
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Question 59  (¥¥¥¥)

£ =(1+k) >,

kx| <1,
where k is a non zero constant.

a) Expand f(x), in terms of k, as aninfinite convergent series up and including

the term in x°.

6—x
(1+kx)>

g(x)=

kx| < 1.

The coefficient of x* in the expansion of g(x) is 3.

b) Find the possible values of & .

[T [1-3ke+ 6k%4% =10k°2° +0(x*)) . [k =-
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Question 60 (***¥)

1

f(x):m

-1+ x,

x| <1.
a) Show clearly that
1 o 13 4
f(x) —Ex +Zx +O(x )
b) Hence show that f(x) has a minimum at the origin.

proof
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Question 61 (¥**¥)

2 —
16)26 +3x 2’ cR,
x=(3x-2)

x|<%, x#0.

f(x)

a) Determine the value of each of the constants A, B and C given that

b) Find the binomial series expansion of 3 , up and including the term in x|
X

¢) Hence, or otherwise, show that if x is numerically small

2 —
16X +3x-2 1 62 1233 1842725 .
(3x-2)

1.3 .92 27.3 4
A e - v o(x)

A=1}, |B=0|, |[C=16

) s ’
" M{T R (US0G_oes prery)
) 4@z Moz L L
2 (22 oz 2 1628 +3 2 \ i
S & aE b ==
bt -2 = A3x-2) + Ba(an-) +Ca2 =) ¥ e
.y . 4 ( exta-2 t
o [Fa=o o IF 2234 DR == =§:‘-!€(ng27)
-22 =24 RN 7= 4 +BiC
A . 2
47 ek L e bltm-2 Hcﬁ(%—)
B= - Biza, =5
/ / a///
Wn-2 L4t (-boda o gt o)
b IR el A - el SRR ol
I R S RN
IRy Wi h-2 L) g - e - erat+ O0¢)
= -4 (-39) o _—
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= RS Lél -

9 minhd A Cony wp ® i Dipey Avawiss)
K ta-2 (W
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Ty ¢ Wot-h- 98- 7 i

Sl e s g
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_g — 24
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Question 62 (¥**¥)
f(x)zx/l—x, —1<x<1.

a) Expand f (x) up and including the term in x°.

b) Show clearly that

7 /1—i SYNER
49

¢) By using the first two terms of the expansion obtained in part (a) and the result
obtained in part (b), show further that

J3 32

56

I:I, 1—%x—%x2 —%)ﬁ +O(x4)

) L= = et
= vedey s Moy B
R Rl i T o@f)//,;?
b & e oo
-5 - 7]}? - ’?',g =
= J®x3' = U»A/T////

9 Rou Paec (4

= -2 = - ix

= Wi 70-4)

= INT-x'~ 7- Iz

W X o (ko ener b)

= Wiy & 7-HE)
= 43’ = T- T

= 4 a

= A
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Question 63 (¥**¥4)

1+ax
4—x

, —1<x<lI.

F(x)=

The value of the constant a is such so that the coefficient of x” in the convergent

binomial expansion of f(x) is 6_14

Find the value of a.

Q
I
N
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Question 64 (F**%4)

63 = ! —J1+bx ,

where a and b are constants so that a >b>0.

The function f is defined in a suitable domain of x, and furthermore the values of x

are small enough so that f(x) has a binomial series expansion.
Given that
f(x)=2x+26x7,

determine the value of a and the value of & .

Created by T. Madas



Created by T. Madas

Question 65 (***%4)

1+2x 1
= s lx<=.
f(x) 1-2x | 2
By writing f(x) inthe form f(x)= Yyt af- , show that

N

f(x)=1+2x+2x2+4x3+6x4+12x5+O(x6).

proof
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Question 66 (¥**%4)
_(1_,\" 1
f(x)—(j—x) , |x|<7.
a) Expand f(x),up and including the term in x°.

a+bx ;
4]

The coefficients of x* and x* in the expansion of g(x) are 42 and 136 respectively.

g(x)=

b) Show that a = and find the value of b .

1
4

[ 1 |£(x)=8+48x+19227 +640x + O (x* )|, |b =~

4] 9OMD Biominay wp 1o a?
=4 G- @[ 2] = sGew®
> @)= ol Ty Hcar s 25U +o)]

= f) =8 ieoat et godt + o ]

7
— fo) = B4+de s 2y 6o ao(x“)/

b Pl A Ruas

ark

= 80= 5% = Gr)(4-2)"

— §0G) = (a+ba)| ¥ +48y + 920+6lor + C(ﬂJJ

=9g0) = 8 + 48ax + 12 + oo’ + oY)
Bba + 48y & 92ba® 1 o(¥)

8Q) = Ba + (dBarbh)a + (s U8b)* + (Glon+lrb a® +0(8)
=3 (4o véh) ikt il Calils)

= '3
Bty we Hx
920 + d8b = 42 o a4 b=7 «€3)
oo + M2b = 13 Bas 2=y J x1
-%a-24p =2 7
By +24b= 17 ﬁ AONG- ~l6a =~y
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Question 67 (¥**%4)

In the convergent expansion of
(1+kx)", ko<1,

where k and n are non zero constants, the coefficient of x? is 12 ‘and the coefficient
of x° is 32.

Given the coefficient of x is negative determine the values of & and n.

S
1]
)1le)}
=~
|
_
=)

Q) E®mD W TOM e kg n vp o ad — (sn=6)u+2)
Qb = 14 2 + B0 + MDEDR3 1 O() = n= (_Cf
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N £ 2%
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G- 6y = 20GP- g +y)
G- ey = 2>~ 9o 46
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U

3

S 4t — 12 =0

A
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Question 68 (¥***4)

A+ Bx =l
(2-x)° 4

where A, B, C and D are constants, and |x| <2

Determine the valueof A, B, C and D.

+Cx2+Dx + .

b b

C=-3| |p=—
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Question 69 (****4)
f(x)= J+12x .
It is given that the equation
F(x)+(6x-5)7=24-15x
has a solution ¢, which is numerically small.

Use a quadratic approximation for f (x) to find an approximate value for o .
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N P

eenn 46y o © At

46 = Quafe 1+ i)« SE8fs o)
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Question 70 (¥***4)

The function f is defined as

f(x)

where a and b are constants.

ax+b

(1-x)(1+2x)

,xeR,

x|<%,

a) Find the values of the constants P and Q in terms of a and b, given that

P

Q

The binomial series expansion of f(x),up and including the term in x

a9

f(x)=1+13x+ Ax* 4 Bx® +

where ‘A and B are constants.

b) Determine the value of the constants ...

i.

..a and b .

ii. ... A and B.

"

3

ceey

is

= (-1 * (20 = 3+ By 3kt e Aol Y

= @) 04 oagied) + Ro-Ol-2rnZed) = 3433 4348 + 3353
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3h=3
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Question 71  (¥***4)

The function f is defined as

_a(2-3x)
T = e

, xe R, x|<%, x#0.

where a is a non zero constant.
a) Show that for all values of the constant a, the coefficient of x in the binomial

series expansion of f (x), is zero.

b) Find the value of a, given that the coefficient of x? in the binomial series

expansion of f (x),is 10.

a=10|

9

ﬂ Aoced BY phenac RAon) R Decd EiawAToN
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Question 72  (¥**%4)

ax|<1.

3x|<1,

x)=(14+ax 1—3x% ,
f(x)=(1+ax)( )+(1+% )2

In the binomial expansion of f(x) the coefficients of x* and x* are both zero.

7

Show clearly that the coefficient of x*is - 6

, |proof
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Question 73  (**¥*%4)

If x is sufficiently small find the series expansion of

10x*—x-6
(2+3x)(1=24)

up and including the term in X

10)62—)6—6 i, _ 2 g 3 4
|:|, (2+3x)(1—2x2)_ 3+4x-T7x"+ 5 X +O(x )

PROECO BY PAOIAC RACTOAS

a
= (F200-w) -8G+w)

= (2002 Y a3 ()

CORNG (=Y = 4 ks a® 4 od v oG
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Question 74  (****%4)

In the convergent expansion of

(1+%nx)n, nelR,neN, n#0,

the coefficients of x> and x> are non zero and equal.
a) Determine the possible values of 7.

b) State with justification which value, values or indeed if any of the values of n
produces a valid expansion for x=1.

l:l, n= —%, % , lonlyn = —% produces a valid expansion for x =1
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Question 75  (Gk¥FEF)

It is given that the equation
£(x)=(8x+3) =
has a solution &, which is numerically small.

Find an approximate value for o.

, |X|<§.

37X =475x% —157x+27

~ 1
I:l’ =55

gend f0) o ot

o) = (s v 26y + 200y, AN gYelt)

= L4 iox + 797 + Sooa® + O(a)
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Question 76  (k¥*¥EF)

By considering the binomial expansion of

1
(1=cos@)’ ’

sum each of the following series.
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Question 77  (k¥FFEE)

1-x
flx)s—, -1<x<I.
() l+x+x°+x°

Show that f(x) can be written in the form

r=0

where g(x) is a simplified function to be found.

[ |e(x)=(1-x)°
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Question 78  (¥¥EF)

2,23 234 2345
S=1+—+ + +
4 4.8 4.8-12 4-8-12-16

By considering a suitable binomial series, or other wise, find the sum to infinity of S .
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Question 79  (kF*x*E)
Without the use of any calculating aid and by showing full workings, show that

($)

[F1l=

=~1.24.

proof
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Question 80  (k¥¥F)

Created by T. Madas

\ I-x
g(x)= flxr) - , —l<x<l.
) ; \/l—ng/l—x3

Given that the first term of the series expansion of g(x) is

simplified form a simplified expression of f (x,r).

1

5

|

x , determine in exact
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Question 81  (k*¥%F)

I 1.3 1-3-5 1-3-5-7
S=1-~+ - + —..
4 4.8 4.8-12 4-8-12-16

Find the sum to infinity of S, by considering the binomial series expansion of (1+ x)n

for suitable values of x and n.
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Question 82  (F***F)

Without the use of any calculating aid and by showing full workings, show that

)% =0.91.

(0.9

, |proof
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Question 83  (k¥*F)

b) Find a similar expression for ;2 and show further that
16—x

== )

(16—)62) r=1

[\SON)

¢) Determine the exact value of
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Question 84
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(*****)

2-3x

T

Show that f(x) can be written in the form

[e )

7(x)=) [+ eln)].

r=0

where g(r) is a simplified function to be found.

|~

|~

[ ] jg(r)=2"+1

@ <Tvyr 2y DEWATING § SPUTTING: (Nt -PAITAL Toction &y T

== 2™ !
= ey T G b
- S J‘/:
= {a)- Q&g{ C 2z ]

= {0 = (g (25

L] NET WE S STIDALD EXPANSIPRS OR THE SUM T INﬂM‘T?/ oF A &P
L o i i
o = bt e
T obmn:
(e . ( 4B ))
9{\“:(2’@( 2 emsag 81‘+ )
| eeeelal

= (T’Q) = /\27’.1) ‘L»\ S AL

2+ At sty )
i {
= {0) - (2-3) (O F e sy )
= o) = G-ay 2™
= .
e "
= fu) = 23 @ - 35 L™
/ =0 o
@ A e et oo & Puiony

" 2 . 2
= 0= argy od - 33 (Lo
‘. i

Created by T. Madas

© T ABLUST THE LT OUUKATION So 1T SMOTs Fokd P A )
T eyt S (v v
i\[x\: 2425 @20 - 35 (@)™
by
- o
=2+ Z&z
)

o e o o
fay=21 3 2"z - axa™3)a

o
. e -
de= 2 % (@%1)a”
@ AT HESUMIKTION . THET 1T STAer fRow F=(
F ° -
[ T S
16) = 2+ % Q+l)a
- @0« Z (@0
‘ 8 e
Q)= > @ %
o P
P
AGHE —ACPRoARL R0 NOT AS FORMAL IS AS Rouawil

= Er2) (1r3xs T+ 8¢ 4--) < Ronaer

D= 2+ 60+ Wl w307 4
-3 - -2

40) = 2+ 3w v mE 4+ A 4o

Wt ol wiedT deoe & > (%)’




Created by T. Madas

Question 85  (F¥¥¥EF)

Show by considering a suitable binomial expansion that

1 14 147 1-4-7-10

2

+—+ + + — =
24 2448 24.48-72 24-48.72-96 37

Question 86  (F***¥)
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By considering a suitable binomial expansion, show that S =1.
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Question 87  (F¥¥¥EF)

The function f is defined in terms of the real constants, a, b and c, by
2 -3
f(x)z(a+bx+cx )(1—x) , xeR, |x|<1.

a) Show that

[}

f(x)=a+(3a+b)x+%2[[a(n+l)(n+2)+bn(n+1)+cn(n—l):| x"]

n=2

b) Use the expression of part (a) to deduce the value of
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Question 88  (F¥¥¥E¥)

The first three terms of a series .S are
S=7+9x+8x>+...
The n'™ termof S is given by

A3 +8(Le)

N[OV}

where A and B are non zero constants.

Given that the sum to infinity of S is 19, determine the value of x.

Cls

SRS

A e e T e AR

%\SZT«QxFEaf“ ‘fr(—}‘)ﬂe E(tw

AR R NN PAN AN RDEN A

® w0 @+8)C =T
onet (BAedma=9
A48 =7 ? X9 W+ = 63
E ki aa DU S A + 4R = 108
SR = -4
B=—9
A=k

© Now THe SRUES 1S

~ (i
= 3 (L@@

(7iya]
o 3 (5]

W

L L ©

+ e 2. 3 3 pe L §
$ o[t 3 e F0e o af ekt

Now THE SoM To WANTY & 19

- 0 -@w) = 960 G-R)
= -ah—(og+8x = B(2-8)G-3
= B+ nec= 9(3E-Bxtn)

— Bl 7 = ST~ 3z & 8xI
= 0= S 2UWa- (7x + 08 -8%

= © =S L

— o =N+ 48

= o= (w-2)(x - 4)

- :x:<;\}.
©

\3=fet g [daf<

lxle% g i<l

BT IN 02060 T ConORR0E

Y
Lwe /@ s @A T 4 ot ey 3)
/
V

Created by T. Madas



Created by T. Madas

Question 89  (k¥*F)

. -7 1 Y
(1+x)(1-3x) 3

f(%)

Show that f(x) can be written in the form
F(x)=1= Y [+ e(r)]

where g(r) is a simplified function to be found.
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Question 90  (Gk¥¥EF)

The product operator H, is defined as

k
I I[ul] = ulxMZXu3><u4X...><uk_1><uk.
i=1

Find the sum to infinity of the following expression
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k=1 r=1
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Question 91  (k¥%F)

It is given that for xe R, —%<x<%, k>0,

k+1
(1=x)(1+kx)

f(xk)

Given further that

where a, are functions of k, show that

[e%e)

(1=kx)(1+k)°

o] -

r=0

[}

You may assume that E [arzxr} converges.
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Question 92  (k¥EF)

Consider the following infinite series, S .

5  5x8 4 Sx8xIT — 5x8x11x14 4 Sx8x11x14x17
18 18x24 18%x24x30 18%24x30%x36 18x24%x30x36x42

Given that S converges, show that

S=9A-41,
where A 1is an exact simplified surd.
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