Created by T. Madas

93 EXAM
QUESTIONS ON
INVERSE
TRIGONOMETRI
C FUNCTIONS

Created by T. Madas



Created by T. Madas

22 BASIC
QUESTIONS

Created by T. Madas



Created by T. Madas

Question 1 (**+)

Solve the following trigonometric equation

p +3arccogx+ 1= L

<
I
1
Nl

Question 2 (***)

It is given thatarcsinx = arccoy.
Show, by a clear method, that

X2 + y2 =1.

Question 3 (***)

Solve the following trigonometric equation

3arcco(x- \/_3 = C

X
"
Wi

&
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Question 4 (***+)
A curve C is defined by the equation

y=-arcsinx }, 0ExE2.

a) Describe the2 geometric transformations that map the graplarotinx onto
the graph ofC.

b) Sketch the graph of .

The sketch must include the coordinates of anytpaimere the graph o@
meets the coordinate axes and the coordinateg @frttipoints ofC .

, |translation by 1 unit to the right, follved by reflection in the  axi

Question 5 (***+)
Simplify, showing all steps in the calculation, flodowing expression

tan( arctan3 arctan);,

giving the final answer as an exact fraction.
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Question 6 (***+)

Show clearly that ifx >0

1
arctanx+ arctan— =
X

proof

Question 7 (***+)

Solve the equation

2 arctar(%) = arccos,

showing clearly all the workings.

Created by T. Madas



Created by T. Madas

Question 8  (***+)

Simplify, showing all steps in the calculation, #mpression

tan arctar%+ arctaﬁ ,

giving the final answer as an exact fraction.

Question 9  (***+)

Show clearly that

2 arcco#%) = arccc(sZ—S) :

proof
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Question 10 (***+)
Show clearly that

2 —
arctang + arctaéi2 = arct%.

proof

Question 11 (***+)
Show clearly that

2X

sin( 2arctarx) = 7.1
X2 +

proof
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Question 12 (***+)
Prove the trigonometric identity

arcsinx+ arccos :% .

proof

Question 13 (***+)
Show clearly that

arctar%+ arctan% = arctar.

proof
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Question 14 (***+)
Solve the trigonometric equation

arcsinx = arccosf.

Question 15 (***+)
Using a detailed method, show that

1 =1
arctans + arcta% =0 -

proof
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Question 16 (***+)
Show, by detailed workings, that

arctan 2 arctan3 37'0 )

proof
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Question 17  (***+)
Use a detailed method to show that

1
2

Q=
|

(03]

Q

arccos 52 + arccos 1
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Question 18  (***+)

Find the general solution of the following trigonetmc equation

2arctar{ six) = arcta seg.

1 x:%+kp, ki
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Question 19  (***+)

Solve the following trigonometric equation

2arctanE = arctan%
X 25
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Question 20

Prove that
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Question 21 (***+)
Differentiate with respect ta

V1- X2
X-2

arctan

Give a simplified answer in the form

A+ BX
(Cx+ D)\/l- 2

where A, B, C and D are integers to be found.

| |, 1A=1], [B=-2|,|c=4|,|D=-5|
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Question 22 (***+)

Differentiate with respect ta

) 1
sin arctan——
1- X2

Give a simplified answer in the form

where A and n are integers to be found.

| |!|A:-1|)|n=2|
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Question 1 (****)

Y A YA
y, =arcsinx B Y, = arccosx

o — . o |
/ X \ .

A 0O E °~ X

The diagrams above shows the graphy,of arcsinx andy, =arccosx.
The graph ofy; has endpoints af andB.

The graph ofy, has endpoints & and E, and D is the point where the graph g%
crosses they axis .

a) State the coordinates &, B, C, D andE.

The graph ofy, can be obtained from the graph yfby a series of two geometric
transformations which can be carried out in a $ywecider.

b) Describe the two geometric transformations.
c) Deduce using valid arguments that
arcsinx+ arccog= consta,

stating the exact value of this constant.

A-12 1 1B12 | [c(-1p). D 02 | [E(0)], |constant=2
2 2 2 2
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Question 2

a) Show that
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y=arcsinx, -1£ x£ 1.

The pointP(%, k) , Wherek is a constant lies on the curve with equation

arcsin X+ 2arcsity:’0, |x|£%, |y £1.

2

b) Find the value of the gradient Bt.

:

q)

b)

“l=ssl = T4<T

Y= aranec

MACE O THE SUBVEET AND D PRRSTIATL LUITH 2ERCT TO Y
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Question 3 (***¥)
f(x)=2+2sinx, - p£ XE p.
a) Find an expression fof "*(x).

b) Sketch the graph of "*(x).

The sketch must include the coordinates of any powitere the graph of
f'l(x) meet the coordinate axes as well as the coordirdités endpoints.

f1(x) :arcsir(%x- ])

Question 4 (****)
Solve the following trigonometric equation

tan( arctan®- arctan2 tén arctan3 arcta)le;’.

><
"
N

ASING THE DENTY ot pa(A-R)
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Question 5 (***¥)

A curve has equation
y=p- arccog x+ }, - 2£ x£ 0.
a) Describe geometrically thg transformations that map the graph of
y =arccox, -1£ x£ 1,
onto the graph of
y=p- arccog x+ }, -2£ x£ O.

b) Sketch the graph of
y=p-arccogx+ 1}, -2£ x£ O.

The sketch must include the coordinates of any pauttere the graph meets
the coordinate axes.

c) Use symmetry arguments to find the area of theédfiregion bounded by
y=p - arccogx+ }, - 2£ x£ 0,

and the coordinate axes.

, |translation by 1 unit to the right, follved by reflection in the ~ axi,
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Question 6 (****)

Solve the following trigonometric equation

arctan1 + arctani :B.
X x+1 4

TRUNG TTANGRNL! on BOTY SIDES VUNG- LﬂﬁALE):E‘ﬂi\iﬁ
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e
arcon () + avba(w) = L+ L T
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Question 7 (****)
f(x)=-2+ 2tar(%x), -pEXEp.
a) Find an expression fof "*(x).

b) Sketch the graph of "*(x).
The sketch must include ...

...the equations of the asymptotes fof' ()

...the coordinates of any points where the grapl 'cif(x) meets the
coordinate axes.

f1(x) =2arctar(%x+ ;l
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Question 8  (***¥)

Solve the following trigonometric equation

3 . BX
2arctan — = arcsin—
X 25

PRoceed As PG

= Zacton(3) = e (L)

= W= Swb

= 2wBo® = s
TOING THE Vhnes oAbk

= 2 (F )& &

- 6 .
LITS 2%

= Iat =
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Question 9 (***¥)

The curvesC, andC, have respective equations
y; =3arcsin(x- ) and y, =2arccogx- ).

a) Sketch in the same diagram the graph€pand C, .

The sketch must include the coordinates of any poiftere the graphs @&
and C, meet the coordinate axes as well as the coordirdtthe endpoints of
the curves.

b) Use a suitable iteration formula of the foog,, = f (x,) with % =1.6 to find
the x coordinate of the point of intersection betweendhaphs ofC; andC,.
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Question 10 (****)
Make x the subject of the equation

arctar( & x) + arctaft 1x)= y.
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Question 11 (****)
It is given that

d )
— (arcsiru) =
du 1- u?

Hence show that ify =sin %arcsinx , then ...

2\ dy °_ 2
a) ...(1-4x)— =1 y.

dx
b) .. (1- 4x2)d—2y- VAR
dx? dx '
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Question 12

y =arcsinx, - 1£ x£ 1.

a) By expressingarccos in terms ofy, show that

arcsinx+ arccos =

NS

b) Hence, or otherwise, solve the equation

3arcsix- )= 2arccdsc )

0

x=1+ sin(%) » 1.587¢

orcoea = oreeos ((os(Fw)) & s

= Ofccotx = T%,;j
= oesy = L oo ek yzorsh

= ot +ofcap = T / /
s et
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Question 13
A curve has equation

y=arcsin X, - 1£ xE —1 - ££ yE
2 2 2
a) By finding > and using an appropriate trigonometric identitgvghhat

dy 2

dX 1 a4x?

b) Show further that ...

where A, B andC are constants to be found.

;

proof

L) RoliTe 6 DISRLGWIIATE
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Question 14 (****)

y = arcsinx, -EE XE —1, -££ yE B.
2 2 2 2

a) By finding d_X and using an appropriate trigopnometric identitgvgthat
y

A curve C has equation

y = xarcsin 2, -££ xE —1, -££ yE P

2" 2 2

b) Find the exact value 03! at the point orC where x :%r.
X

= [=sy

E) D]F{«{Nm\um B THE PRobOOT DU

A= o =

dy < o
@ \CLM
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Question 15 (****)

Show clearly that

Created by T. Madas
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Question 16 ")
Use trigonometric algebra to solve the equation

sin arcsir%+ arccos = .

x=1
Question 17~ (****)
The curveC has equation
y=arcsin - ), -Of x£ 1.
Find the coordinates of the point @, whose gradient i2.
1
3.9)

Created by T. Madas



Created by T. Madas

Question 18  (****)
Find a simplified expression for

d arctan —> -1
" |dx \/4- X

\/4— X2

Question 19  (****)
Solve the following trigonometric equation.

arctan X+ arctam= arctar, x|

>
I
N
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Question 1 (****+)

f(x):2arcsin\/;<- arcsiff & ), OExEL

By consideringf {x) sketch the graph of (x).

L1 lgrapt
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Question 2 (****+)
sinyy° 3sing- 4sidg.

a) Prove the validity of the above trigonometric idntby considering the
expansion okin( 27 +g).

b) Hence or otherwise solve the equation

arcsinx = 3arcsi(|%).

>
1

|\>||\>

~lw
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Question 3 (****+)

Solve the following simultaneous equations

arctarx+ arctary= arctar

X+y=2.

, in either ordel

~1 -
x—2,y

Nl
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Question 4 (****+)
f (x) =secx, O£x<% E£2< XEp .
a) Sketch in the same diagram the graphd %) and f *(x) = arcsex.
b) State the domain and range bf'(x) = arcsec.

c) Show clearly thaarcsex = arccc(%).

d) Show further thati(arcsem)= .
dx A2

, [domainx£- E % 1, |range: € f 1(x)Ep ,f ()1

NS
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Question 5 (****+)

Show clearly that

3 12
2arctan 2 + arctang =p.

, proof

Question 6 (****+)

Show clearly that

1- x
arctanx+ arctan—— =

P
1+X 4

proof

Created by T. Madas



Created by T. Madas

Question 7 (****+)

Solve the following trigonometric equation.

X-5 a A
arctan —— + arctanx—4 :E, bl
x-1 *x 3 4
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Question 8 (****+)
y=arccox, -1£ x£E 1, O£ yEp.
a) By writing y =arccosx as x =cosy, show that

dy _ 1

dx 1- x° '

The curveC has equation
= 21 Na
y = arccosx- 5 Ir(l ),x>0.

b) Show that they coordinate of the stationary point Gf is

%(p+|n4).
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Question 9 (****+)

Solve the following trigonometric equation

arcsinx+ arcco% = 2arct%1.

Question 10 (****+)

Find the solution of the equation

1- X 1
arctan —— =— arctan.
1+ X 2
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Question 11 (****+)

The functionsf and g are defined by

f(x)° 3sinx, xI Py P
2 2

g(x)° 6 3¢, xI
a) Find an expression forf "'g(Xx).

b) Determine the domain of "'g(x).

[0 f'lg(x):arcsir( 2 x2) ~V3E XE- 1 or £ £ /3
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Question 12 (****+)

y =arctanx, x|

a) By writing the above equation in the forr= g( y) , show that

d
— t = .
OIX(arc anx) T

The function f is defined as
f(x):arctan\ﬁ(, xI , x30.

b) Show further that

o) =- 2 2 (3% (% 9.
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Question 13 (****+)

Show thatf (x) represents a straight line segment.

, , |proof
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Question 14 (****+)

1 1 31
2arctan—— + arctan—— = arctap— .
X-3 x+ 2 17

Show thatx =5 is one of the solutions of the above trigonometgciation, and find
in exact surd form the other two solutions.

.- 10+5/190
31
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Question 15 (****+)
y=arccosx, xI , -1 x£ 1.

a) By writing the above equation in the fror= f (y) , show that

A curve has equation

y=arccos€ 1 x2) xI , 0<x£+2.

b) Show further that

d2y: 2X
dx® ( 2)%
2- X
c) Show clearly that
d3y d?y dy? dy >
16—2 =ax—2 —2 +(2+x) = .
dx dx  dx ( ) dx
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Question 16 (****+)
y = (2+\/;<)\/1- x+ arcsiny 1 x, O£ x£1.

Show with detailed workings that

[ —
1

X

D_|Q
X I<

|
<
-

, , |proof
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Question 1 (****¥)

Given the simultaneous equations

3tang + 4tag = ¢

.p
+/ ==
q+/ 5"

find the possible value aang and the possible value @i/ .

1= o1
[tang ,tary | = 25

wiho
naleo
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Question 2 (****¥)

Simplify, showing all steps in the calculation, #pression

4
arctan§+ arctan2 arctar,

giving the answer in terms @f .

NG
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Question 3 (****¥)

1- x -
y =arctanx+ arctan—— , Xl
1+x

Without simplifying the above expression, use défgiation to show that for all
values ofx

proof
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Question 4 (****¥)

A curve C has equation

y= earctanx ’ X’I‘

a) Show, with detailed workings, that

d3y (6X2- 6 ]_)earctarx |

S

b) Deduce thatC has a point of inflection, stating its coordinates
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Question 5 (****¥)

Solve the following trigonometric equation

cos( arcsin}f) sif arcco@z%f( -4x) , xI

N
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Question 6 (****¥)

Simplify, showing all steps in the calculation, #pression

2
arctan 8+ arctan2 arct%r,

giving the answer in terms @f .

1 la]
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Question 7 (****¥)

It is given that

wherea is a constant.

Show that

Created by T. Madas

a +cosx

y =arcsin ,
1+a cosx

dy V1- a2

dx 1+acosx
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Question 8  (****¥)

The functionsf and g are defined by

f(x)° cosx, xI , 0EXEp
g(x)° 1 ¥, xi
a) Solve the equatiorfg () :% .

b) Determine the values of for which f 'g(x) is not defined.

x:i\/l-% , x<-\/§ or x> \/—2
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Question 9  (****¥)

The acute angleg and; satisfy the following equations

2c0gy = co3%
2sing = 3siry .

Show clearly that

g+/ =p - arctary 1t

|:| , |proof
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Question 10 (****¥)
Show clearly that
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4arccot 2+ arctan2—74 =p.

I:I , |proof
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Question 11 (****¥)
Solve the following trigonometric equation

. 5
arcsin X+ arccos :?’0 )

N

Created by T. Madas




Created by T. Madas

Question 12 (****¥)
Find the only finite solution of the equation

. X 1
arcsin —— + 2arctan——

P
x-1 x+ 1 2
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Question 13 (****¥)
Solve the trigonometric equation

2arctar{x- 2+ arcsml— —B
1+ X

2’

—)
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Question 14 (****¥)
Use trigonometric algebra to fully simplify

el .
arctan Ji+sinx- vt sinx ,O<x<%,

J1+sinx +4/1- sinx

giving the final answer in terms of.

Created by T. Madas



Created by T. Madas

Question 15 (****¥)

Use trigonometric algebra to solve the equation

arctanx+ 2arccox =—.

You may assume tharccotx is the inverse function for the part obtx for which
OEXEp.

[ 1 Ix=v3
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Question 16 (*****)
Use trigonometric algebra to fully simplify

1 7 1
2arctang + arccos——— + arcta% )

5¢2

giving the final answer in terms @f .
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Question 17 (****¥)

f (x) =arctar( )+ arcsin . X1

Ox% +1
Show, by a detailed method, that ...

a) ... f{x)=0.

b) ... arctar( X)+ arcsin ° kp, stating the value of the constaat

9x% +1

N

[k
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Question 18  (****¥)
It given that

P

arctarx+ arctary+ arctan= E .

Show thatx, y and z satisfy the relationship

Xy+ yz+ zx=1.

. proof
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Question 19  (****¥)

The positive solution of the quadratic equaticn x E 0 is denoted by , and is
commonly known as the golden section or golden rermb

Solve the equation
xcos(% arctan )z:ﬁ , X

Give the answer in the fordim, wherem andn are positive integers.
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Question 20 (****¥)
Prove that ifi{ £1

1- X
arctan,—— © 1 arccos.
1+ X 2

, , |proof
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Question 21 (****¥)
Use a trigonometric algebra to solve the followaggation

2
( arctanx)2 +( arccox()2 = 5% .

You may assume that = arccotx is the inverse function oy =cotx, O£ X£ p

L1 Ix=-1
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Question 22 (****¥)
Solve the following trigonometric equation

arctan x coé 2arcsi%) :%p.

,IXx=-1, x= 2
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Question 23 (****¥)
On a clearly labelled set of axes, draw a detalexich of the graph of

y:(arcsinx)2 arccos, - I£ x£ 1.

L1 [oraph
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Question 24 (****¥)
Solve the following trigonometric equation

sin arccofx+ ] = cof arctax.

You may assume that = arccotx is the inverse function foy =cotx, O£ X£p.

[ 1]x

N
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Question 25 (Frr**)
Prove that ifi{ £1

/ 2
tan larcsin< ° u

2 X

, ]:[ proof
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Question 26 (*****)
It is given that

(arcsinx)® +( arccos)® = ko®, [X £1,
for some constank .

a) Show that a necessary but not sufficient condifmmthe above equation to
have solutions is that

1
k3 35

b) Solve the equation given that it only has one smhut

c) Given instead that thd¢:9—76, find the two solutions of the equation, giving

the answers in the forrr=sin(gp), whereal

|:|, zﬁ, x=sin£, x:sin5—’0
12 12
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Question 27  (*¥***¥)
Sketch the graph of

f (x) =arcsin cox),
in the largest domain that the function is defined.

Indicate the coordinates of any intersections whih axes, and the coordinates of the
cusps of the curve.

L. loraph
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Question 28  (*****)

~

, Xl

y =arctan
1- X2

Differentiate y with respect taarcsin 12—Xz , fully simplifying the answer.
+X

[ ][
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Question 29  (****¥)

2

Differentiate arctan with respect toarccos XV 1 x>, and hence sketch

X

the graph of the resulting gradient function.

NS %sign(x)
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Question 30 (****¥)
It is given that

arctan2+ arctaA+ arctdh=p.
It is further given thatA and B are distinct positive real numbers other thanyunit

Determine a pair of possible values farand B .

[ 1.|5¢&

O~
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Question 31 (****¥)

By sketching the graph of the integrand, or othsewdetermine the maximum value
of the following function

b

F(ab) ° 2arcsin/ x+ 2-  arcsifi & )3 dx.
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Question 32 (****¥)
If O£ x£1, simplify fully

Created by T. Madas

arcsin X- )} 2arcsik'x.

1
Nl
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Question 33 (****¥)
Prove that for allx such that-1£ x£ 1

arccox + arcco%(xh/ 3 >é) :%.

. [proof
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Question 34 (****¥)
Find, in exact surd form, the only real solutiortlod following trigonometric equation

arcsin x- ) arccox %

The rejection of any additional solutions must big/fjustified.

l:. -1_1
x=3-%Y6
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Question 35 (****¥)
By considering the trigonometric identity fean( A- B), with A=arctar{n+ ) and

B =arctar(n), sum the following series

arctan

n“+n+1
n=1

You may assume the series converges.

:
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Question 36 (*****)

A circular wheel of radius and centre at the origi@ of a positivex axis. A particle
P is constrained to move on the positiveaxis, so that the distan€P is x. The
particle is connected to a taut cable which runerdkie wheel and hangs vertically
down on the other side of the wheel as shown iffithee above. The section of the

cable RT, which is in contact with the wheel has lengthThe section of the cable
TP is a straight line.

a) Given that the angl@#OP=¢g show that

Let s=1+|TF and suppose thaP is moving in the positive x direction with
constant spee@ units per unit time.

b) Find the rate at whicls is increasing wherP is at a distance d2r from O.

/3
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Question 37  (*****)
Prove that if0<x <1

1+ 2tar(% arcsirx) 1

(o]

V3 (2+x)V1-

d
— arctan

dx /3

, , |proof
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