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Question 1    (**) 

A uniform disc, of mass M  and radius a , is rotating with constant angular velocity 

ω , in a horizontal plane, about a fixed smooth vertical axis L , which is perpendicular 

to the disc and passes through its centre O .  

A particle of mass m is gently lowered on to the disc at a distance 1
2

a  from O , and 

as soon as it touches the disc it adheres to the disc. 

Determine the new angular speed of the disc in terms of m , M  and ω . 

2

2

M

M m

ω
Ω =

+
 

 

 

Question 2    (**) 

A flywheel, of moment of inertia M  and radius a , is rotating at 1200  revolutions per 

minute, when the source which was maintaining this rotation is switched off. 

The flywheel comes to rest after 11
2

 minutes due to a resistive couple L . 

Determine the exact value of L . 

4
3

L π= −  
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Question 3    (**) 

The centre of mass of a rigid body B , of mass m kg , lies at the origin O .  

The point A  with coordinates ( )3, 4,1−  lies on B . 

When a force ( )27 16 17= + −F i j k N  acts on A , it causes B  an angular acceleration 

of 22.75 2s− , about O . 

Determine the moment of inertia of B  about O . 

28 kg mOI =  
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Question 4     (**) 

A uniform circular disc, of mass M  and radius R , is rotating with constant angular 

velocity in a horizontal plane about a vertical axis through its centre O . 

A particle of mass kM , where k  is a positive constant is gently placed on the disc at 

a distance 1
3

R  from O . The particle becomes instantly attached to the disc. 

Given that the disc now rotates with half its original angular velocity. Determine the 

value of k . 

9
2

k =  
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Question 5    (**) 

A uniform rod AB , of mass m  and length 2a , is free to rotate in a horizontal plane 

about a fixed smooth vertical axis L , which is perpendicular to the rod and passes 

through A . 

The rod has angular speed ω  when it strikes a stationary particle P  of mass m , 

which adheres to the rod. 

Just before P  adheres to the rod, P  is at a distance x  from A . 

Given that after P  adheres to the rod, the angular speed of the rod reduces to 3
4

ω , 

express x  in terms of a . 

2
3

x a=  
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Question 6     (**) 

A uniform rod AB , of mass m  and length 2a , is free to rotate in a vertical plane 

about a fixed smooth horizontal axis, which is perpendicular to the rod and passes 

through A . 

When the rod is slightly displaced from its position of stable equilibrium it performs 

small amplitude oscillations, with period τ . 

Find the length, in terms of a , of a simple pendulum whose period of small amplitude 

oscillations is also τ . 

4
3

l a=  
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Question 7     (**) 

A uniform rod AB , of mass 3m  and length 2a , is free to rotate in a vertical plane 

about a fixed smooth horizontal axis, which is perpendicular to the rod and passes 

through A . A particle of mass 2m  is attached to B . 

When the rod is slightly displaced from its position of stable equilibrium it performs 

small amplitude oscillations, with period T . 

Show that 

12
2

7

a
T

g
π≈ . 

proof  
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Question 8   (**+) 

A pulley is in the shape of a disc of radius a  and mass M .  

It is free to rotate in a vertical plane about a fixed smooth horizontal axis through its 

centre O . A light inextensible string passes over the pulley and has a particle of mass 

3m  attached at one of its ends and a particle of mass 2m  attached at the other end. 

The particles are held initially at rest, at the same horizontal level and at the same 

vertical plane as the pulley, with the string taut. 

The system is released from rest and the particles begin to move with the string not 

slipping on the pulley. 

Given that each the particles experience an acceleration of  1
10

g , express M  in terms 

of m . 

10M m=  
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Question 9     (**+) 

A uniform circular disc, with centre C , has mass 2m  and radius a . 

A particle of mass m  is attached at the point B  on the circumference of the disc. The 

disc is free to rotate about a smooth fixed horizontal axis L , which is perpendicular to 

the plane of the disc and passes through the point A  on the circumference of the disc. 

Given that the straight line ACB  is a diameter of the disc, show that if the disc is 

slightly disturbed from its position of stable equilibrium, its subsequent motion will 

be approximately simple harmonic. 

proof  
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Question 10   (**+) 

A pulley is in the shape of a disc of radius a  and mass 3m .  

It is free to rotate in a vertical plane about a fixed smooth horizontal axis through its 

centre O . A light inextensible string has one end attached to a point on the rim of the 

pulley and is wound several times around the rim of the pulley. The portion of the 

string not wound on the pulley has length 8a  and has a particle of mass m  attached 

to its free end. 

The particle is held at the same level as O , close to the rim of the still pulley and is 

released from rest. 

Determine, in terms of a  and g ,  the angular velocity of the pulley immediately after 

the string becomes taut. 

8 64

5 25

g g

a a
ω = =  
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Question 11     (**+) 

Four uniform rods, each of mass m  and length 2 2 a , are rigidly joined together to 

form a square framework ABCD . 

The framework is free to rotate in a vertical plane about a fixed smooth horizontal 

axis, which is perpendicular to plane of the framework and passes through A . 

When the framework is slightly displaced from its position of stable equilibrium it 

performs small amplitude oscillations, with period τ . 

Find the length, in terms of a , of a simple pendulum whose period of small amplitude 

oscillations is also τ . 

37
12

l a=  
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Question 12     (**+) 

A uniform rod AB , of mass 3m  and length 2l , is free to rotate in a vertical plane 

about a fixed smooth horizontal axis L , which is perpendicular to the rod and passes 

through A . 

 A particle of mass m  is attached to the rod at B . 

The loaded rod is held in a horizontal position and is released from rest. 

Find, in terms of g  and l ,  the speed of the particle when the rod is first vertical. 

5v gl=  
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Question 13     (**+) 

A uniform rectangular lamina ABCD , where 2AB a=  and BC a= , has mass 2m . 

The lamina is rotating with angular speed ω , in a horizontal plane about a smooth 

fixed vertical axis which passes through the centre of the lamina. A particle of mass 

m  is held at rest just above the surface of the lamina when it adheres to the corner B . 

Find, in terms of ω ,  the new angular speed of the now loaded lamina. 

2
5

ωΩ =  

 

 

 

 

 

 

 

 

 

 



Created by T. Madas 
 

Created by T. Madas 
 

Question 14     (***) 

A uniform rod AB , of mass m  and length 2a , is free to rotate in a vertical plane 

about a fixed smooth horizontal axis L , which is perpendicular to the rod and passes 

through the point O  of the rod, where 1
3

OA a= . 

a) Find the moment of inertia of the rod about L . 

The rod is held at rest with B  vertically above O  and is slightly displaced. 

b) Determine, when OB  makes an angle θ  with the upward vertical, ... 

i. … the angular speed of the rod. 

ii. … the magnitude of the angular acceleration of the rod. 

c) Given that the length of the rod is 2 m , calculate the angular speed of the rod 

when the force acting on the rod at O  is perpendicular to the rod. 

27
9OI ma= , ( )

12
1 cos

7

g

a
θ θ= −� , 

6
sin

7

g

a
θ θ=�� , 12.8 radsω −=  
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Question 15     (***) 

A uniform rectangular lamina ABCD , where AB a=  and 4BC a= , has mass 4m . 

The lamina is free to rotate about the edge AB , which is fixed and vertical.  

A particle, of mass m , is moving horizontally with speed u  in a direction which is 

perpendicular to the lamina. The lamina is at rest when it is struck by the particle at C .  

The coefficient of restitution between the particle and the lamina is 0.75 . 

Find the angular speed of the lamina immediately after the impact. 

3

16

u

a
ω =  
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Question 16     (***) 

A uniform square lamina ABCD  has side length a  and mass m . The lamina is free to 

rotate in a vertical plane about a fixed horizontal axis, which is perpendicular to the 

plane of the lamina and passes through O , the centre of the lamina. Two particles, 

each of mass m , are attached to the vertices A  and B . The system is released from 

rest with AB  vertical. 

Find, in terms of a  and g , the angular velocity of the system when AB  is horizontal. 

M456-B , 
6

7

g

a
ω =  

 

 

 

 

 

 

 

 

 

 



Created by T. Madas 
 

Created by T. Madas 
 

Question 17     (***) 

A uniform circular disc, with centre C , has mass 5m  and radius a . 

The straight line AB  is a diameter of the disc. 

A particle of mass m  is attached to the disc at the point M , where M  is the midpoint 

of AC . The disc is free to rotate about a smooth horizontal axis L , which lies in the 

plane of the disc and is a tangent to the disc at B . 

a) Find the moment of inertia of the loaded disc about  L . 

The loaded disc is released from rest with AB  at an angle of 45°  to the upward 

vertical. When A  is vertically below B , the loaded disc has angular speed Ω . 

b) Show that 

( )2
26 1 2

17

g

a

+
Ω = . 

217
2

I ma=  
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Question 18    (***) 

Two uniform spheres, each of mass 5m  and radius r , are attached to each of the ends 

of a thin uniform rod AB , of mass m  and length 6r . The centres of the spheres are 

collinear with AB , and are located 8r  apart. 

The above described system is free to rotate about a fixed smooth horizontal axis, 

perpendicular to AB , and passing through a point on the rod O , where AO r= .  

The system is slightly disturbed from rest with B  vertically above A . 

Determine the angular velocity of the system when A  vertically above B . 

88

211

g

r
ω =  
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Question 19    (***) 

 

 

 

 

 

 

Two identical uniform rods AB  and BC , each of mass m  and length l  are rigidly 

joined at B , so that 90ABC = °� . Three particles of masses m , 2m  and 3m  are 

fixed at  A , B  and C , respectively. The system of the two rods and the three 

particles can rotate freely in a vertical plane about a horizontal axis through M , 

where M  is the midpoint of  AB . 

a) Show clearly that the moment of inertia of the system about an axis through 

M  and perpendicular to the plane ABC  is 262
3

ml . 

The system is released from rest with AB  horizontal and C  vertically above B . 

b) Determine, in terms of g  and l , the angular velocity of the system when BC  

is horizontal and B  is vertically below A . 

31

32

g

l
ω =  

 

A B

C

M

2l

ll
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Question 20   (***) 

A compound pendulum consists of a thin uniform rod OC  of length 8a  and mass m  

is rigidly attached at C  to the centre of a thin uniform circular disc of radius a  and 

mass 4m . The rod is in the same vertical plane as the disc. 

The pendulum is free to rotate in this vertical plane, through a smooth horizontal axis 

through O , perpendicular to the plane of the disc. 

a) Show that the moment of inertia of the pendulum about the above described 

axis is 2835

3
ma . 

b) Show further that the period of small amplitude oscillations of the pendulum, 

about the position of the stable equilibrium is 
835

2
108

a

g
π . 

proof  
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Question 21      (***) 

A thin uniform rod AB , of length 2a  and mass m , is free to rotate in a vertical plane, 

about a fixed smooth horizontal axis through A . 

The rod is hanging in equilibrium, with B  vertically below A , when it receives a 

horizontal impulse of magnitude m ag , in a direction perpendicular to the axis 

through A . 

Find the angle by which the rod turns before coming to instantaneous rest. 

120°  
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Question 22   (***) 

A thin uniform rod AB  of length 2a  and mass 2m  is free to rotate in a vertical plane, 

through a fixed smooth horizontal axis through A . The rod is hanging in equilibrium 

with B  vertically below A . A particle of mass m , moving horizontally with speed u  

in a vertical plane perpendicular to the axis through A , strikes the rod at the point C  

and adheres to it. 

Given that the speed of the particle immediately after it adheres to the rod is 2
5

u , 

determine the distance AC  

3
2

AC a=  
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Question 23   (***) 

A uniform square lamina has side length 2a . The lamina is free to rotate in a vertical 

plane about a fixed smooth horizontal axis L , which is perpendicular to the lamina 

and passes through one of the vertices of the lamina. 

The lamina is suspended through L , and hanging in stable equilibrium when it is 

slightly displaced from that position. 

Determine the period of small oscillation about this position, in terms of π , a  and g . 

8
2

3 2

a
T

g
π=  
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Question 24   (***) 

A thin uniform rod AB  of length 4l  and mass m  is free to rotate in a vertical plane, 

through a fixed smooth horizontal axis through a point O  on the rod, which is at a 

distance l  from A . The rod is released from rest in a horizontal position and when the 

rod is vertical for the first time its angular velocity is ω . 

Show that when the rod is first vertical, the magnitude of the force acting on the rod at 

O  is 13
7

mg . 

proof  
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Question 25    (***) 

A cartwheel, consisting of 8  spokes and a circular rim, is placed over a well. Each of 

the 8  spokes is modelled as a uniform rod of mass 1
2

m  and length a . The rim is 

modelled as a uniform circular hoop of mass 3m . 

The 8  spokes are equally spaced on the rim and the meet at the centre of the hoop O . 

The cartwheel is modelled as a two dimensional rigid structure. A bucket of mass m , 

which is modelled as a particle, is attached to one end of a light inextensible string of 

length 8a . The other end of the string is attached to a point P  on the rim of the 

cartwheel, so that OP  is horizontal. 

The bucket is held next to P  and released from rest with string slack. 

Determine, in terms of a  and g , the angular velocity of the cartwheel just after the 

instant the string becomes taut. 

9

16

a

g
ω =  
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Question 26    (***) 

A pulley is modelled as a uniform circular disc of mass 4m  and radius a . 

The pulley is free to rotate about a fixed smooth horizontal axis through its centre and 

perpendicular to its plane. A light inextensible string passes over the pulley and two 

particles A  and B , of respective mass 2m and 5m  are attached to the two ends of the 

string. 

The particles are released from rest with the string taut. 

Assuming further that there is no slipping between the string and the pulley find, in 

terms of g , the acceleration of the particles. 

M456-D , 1
3

x g=��  
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Question 27     (***+) 

A thin uniform rod of mass 2m  and length 2a  is freely pivoted at A  and is hanging 

at rest in a vertical position with B  below A . 

A particle of mass m , travelling horizontally with speed u , strikes the rod at B . 

After the impact the particle remains at rest and the rod begins to rotate coming to 

instantaneous rest when AB  is at 1arccos
3

 to the upward vertical through A . 

Using a clear method, show that   

2 32
9

u ag= . 

proof  
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Question 28     (***+) 

A uniform square lamina ABCD , of mass m  and side 2a , is free to rotate in a 

vertical plane about a fixed, smooth, horizontal axis L , which passes through A  and 

is perpendicular to the plane of the lamina. 

The lamina is released from rest with AC  horizontal. 

Determine, in terms of mg , the magnitude of the component of the force exerted by 

the lamina on L , along AC , when AC  is vertical with C  below A . 

5
2

mg  
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Question 29     (***+) 

A thin uniform rod of mass m  and length 2a  has a particle of mass m  attached at B . 

The rod is freely pivoted at A  and is hanging at rest in a vertical position, with B  

below A , when it is given an angular velocity about A  of magnitude 
4g

a
. 

Determine, in terms of m  and g , the horizontal and vertical components of the force 

exerted on the axis of rotation when AB  is in a horizontal position. 

69
8horF mg= , 5

16verF mg=  
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Question 30   (***+) 

A uniform disc, of mass 4m  and radius a , is free to rotate about a smooth, fixed 

horizontal axis which is tangential to a point on the rim of the disc and lies on the 

plane of the disc. 

The disc is hanging in stable equilibrium when it is struck by a particle of mass m  

moving with speed u  in a direction perpendicular to the plane of the disc. The particle 

hits the disc at the lowest point of the disc and immediately adheres to it.  

Given that in the subsequent motion the disc performs full revolutions about its axis, 

show that 

2 54
5

u ag≥ . 

proof  
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Question 31   (***+) 

 

 

 

 

 

 

A small box B  and a particle A , of mass m  and 3m  respectively, are attached to 

each of the ends of a light inextensible string.  

The string passes over a pulley P , at the top of a fixed rough plane, inclined at an 

angle θ  to the horizontal, where 3tan
4

θ = . The pulley is modelled as a uniform disc 

of mass 2m  and radius a , rotating about a smooth fixed horizontal axis. 

The small box B  is placed at rest on the incline plane while A  is hanging freely at 

the end of the incline plane vertically below P , as shown in the figure above. It is 

further given that A , B , P  and the string lie in a vertical plane parallel to the line of 

greatest slope of the incline plane.  

The system is released from rest with the string taut. The box B  begins to move up 

the incline plane, where the coefficient between B  and the plane is 0.5 . Ignoring air 

resistance, find the acceleration of A ,  immediately after the system is set in motion. 

22 3.92ms
5

x g −= =��  

 

A

B

θ

P

m

3m
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Question 32     (***+) 

A uniform circular disc, of mass m  and radius a , is free to rotate about a fixed 

smooth horizontal axis L , tangential to a point A  on the circumference of the disc. 

The centre O  of the disc moves in a vertical plane that is perpendicular to L . 

The disc is held with its plane horizontal and released from rest. 

Determine the magnitude of each of the components, in the radial and transverse 

directions to the motion of the disc, of the force on L , when the disc has turned 

through an angle of 60° . 

13 2

10
RF mg= , 

1

10
TF mg=  
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Question 33    (***+) 

A thin uniform rod AB  of length 2a  and mass m  is free to rotate in a vertical plane, 

about a smooth horizontal axis through A .  

The rod is held at 
4

π
 to the upward vertical through A , and released from rest. 

Determine, in terms of m  and g , the magnitude and direction of the force exerted on 

the axis at A , when B  is vertically below A . 

1 10 3 2 ,  radially inwards
4

mg  +   
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Question 34    (***+) 

A thin uniform rod AB  of length 2a  and mass m  is free to rotate in a vertical plane, 

about a smooth horizontal axis through O , where 2
3

AO a= .  

When the rod is vertical with B  below O , the rod has angular velocity 
9

2

g

a
. 

Determine, in terms of m  and g , the magnitude and direction of the force exerted on 

the axis at O , when AB  is horizontal 

5
4

mg  
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Question 35    (***+) 

A uniform rod of mass 5 kg  and length 3 m  is free to rotate in a vertical plane about 

a fixed horizontal axis through one of the two ends of the rod. 

The rod is released from rest in a horizontal position. A constant frictional couple of 

magnitude 36.75 Nm  opposes the motion. 

a) Find the initial angular acceleration of the rod. 

b) Determine the angle that the rod makes with the horizontal when its angular 

acceleration is zero. 

c) Calculate the greatest angular speed of the rod. 

22.45 radsθ −=�� , 60θ = ° , 11.83 radsθ −≈�  
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Question 36     (***+) 

A plane shape S  of mass m  is formed by removing a circular disc with centre O  and 

radius a  from a uniform circular disc with centre O  and radius 3a . 

S  is free to rotate about a fixed smooth horizontal axis L , which passes through O  

and lies in the plane of S . Initially S  is at rest in a horizontal plane when a particle of 

mass 2m  falls vertically and strikes S  at the point P , where 2OP a=  and OP  is 

perpendicular to L . Immediately before the particle strikes P  the speed of the 

particle is u . The particle adheres to S  at P .  

Find, in terms of m  and u , the loss in kinetic energy due to the impact. 

25
21

mu  
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Question 37     (***+) 

The points A , B , C  and D  lie on the circumference of a circular hoop of mass m  

and radius a , so that AC  and BD  are two perpendicular diameters of the hoop. 

Two particles, each of mass M , are attached to A  and B . 

The loaded hoop is free to rotate in a vertical plane, about a fixed smooth horizontal 

axis through D . 

The system is released from rest, with AC  in a vertical position, A  uppermost. 

When AC  is in a horizontal position the angular velocity of the system is ω . 

Show that  

( )
( )

2 4

3

m M g

m M a
ω

+
=

+
, 

and hence deduce ω  if the mass of the hoop is insignificant compared to that of the 

two particles. 

4

3

g

a
ω =  
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Question 38     (***+) 

A uniform rod AB , of mass m  and length 2l , is free to rotate in a vertical plane 

about a fixed smooth horizontal axis L , which is perpendicular to the rod and passes 

through A . The rod is released from rest in a horizontal position and when the rod 

first becomes vertical it hits a smooth peg at a distance l  vertically below A . 

The peg exerts an impulse J  on the rod and the rod next comes to instantaneous rest 

at arccos x  to the downward vertical through A . 

Determine the value of x  given that 32
2

J m gl= . 

3
4

k =  
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Question 39     (***+) 

A particle of mass m  is attached to the point B  of a uniform rod AB , of mass m  and 

length 2a . 

The loaded rod is free to rotate about a smooth, horizontal axis through the point O  

on the rod, where 1
2

OA a= . 

The rod is held in a vertical position with B  above O  and is slightly disturbed. When 

the rod has turned by an angle θ  from the upward vertical the magnitude of the force 

exerted by the rod on the axis is F . 

Determine an expression for F , in terms of m , g  and θ , and hence determine in 

terms of m  and g , an expression for F  when 1cos
6

θ =  

22 601 1968cos 1656cos
17

F mg θ θ= − + , 2 319
17

F mg=  
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Question 40    (***+) 

A bucket of mass 3m  is attached to one end of rope and moves in a vertical line. 

The rope passes vertically up from the bucket and is wrapped several times around a 

cylindrical drum of mass 2m  and radius a .  

The drum is free to rotate about its axis of symmetry which remains in a fixed 

horizontal position. 

The bucket is released from rest, with the rope taut, and begins to move vertically 

downwards. 

The bucket is modelled as a particle, the drum as a uniform cylinder rotating about its 

fixed smooth axis, the rope as a light inextensible string. 

Ignoring that air resistance show that 

a) … the angular acceleration of the drum is 
3

4

g

a
. 

b) … the time it takes the drum to complete 9  full revolutions is 
3

4
a

g

π
. 

proof  
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Question 41    (***+) 

A light inextensible string has a particle of mass m  attached to one end and a particle 

of mass 6m  attached to the other end. The string passes over a rough pulley, which is 

modelled as a uniform disc of mass 3m  and radius a . 

The pulley rotates in a vertical plane through a fixed smooth horizontal axis which 

passes through the centre of the pulley and is perpendicular to the plane of the pulley. 

The system is released from rest with the string taut and the parts of the string not in 

contact with the pulley vertical. The string does not slip on the pulley during the 

consequent motion. The pulley is experiencing a constant frictional couple of 

magnitude kmga , where k  is a positive constant. 

Given that the angular acceleration of the pulley is 
2
g
a

, determine the value of k . 

3
4

k =  
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Question 42    (***+) 

 

 

 

 

A particle A  of mass m  is connected to small box B  of mass 2m  by a light 

inextensible string. The string passes over a pulley P , which is located at the end of a 

smooth horizontal table. The box is held on the table with the particle hanging 

vertically at the end of the table, as shown in the figure above. The pulley is modelled 

as a disc of mass 4m  and radius a , rotating about a smooth horizontal axis through 

its centre. The system is released from rest with the string taut. 

In the subsequent motion … 

• …  the string does not slip on the pulley. 

• … the section of the string PB  not in contact with the pulley remains 

iiio horizontal at all times and the section of the string AP  not in contact with 

iiiii the pulley remains vertical at all times. 

Find the acceleration of the system and hence show that while the system is in motion 

the force exerted on the pulley has magnitude 

10 2
3

mg  

1
3

x g=��  

 

A

PB
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Question 43     (***+) 

A pendulum is modelled as a uniform rod AB , of mass 3m  and length 2a , which has 

a particle of mass 2m  attached at B . The pendulum is free to rotate in a vertical 

plane about a fixed smooth horizontal axis L  which passes through A . The vertical 

plane is perpendicular to L . 

The pendulum is hanging at rest in a vertical position, with B  below A , when it 

receives a horizontal impulse of magnitude J . The impulse acts at B  in a vertical 

plane which is perpendicular to L . 

Given that the pendulum turns through an angle of 60° before first coming to 

instantaneous rest show that 21J m ag= . 

proof  

 

 

 

 

 

 

 

 



Created by T. Madas 
 

Created by T. Madas 
 

Question 44    (***+)     

A pulley is modelled as a uniform circular disc of mass 16m  and radius a . The pulley 

is free to rotate about a fixed horizontal axis through its centre and perpendicular to its 

plane. A light inextensible string passes over the pulley and two particles A  and B , 

of respective mass 2m and 5m  are attached to the two ends of the string. 

The particles are released from rest with the string taut. 

A constant couple of magnitude of mga  resists the rotation of the pulley about its axis.  

In the consequent motion there is no slipping between the string and the pulley. 

Determine, in terms of mg , the tension in each of the two sections of the string to 

which the two particles are attached. 

M456-A , 
34

15
AT mg= , 

13

3
BT mg=  
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Question 45    (***+)  

A uniform rod AB , of  mass m , is free to rotate about a smooth fixed horizontal axis 

L , which passes through A . 

The rotation of the rod takes place in a vertical plane. 

The rod is held so that AB  makes an angle of 60°  with the upward vertical and 

released from rest. 

a) Given that the moment of inertia of the rod about  L  is 212ma , show that in 

the subsequent motion 

( )
2

3
1 2cos

8

d g

dt a

θ
θ

 
= − 

 
, 

 where θ  is the angle that AB  makes with the upward vertical. 

b) Determine, in terms of m , g  and θ , the magnitude and direction of the radial 

force exerted on L  by the rod. 

M456-C , ( )1 26cos 9 ,  radially outwards
2

mg θ −  
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Question 46    (****) 

The point O  lies on a uniform rod AB  so that the ratio :AO OB  is 3 : 5  . 

The rod is held in a horizontal position on a rough horizontal table so that AB  is 

perpendicular to the straight edge of the table. 

The part of the rod AO  is in contact with the table  and the part OB  overhangs the 

edge of the table. 

The rod is released from rest and begins to rotate about O .  

When the rod has turned by an angle α  it begins to slip. 

If the coefficient of friction between the rod and the table is λ , show that  

16 25tanλ α=  . 

M456-F , proof  
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Question 47    (****)         

Four identical rods, each of mass m  and length 2a  are joined together to form a 

square rigid framework ABCD . 

A fifth rod AC , of mass 3m , is added to the framework for extra support. 

The 5  rod framework is free to rotate about a smooth fixed horizontal axis L , which 

passes through A , so that the rotation of the framework takes place in a vertical plane. 

The framework is held so that D  is vertically above A  and released from rest. 

On the subsequent rotation, when B  is vertically below A , a stationary particle of 

mass M  adheres to B . 

Given that the angular speed of the framework, after the particle has adhered to it, is 

2 21

9

g

a
, 

determine M  in terms of m . 

M456-D , 2
3

M m=  
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Question 48    (****)    

A uniform circular disc, of radius 3a  and mass 2m , is free to rotate about a smooth 

fixed horizontal axis L , which is perpendicular to the plane of the disc and is passing 

through the point A , which lies at the circumference of the disc. The disc is held with 

its centre O  at the same horizontal level as A , and released from rest. 

Show that the horizontal component of the force exerted on L  has magnitude 

22 1 48sin
3

mg θ+ , 

where θ  is the angle that AO  makes with the horizontal. 

M456-B , proof  
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Question 49     (****) 

A uniform rod AB , of mass m  and length 4a , is free to rotate in a vertical plane 

about a fixed smooth horizontal axis L  passing through the point O , where AO a= . 

The vertical plane is perpendicular to L . 

The rod is hanging at rest in a vertical position, with B  below A , when it is struck at 

its midpoint by a particle P  of mass 3m , travelling horizontally with speed u . The 

path of  P  on impact with the rod is in a vertical plane which is perpendicular to L . 

Given that P  attaches itself at the midpoint of the rod on impact, determine, in terms 

of m  and g , the magnitude of the force acting on the rod at L , when the rod first 

comes to instantaneous rest. 

1 19
2

mg  
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Question 50      (****) 

A uniform rod AB , of mass m  and length 2a , is free to rotate in a vertical plane 

about a fixed smooth horizontal axis L  passing through A . The vertical plane is 

perpendicular to L . 

The rod is hanging at rest in a vertical position, with B  below A , when it receives a 

horizontal impulse of magnitude m ag . The impulse acts at B  in a vertical plane 

which is perpendicular to L . 

Determine, in terms of m  and g , the magnitude of the force acting on the rod at L , 

when the rod first comes to instantaneous rest. 

1 163
2

mg  
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Question 51    (****) 

A uniform circular disc, of radius a  and mass m , is free to rotate about a smooth 

fixed horizontal axis L , which is perpendicular to the plane of the disc and is passing 

through the point A , which lies at the circumference of the disc. The disc is held with 

its centre O  at the same horizontal level as A , and released from rest. 

Show that the horizontal component of the force exerted on L  has magnitude 

sin 2mg θ , 

where θ  is the angle that AO  makes with the horizontal. 

proof  
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Question 52     (****) 

A circular flywheel F , of radius 0.2 m , is free to rotate about an axis L , which is 

perpendicular to the plane of the flywheel and through its centre. The motion of F  is 

smooth. 

The flywheel receives a tangential impulse, in the plane of F , of 180 Ns . 

a) Given that the moment of inertia of F  about L  is 6 2kg m , determine the 

angular speed of F  after it receives the impulse. 

A resistive couple C Nm  is then applied to F  whose magnitude is given by 

22 0 0.5

7.5 0.5

t

t T

θ ≤ ≤


< ≤

�
, 

where θ�  is the angular speed of F  at time t s , bringing F  to rest in time T s . 

b) Form and solve a differential equation, in θ� , to find the angular speed of F  

when 0.5t = s . 

c) Calculate the value of T . 

16 radsω −= , 1

0.5
3 rads

t
θ −

=
=� , 2.9 sT =  
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Question 53    (****) 

A uniform circular disc with centre O  has mass m  and radius a . 

The disc is free to rotate in a vertical plane about a fixed smooth horizontal axis 

through a point A  on the disc, where 1
2

OA a= . 

The disc is held at rest in a position with O  vertically above A . The disc is then 

released and begins to rotate about O . The angle between OA  and the upward 

vertical is denoted by θ . 

a) Find, in terms of a , g  and θ , … 

i. … the angular speed of the disc. 

ii. … the angular acceleration of the disc. 

b) Determine, in terms of m , g  and θ , the radial and tangential component of 

the force acting at A . 

c) Calculate, in terms of mg , the magnitude of the force acting at A , when the 

radial component of the force is zero. 

( )4 1 cos

3

g

a

θ
θ

−
=� , 

2 sin

3

g

a

θ
θ =�� , ( )1 5cos 2

3
R mg θ= − , 2 sin

3
T mg θ= , 

2 21

15
F mg=  
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Question 54    (****) 

A uniform equilateral triangular lamina ABC  has mass m  and side length of 3a .  

a) Show, by integration, that the moment of inertia of the lamina about an axis 

through one of its vertices and perpendicular to the plane of the lamina is  

25
4

ma . 

[In this proof, you may assume standard results for the moment of inertia of uniform rods.] 

The lamina is free to rotate in a vertical plane about a fixed smooth horizontal axis L , 

which passes through A  and is perpendicular to the lamina. The midpoint of BC  is 

the point M . 

The lamina is held with AM making an angle of  60°  with the upward vertical 

through A  and is projected with angular speed 
3g

a
.  

b) Find, in terms of a  and g , the speed of M  when M  is vertically below A . 

99

20
v ag=  
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Question 55   (****) 

A uniform circular disc with centre at O , has radius a  and mass m . The disc is free 

to rotate in a vertical plane about a fixed smooth horizontal axis. This axis is 

perpendicular to the plane of the disc and passes through a point P , at the 

circumference of the disc. 

The disc is held at rest with PQ  horizontal, where PQ  is a diameter of the disc, and 

released from rest. At time t  after release, the diameter PQ  makes an angle θ  below 

the horizontal, where θ  is acute. 

a) Find expressions, in terms of m , g  and θ , for … 

i. … the radial component of the force exerted on the disc by the axis. 

ii. … the transverse component of the force exerted on the disc by the 

iiii axis. 

When PQ  is vertical the disc is brought to instantaneous rest by a horizontal impulse 

J , acting through O . 

b) Show clearly that 

3J m ag= . 

radial
7 sin
3

R mg θ= , transverse
1 cos
3

R mg θ=  
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Question 56    (****) 

 

 

 

 

 

 

 

A uniform rod AB  of mass m  and length 3a  is free to rotate in a vertical plane about 

a horizontal axis through A . The rod is held at rest with B  is vertically above A  and 

is released from rest. At time t  after release the rod makes an angle θ  with the 

upward vertical. 

a) Determine expressions, in terms of m , g  and θ , for the magnitudes of the 

components of the reaction at A , parallel to AB  and  perpendicular to AB . 

When B  gets vertically below A , the rod collides with a particle of mass m  which 

was at rest at a distance a  vertically below A . The particle attaches to the rod and the 

resulting system continues to move until the rod AB  makes an angle ϕ  with the 

downward vertical. 

b) Calculate the value of ϕ . 

1 sin
2ABR mg θ⊥ = , ( )1 5cos 3

2ABR mg θ= −� , 1arccos 84.26
10

ϕ = ≈ °  

 

 

θ
A

B

B

m

3a
3a

a



Created by T. Madas 
 

Created by T. Madas 
 

Question 57     (****) 

A composite body consists of a thin uniform rod AB , of mass m  and length 3a , with 

the end B  rigidly attached to the centre O  of a uniform circular lamina, of radius 2a  

and mass m .  The rod is perpendicular to the plane of the lamina. The body is free to 

rotate in a vertical plane about a fixed smooth horizontal axis through A , and 

perpendicular to AB . 

a) Find the moment of inertia of the body about the above described axis. 

The body is released from rest with AB  making an angle α  with the downward 

vertical through A . 

b) Determine simplified expression for the transverse and radial components of 

the force acting on the axis, when AB  is making an angle θ  with the 

downward vertical through A , where θ α< . 

216I ma= , ( )radial
3 3cos cos
2

R mg α θ= − , transverse
3 sin
4

R mg θ=  
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Question 58    (****+) 

A uniform circular disc with centre at O , has radius r  and mass m . 

The disc is free to rotate in a vertical plane about a fixed smooth horizontal axis. This 

axis is perpendicular to the plane of the disc and passes through a point P , which is 
3
4

r  from O . 

The disc is initially at rest with O  vertically below P . 

A horizontal impulse of magnitude 2 255
35
m gr is applied at the lowest point on the 

circumference of the disc and in the plane of the disc.  

a) Show clearly that the disc … 

i. … begins to move with angular velocity 
2558

85
g

r . 

ii. … first comes to rest when PO  is inclined at 3arcsin
5

 above the 

horizontal. 

b) Determine the magnitude of the force exerted on the disc by the axis, when the 

disc first comes to rest. 

145

17
F mg=  
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Question 59    (****+) 

A system consists of a rod AB  of length 8a  and mass m  and a particle of mass 3m  

attached at B . The system is freely hinged at the midpoint of the rod and can rotate in 

a vertical plane. 

The system is held in a horizontal position and released from rest. 

When the system has turned by an angle θ , the magnitude of the reaction force at the 

axis of rotation is F , where ( ), ,F f m g θ= . 

Determine an expression for F . 

22 196 4293sin
13

F mg θ= +  
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Question 60     (****+) 

A uniform circular disc, of radius 2r  and mass m , is free to rotate about a smooth 

fixed horizontal axis L , which is perpendicular to the plane of the disc and is at a 

distance r  from the centre of the disc C . 

The disc is held at rest with C  vertically above L . The disc is slightly disturbed and 

from its position of rest and begins to rotate about C . 

Determine, in terms of g  and r , the angular velocity of the disc at the two positions 

where the magnitude of the force exerted on the axis has magnitude 2
3

mg . 

2 10
,

9 21

g g

r r
θ θ= =� �  
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Question 61   (****+) 

A pulley is in the shape of a disc of radius a  and mass 4m .  

The pulley is free to rotate in a vertical plane about a rough horizontal axis through its 

centre O .  The rotation of the pulley is opposed by a couple of magnitude C . 

A light inextensible string has one end attached to a point on the rim of the pulley and 

is wound several times around the rim of the pulley. The portion of the string not 

wound on the pulley has length 2h  and has a particle of mass m  attached to its free 

end. The particle is held at the same level as O , close to the rim of the still pulley and 

is released from rest. 

The particle comes to rest at a vertical distance 4h  below the level of its release. 

Determine, in terms of m , g and a ,  the magnitude of C . 

4
3

C mga=  
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Question 62    (****+) 

A heavy pulley is modelled as a uniform circular disc of radius a , free to rotate 

through a horizontal axis passing though the centre of the disc and perpendicular to 

the plane of the disc. 

A light inextensible string passes over the rough rim of the pulley. 

Two particles of mass m  and 2m  are attached to each of the two ends of the string 

and hang vertically with the string taut until the moment that are gently released from 

rest, from the same level above horizontal ground. 

After the two particles are released, the string does not slip in the pulley, both 

particles are moving in vertical directions and neither particle reaches the ground or 

the pulley. 

In the subsequent motion the ratio of the tension in the section of the string that the 

particle of mass m  is attached, to that of the tension in the section of the string that 

the particle of mass 2m  is attached, is 2 : 3. 

When the angular velocity of the pulley reaches ω  the string suddenly breaks. 

A couple of constant magnitude brings the pulley to rest. 

If the pulley covers an angle π  since the couple was applied, show that the magnitude 

of this couple is 2 22
m aω

π
 

M456-E , proof  

 

 



Created by T. Madas 
 

Created by T. Madas 
 

Question 63    (****+) 

A uniform circular disc, of radius a  and mass m , is free to rotate about a smooth 

fixed horizontal axis L , which is coplanar to the disc and tangential to a point A  at 

its circumference. 

When the centre of the disc, O , is vertically below A , the angular velocity of the disc 

is 
a

g
.  

The angle OA  makes with the downward vertical through A  is denoted by θ . 

When cos kθ =  the magnitude of the resultant force on the axis is 
2 29

5
mg . 

Determine the exact value of k . 

53
67

k =  
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Question 64    (*****) 

A uniform rod, of mass m  and length 2a , lies at rest on a smooth horizontal surface 

and its free to rotate about a smooth vertical axis through its centre O . 

A particle of mass m , moving on the surface with speed U , strikes the rod at right 

angles at the point C  on the rod, so that 1
2

OC a= . 

Given that the collision is perfectly elastic, determine whether there is another 

collision between the particle and the rod. 

there is an other colission  

 

 


