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Question1  (**)

Use standard results on summations to find thesvaiu
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Question 2 (**)
Use standard results on summations to show that

r(r +1)(r +5) =%n (n +a)(n +b)(n+¢),

r=1

wherea, b, andc are positive integers to be found.

,la=1, b=2, ¢c=
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Question 3 (*¥)
Use standard results on summations to show that

r=1

wherem is an integer to be found.

|, Im=-22
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Question 4 (**)
Use standard results on summations to show that

Ao = dnt P Yv 2,

r=1

n
You may assume without proof that r° = 1—12n2(n +1)2(2n2 +2n- ])
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Question 5  (**)

F(r)e° n(n- 1)(r 2)

n=1

Use standard results on summations epre(sss) in fully factorized from.

[ TF(r) =g +)( - (3 +19
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Question 6 (**+)
Find, in fully simplified factorized form, an ex@®on for the sum of the first terms
of the following series.

(5" 3+ (11 7 (17 13} ( 23 ¥
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Question 7 (**+)

Show by using standard summation results that ...

a) ... (r+1)(r+5):%n(n+7)(21+7).
r=1
40

b) ...  (r+1)(r+5)=2649E
r=11

y

D = S,
5
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Question 8  (**+)

Show by using standard summation results that ...

n

8) .. [k¥-k 1k %n(ﬁ 2)(n 2).

40
b) ... (kz- k- 1)= 2104¢.
k=10
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Question 9  (**+)

Find, in fully factorized form, an expression foetsum

K
(7" 77):
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Question 10 (**+)
Find, in fully factorized form, an expression foetsum

[ |2n?(4n+3
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Question 11 (***)

Use standard results on summations to show that

| r(r+2f ==n(n-9(n- (9.
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Question 12 (**¥)
Itis given that

(3 +a)(r+2) © n(n+ J(n+b)

Determine the values of each of the constanendb.

' la=1,[b=3
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Question 13 (***)
Show clearly that

(13+(2 4 (35 =(r 3n ¥ %(*ﬂ B2 dtn k
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Question 14 (***)
Use standard results on summations to show that

n (ar2+r-1)° n(n+ 2).

r=

1. [orod]
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Question 15 (***)
Use standard results on summations to show that

(18n% + 280+ 8 . K(k+ A( 6+ 1.
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Question 16 (***)
Use standard results on summations to find theevaluhe following sum.
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Question 17  (***)
Use standard results on summations to show that

2n n
r3 - (6r- 3)20 f(n),

r=1 r=1
where f (n) is written as a product of linear factors.

[ L [f(n)=n(n-1)(2r+ )(2n 3
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SUMMATIONS
BY FORMULAS

15 STANDARD QUESTIONS
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Question 1 (***+)

Find the sum of the firsh terms of the series
128 2 X 5x 3+457 x4 b &

Express the answer as a product of linear factors.
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Question 2 (***+)
By using standard results, show that

) (or- )% n(sm? 1.
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Question 3 (***+)

Determine the value adt and the value ob given that

r(r +a)(r +b) o 1—12n(n+1)(n+ 2)(3n+ 17).

r=

,|a=1, b=4 orthe other way rou
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Question 4 (***+)
Find, in fully factorized form, an expression foetfollowing sum.

2n
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Question 5 (***+)

It is thought that for some values of the constgmtand g that
r?(r+p) ° n(n+1)(n+ 2)(3n+ q).
r=1

Use a detailed method to show that there exisuoh salues ofp andq.
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Question 6 (****)
Use standard results on summations to solve th@afimig equation.

(r3- 1)= 8997¢.
r=1

) [k =24
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Question 7 (***%)

Itis given that

(Ar3+Br2+Cr) =n(n+1)(n+2)(4n- 5.

Use a detailed method to find the value of eadh®@ifinteger constant#), B andC.

| |, 1A=16], |B=-3], |C=-19

RN 1
l 2(/«& B G ) = nG)in)(dy <) |

4
Feeed As Rung
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LG = (o Corw) Calnmth=s) = 1 Cner) G} (=)
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—s lly = alns) (ln~19)

— Uy = (6=l 41 —12)
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o0 k=lo, B=-3 ,Ca-n
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9%
P

"
= D AP483+G) = nGn) e -s)
=
A " o
—9/‘;2'“ + RO+ CS = nGu)OriYdn-s)
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=LA 4+ L20E)Cam) +5CHGm) = MO Gred) (-9
= 00 | BhnCre) - bBCansi) 4 £C | = NG Cone) )
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(****)

Question 8
Show by a detailed method that

n ar(22-3- v 1= 02 jz.

r=0

SRR THE SMUATION S0 (06 0 0 STHDARD LIS
“
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0 . W
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e

= ’\vm)2 Qr=2n+1)
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( % ety
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(****)

The sum,S,,, of the firstn terms of a series whose general term is denoteg|, by

given by the following expression.

S, = f(n+1)( n+2).

a) Find the first term of the series.

b) Show clearly that ...

i. ...u,=n(n+1)(4n-1)

2n

Created by T. Madas

!, =6
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Question 10 (****)
Use standard summation results to prove that

(n- r)2: %n(n 1)(2n 1).

@t = N[ Onine - 6

Aot Ly T bl
2 200 (- = N AN ER bl —en |
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Question 11 (****)
Use standard results on summations to solve th@afimig equation

r=3

SIALY i Sr> = 0 0rom)

e 3o S
1\
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Question 12 (****)

n
(ar2 +br +c) ° 3+ 5n%+ 6N,

r=1
wherea, b andc are integer constants.

Determine the value ofi, b andc.

la=3|, [b=7, [c=2|
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Question 13 (****)

The variancé\/ar(n) of the firstn natural numbers is given by

Var(n) =

Sl
N
Sl

Determine a simplified expression fular(n) and hence evaluatéar(61).

Var(n) :1—12(n2 - 1) , |Var(61) = 31(
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(****)

Question 14

r=1

a) Use standard summation results to find a fullydezed expression foff (n).

b) Hence solve the equation

10
r3or+ 6k - r4 k2 = 70

r=5 r=

[ 1 {f(n)=%n(n-2)(r+D(r+ 2, [k=-12, k= 1§

3 \('w’r‘ ) = irL 7‘2( LGt — Lntnen)
r/:‘,\ Sl Al - TGy~ Lnie)

= LoGmiGran-2)

r ( =7
= palu| W) —=2

= G G-m)

LJ CRAATE 1N SECToNS

= [ 2@ - }_@Xryj cok(tiie ) = 2P -Bea)=n
L = it U A
) | I 2
= dx doxN - L + Skx6 = RS -kxi2="
2~ L ’
=D Mo -0 + %k —650 — K> = B
=2 0= Rk?—3K — 260

5,12 o
=2 U-3k-®0 =0

= (e~ 15) (ka12) =o
s

- -

2 k=
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Question 15 (***¥)

The functionF (n) is defined as
F(n)= r(r=2)(n- 2)(+ 1) ni

r=1

Show with detailed workings that

F(2n)- F(n)= (- 1)(30F 4.
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SUMMATIONS
BY FORMULAS

5 HARD QUESTIONS
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Question 1 (****+)

It is given that

20 20
(r- 10)= 200 and (r- 10)°= 280C.
r=1 r=1
Find the value of
20
r2 .
r=1
20
[ r? =880(
r=1
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Question 2 (****+)
1
(r+a)(r+b)° én(n- )(m 4),
r=1
wherea andb are integer constants.

Use a clear algebraic method to determine the \@&l@eand the value ob.

, |2 and- 1 (in any orde
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Question 3 (****+)

By using an algebraic method, find the value of

9%°- 97+ 95- 9% + 3 {1

| |, 15000
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Question 4 (****+)

Show clearly that

13- 2%+ 3 4% . 40= - 3320.
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Question 5 (****+)

The positive integer function§ and g are defined as

n n
f(nj=" r* and g(n)=1+ (2r+1).
r=1 r=1
Evaluate
39 . (n)
n=1 9(n)

| |, (5134
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SUMMATIONS
BY FORMULAS

8 ENRICHMENT QUESTIONS
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Question 1 (*****)

Use standard summation results to prove that
2n n

(n-r)*= r2.

r=n r=1
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Question 2 (*****)
Find the sum of the first6 terms of the following series.

1B 18+28 1P+ 28+3F £+ B+ P+ £
+ + + +...

1 1+3 1+ 3+ 5 I+ 3+ 5+ 7

Created by T. Madas



Created by T. Madas

Question 3 (*****)

The function f is defined fornl  as

f(njeo T nx2n 0% In 3¢ 4n ¥ +.(n"1+2 n 2

Determine a simplified expression for the sumf((fn), giving the final answer in
fully factorized form.

[ (m)=yn(nv2)(nv1)
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Question 4 (*****)

Use an algebraic method justifying each step,nd the greatest value &f, ki
which satisfies the following inequality.

80
r-1

log, (16)
r=k+1

> 100 00C.

| |, [k =48
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Question 5 (*****)

Use algebra to find the sum of the fil€i0 terms of the following sequence.

7,12, 19, 28, 39, 52, 67, 84, 103

[ 1. f(n)=l—12n(n+2)(n+1)2
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Question 6 (*****)

Evaluate the following expression

9 2n
[2m+1].

n=1 m=n+l

Detailed workings must be shown.

M

, [1189
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Question 7 (*****)

Evaluate the following expression

19 19
[2m+1].

m=1 n=m

You may find reversing the order of summation ukifihis question

v N ENEES
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Question 8  (*****)

The function f is defined as

wherek = re.
r=1

Use standard results on series to show that

d?f

dy?

df
dy

2
dj _ 3f+6r- - 4n 4
Ayl oy

20(2n+

n

You may assume without proof r# :S%n (n +1)(6n3 +9n° +n- ]) .

r=1

[ 1 [proof]
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SUMMATIONS

METHOD OF DIFFERENCES
8 BASIC QUESTIONS
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Question1 (*¥)

a) Expressf(r) into partial fractions

b) Hence show that
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Question 2 (**)
a) Show carefully that

1 1 2x+1

2 (r+1)? r2(r +2)2

b) Hence use the method of differences to find

2r+1

r2(r +1)2'
r=1

—

n+1)
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Question 3 (**)

a) Show carefully that

b) Hence find

—

n+1)!
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Question 4 (**+)

a) Expressf (r) into partial fractions.

b) Hence show that

0
f(r)=1425

1984
r=1
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Question 5 (**+)
_ 2 7
)= "

a) Expressf(r) into partial fractions

b) Use the method of differences to find

f(r).
r=1
c) Hence evaluate
¥
f(r).
r=8
1 1 " 5 1 1 Y 19
= __- = __- _ f =
f(r) r+1 r+3 lf(r) 6 n+2 n+3 . (r) 90
r= r=
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Question 6 (***)

a) Simplify into a single fraction.

r(r +1)_ (r +1( +2

b) Hence show that

20
1 115

T (r+1)(r +2) 462
r=

e

r(r+1)(r +2)
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Question 7 (***)

f(r)or?(r+ 1)2- (r- 1)2r 2
a) Simplify f(r) as far as possible.

b) Use the method of differences to show that

20
r3 = 4410cC.
r=1
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Question 8  (***)

a) Expressf(r) in partial fractions.

b) Hence prove, by the method of differences, that

n( An+ B)

R e

where A and B are constants to be found.

., |A=3, |B=5|
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SUMMATIONS

METHOD OF DIFFERENCES
8 STANDARD QUESTIONS
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Question 1 (***+)

Use the method of differences to show that

U S S 1 __ n(n+3)
123 234°345 nfn ¥n 2 #n Jn
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Question 2 (***+)
Uy =%r(r +1)(4r +19), 1
a) Simplify uy - u._1 as far as possible.

b) By using the method of differences, or otherwige] the sum of the first00
terms of the following series.

ok (z B (3 4 (42
[ ].|r(2r +3)], [91850
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Question 3 (***+)

f(r) = ri

GEIEE)
a) Expressf (r) into partial fractions.

b) Hence show that

c) State the value of
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Question 4 (***+)

2 -
f(r)=m,rl

a) Expressf (r) into partial fractions.

b) Hence show that

n

3 (=3 (n+1)%n+2)'

¢) Find the value of the convergent infinite sum

1 1 1
+ + +...
567 678789

[ 1]f(r)=
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Question 5 (***+)

Use the method of differences to show that

1 4 7 . -2 _ n?
123 234°345 nfn ¥n 2 {n Jn P

Created by T. Madas



Created by T. Madas

Question 6 (***+)

It is given that

2k+7 s 3 1 1

(2k+1)(2k+3(%x+5 4 Xk+]) (2<+)-3L b &+ E

Use the method of differences to find a simplifeegbression for

7 ,.9 o1 h+ 7
135 357°'579 7 (+a J+a HK+a ¥

Give your answer in the forr%- f (n), where f (n) is a single simplified fraction.

n+3
L= Grrganr g
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Question 7 (****)

Use the method of differences to find a simplifeegbression for the firsh terms of
the following series.

1 2 3 4
+ + + +...
13 35 57779

Give your answer in the forrﬁ- f (n), where f (n) is a single simplified fraction.

w552
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Question 8  (****)
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_ 1
)=

a) Rationalize the denominator df(r).

b) Find an expression for

c) Show clearly that

48

r3o0.

f(r):3+2\/_2

r=1

NGk

r=1

f(r)=%(\/m +n+1-/2- ])
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SUMMATIONS

METHOD OF DIFFERENCES
3 HARD QUESTIONS
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Question 1 (****+)

Consider the following infinite convergent series.

3 5, .7 9 11
12 23 34°45°5¢6 "

a) Use the method of differences, to find the sumhis series.

b) Verify the answer of parfa) by using a method based on the Maclaurin
expansion ofin (1+X).

v JEER

Created by T. Madas



Created by T. Madas

Question 2 (****+)

Use patrtial fractions to sum the following series.

2n+1

n*+2n+n®
n=1

You may assume that the series converges.
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Question 3 (****+)

It is given that

4 3 2
f(r):6r +6&r°-ar“- ar+ 1’ i

rr+1)
wherea is a hon zero constant.
It is further given that
n
() = n2(n+2)(2n+:|) |
n+1

r=1

Determine the value odi.

| . la=2]
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SUMMATIONS

METHOD OF DIFFERENCES
15 ENRICHMENT QUESTIONS
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Question 1 (*****)

Determine the exact value of the following sum.

20
ns- n%+ 1

n2 -Nn
n=2
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Question 2 (*****)

r=1
By observing the simplification of

1 ] 1

(x-2)(¢ 9" (x (= I

find a simplified expression fof (x,n).
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Question 3 (*****)

Determine, in terms ok andn, a simplified expression for

S|

P

=~ |
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Question 4 (*****)

Determine the value of the following infinite comgent sum.

1
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Question 5 (*****)

Determine a simplified expression, in the fohm f (n) , for the following sum.

dx

: .
X -1

r=2 2

2’ 3N‘l
" N(N+1)

@
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Question 6 (*****)

Show, by a detailed method, that

50

48 47 46 2 1 ]
+ + .+ + =A+B -,
273 34 45 48 49 49 50 lr
r=
where A and B are constants to be found.
_51 -
[ 1 |a=3l B=-1
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Question 7 (*****)

3,5 .7 . 9 . 11 .
P 1?2+2%2 12422+ F P+ 22+ 3+ 8 P+ 2+ 3+ £+ 87

Show, by a detailed method, that the sum of thst 4i0 terms of this series shown

. 240
above is—.
41
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Question 8  (*****)

By considering the simplification of
arctar( 2+ )- arctaph 2 ),

determine the exact value of

1
arctan —;

2n
n=1
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Question 9  (*****)
S, =(2 W+ (5 2 (10 3¢ (17 4 +. (¢ }n
Use an appropriate method to show that

S, = n n+1)!
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Question 10 (*¥****)
By considering the trigonometric identity fean( A- B), with A=arctar{n+ } and

B =arctar{n), sum the following series

arctan

n“+n+1
n=1

You may assume the series converges.
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Question 11 (*¥***¥)
Determine, in terms of, a simplified expression

n

r2+9r +19

. (r +5)!

and hence, or otherwise, deduce the value of

r2+7r +11

i (r+4)!
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Question 12 (*¥****)
A sequence is defined as

Uy = U+,
rf4r2+1

Determine the exact value af;.

2r A

|

3660

u = —_
617 3661
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Question 13 (*¥***¥)
Find the value of

sin* (,0' 2 2)
——.
r=0

Hint: Expresssin4q in terms of sinzq and sin? 29 only.

13
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Question 14 (*¥***¥)
Find the sum to infinity of the following convergeseries.

1 1 1 1 1

+ + + + +...
4 21 5 3 6 4 7 578 6!

1,

1
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Question 15 (*¥***¥)
Evaluate the following expression

[ 1.1
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