SERIES
EXPANSIONS



Created by T. Madas

MACLAURIN
SERIES
EXPANSIONS

Created by T. Madas



Created by T. Madas

Question 1 (**)
f(x)=(1- x)2 In(: x), -1£ x< 1.

Find the Maclaurin expansion df(x) up and including the term iR,

[ f(x):-x+gx2- —;)(3+ qx“)
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Question 2 (**+)
f (x)=e? cos.

Find the Maclaurin expansion cff(x) up and including the term iR? .

- 2x _ 44 14
l:l, e?*cosk=1 x 64 ?xsl 3# C()?)
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Question 3 (**+)

y=e?sinX.
a) Use standard results to find the series expansion,aip and including the

term in x*.

b) Hence find an approximate value for

0.1
X sin dx.

e sink= X+ 63+3 - 5+ q >?) [50.017027%
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Question 4 (***)

f(x) =In(1+sinx), sinx*- 1.
a) Find the Maclaurin expansion cff(x) up and including the term iR

b) Hence show that

=

4
In(1+sinx) dx » 0.02880.
0
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Question 5 (***)

Use standard results to determine the Maclauriresaxxpansion off (x) up and

including the term inx®.

[ |f(0)=1+5 4 7680>P+q)?)
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Question 6 (***+)
y=(1+ x)2 COSX.
Show clearly that ...
d3y

a) ... —:(x2+2x-5)sinx- g *x 3 cos.

dx®

b) ... y»1+ Ax+ BX + CX, where A, B andC are constants to be found.
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Question 7 (***+)

Find the Maclaurin expansion ¢f(2- €), up and including the term ik

(2 e x 2 # o)
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Question 8 (***+)

f(x)=InL+cosx, O£ x<%.

a) Find an expression fdrf{x).

b) Show clearly that
_ 1 2
f&fx) = - 2- E(f (%))

c) Show further that the series expansion of the fimste non zero terms o‘f(x)
is given by

In2- x?- lx4.
6

2sin
fq(x) ) 1+ cos X
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Question 9 (***+)

Find the Maclaurin expansion &i(1+ sinhx ) up and including the term iR,

In (1+ sinhx) = x - % X+ —% X+ q x4)

Question 10 (***+)
f(x)°In(2e 1, i

Find the Maclaurin expansion df(x) , up and including the term ik

f(x)° 2% ¥ X qxd')
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Question 11  (***+)

tanx’ XI

a) Show clearly that

2
d7y_ (1+tanx)2y.
d dx

b) Find a series expansion fe?™, up and including the term K.

tanx — 1,2,1,3 4
e —1+x+2x +2x +O(x)
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Question 12 (***+)
y =tanhx, xi

By expressing the derivatives tdnhx in terms of y , or otherwise find the firs2
non zero terms of a series expansiontéorhx.

y»X-::—;Xg+ O()?)
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Question 13 (****)
f (x) =€ cosx, xI
a) Show clearly that
fofx) = f (&)- f(x)- € sinx.
b) Find a series expansion fdr(x), up and including the term ir>.

c) Hence find a series expansion ®rsinx, up and including the term iR*
showing further that the coefficient of is zero.

F(x)=14x+30C - X C(>?) exsinx:x+x2+%x3+q >?)
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Question 14  (****)
The functionsf and g are given below.

f(x):arctar(% x), x1
g(y)=——,yl ,-1cy<1l

a) Expandg(y) as a binomial series , up and including the terry3i.

b) Use f¢x) and the answer to part (a) to show clearly that

2 2y 8 32 5 128
arctar(sx)»sx 81x3+ 1215)('5 5508

a(y)=1- v - ¥ q V)
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Question 15 (****)

y=49+2sinX.

a) Find a simplified expression foy%/.
X

b) Hence show that ik is numerically small

y»3+x-%x2- 1—9‘?’)('”

Created by T. Madas



Created by T. Madas
Question 16 (****)
f (x) =arsinh(x+ 3, x1

Show clearly that ...

a) ... fopx)+(x+1) f(6) °=0.

b) ... arsinh+ 1)» Ir( ]:i-\/_é +—x = +T

proof
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Question 17  (****)

y=tanx, Of x<%.

a) Show clearly that ...

2
5 2
LYg Ly g dvdy
dx® dx® dx dy¥ dxX

b) Use these results to find the fil3tnon zero terms of a series expansionyor

y» X+E )(3 +£ )(5
3 15
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Question 18 (****)

y=In(4+3x), x>-g.

dy d2y d3y
a) Find simplified expressions for=, —_—
) P P X a2 g

b) Hence, find the firsé terms in the Maclaurin expansion gE= In(4+3x).

c) State the range of values wffor which the expansion is valid.

d) Show that for small values of,

2 3
dy_ 3 dy:_ 9 dy: 54 ,-%’<X£%,

dx_3x+d]" | (3x+4)’| | (3x+4)’

In(4+3x) = In4+3 x- 25X+ 2, x°’+q )
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Question 19 (****+)
y=In(1+sinx), sinx®- 1.

a) Show clearly that

where f (y) is a function to be found.

b) Hence show further that

In (1+ sinx) » x-%x2+ —é NN NN

12 24

y=-€¢’
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Question 20 (****+)

p .3
4

y=tan x+= , <P,
4 4

Use the Maclaurin theorem to show that

y =tan x+% » 1+ 2+ 28 +%)?+1—0x4+%;1xr’.

3

proof
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Question 21 (****+)

Find the Maclaurin expansion, up and includingtéren in x4, for y:esmzx.

eSIN2X = 14y + 22 244 O( XS)
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Question 22  (****+)
y=|n(2- ex), x<In2.
Show clearly that

3 3
u+3$liy+ _dy

o e x 970

ey

and hence find the firs2 non zero terms in the Maclaurin expansion of

y:In(2- ex), x<In2 .

1 ly=in(2-¢)=-x ¢ # ¥
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Question 23 (****+)

Find the Maclaurin expansion, up and includingtéen in x*, for y =sin( cosx).

[ 1 |sin(cosq)= sini 42 cosﬂx"’(z—1 cos

4

1%3 Si 10( )@)

Question 24 (****+)

Find the first four non zero terms in the Maclawkpansion of

y=In(1+coshx).

[ ], |In(2+coshx) = In 2+%f

2 -

96

1Ay

a0’ O( )g)
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Question 25  (*¥***¥)

. . . + . ,
By considering the series expansions Im(l- x2) andIn i—x , or otherwise, find
- X

the exact value of the following series.

¥

1 1
—+

2r 2x+1

1"
4

r=1

]:l, -1+ %Ian
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Question 26 (*****)
Find the sum to infinity of the following series.

4 =+

1 144 1+4+9 1+ 4+ 916 ¥ & 9 18 25

1 1 1 1 1
+

You may find the series expansionarctanx useful in this question.

[ 1.]6(p-93

Created by T. Madas



Created by T. Madas

Question 27 (*****)
Find the sum to infinity of the following series.

1+1+1+1+1+
34 542 748 94
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Question 28 (*****)

Given thatp andq are positive, shown that the natural logarithmhefir arithmetic
mean exceeds the arithmetic mean of their natagarithms by

¥

4r- 2
2 Jp-ya

2r-1 Jp+q
r=1

You may find the series expansionaltant(xz) useful in this question.

, |proof
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Question 1 (***)
1
=—, x>0
K
a) Find the first four terms in the Taylor expansidnyoaboutx =1.
b) Use the firsthree terms of the expansion found in p&j}, with x=g to show

229
162°

that \/E »

0 y=1-30e 3 30 9 R ¥ dex 9
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Question 2 (***)

f(x)=x2In X, x>0

a) Find the first three non zero terms in the Taybgpansion of f (x) in powers
of (x- 1).

b) Use the first three terms of the expansion to shdvl» 0.09E.

0 [109=0c 0+ §0x 9% 30 9 of(x o)
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Question 3  (***)

f (x) = cos .

a) Find the first three non zero terms in the Taybgoansion of f (x) in powers

of x-ﬁ .

b) Use the first three terms of the expansion to skbog2» - 0.41¢.

3
P . SV N N P
A f(x)=-2 x 4+3x 2 X 4+ O x 4
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Question 4 (***)

f (x) = cosx.

a) Find the first four terms in the Taylor expansidnfdx), in ascending powers

of x-ﬁ .

b) Use the expansion of pgg) to show that

2 3
ol N3 P NP PP
4 2 24 576 2073l

2 3 4
: f(x):ﬁ-—1 x—g-@x£+ =~ x P+ o %P
2 2 6 4 6 12 6 6
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Question 4 (****)

y =tanx.
a) Show that
3 2 2
M = 2yM+ 2 E/ .
dd dé  dx

b) Determine the first four terms in the Taylor expansof tanx, in ascending

powers of x- % :

c) Hence deduce that

2 3
tan5—p » 1+£ +'0— + P

18 648 17490
2 g 3 4
y=1+2x-£+2x—£ +—x£+0 x—£
4 4 3 4 4
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Question 5 (****)
y = tan? x.

a) Show that

4

2—2/:24se8x- 8setx+ 96séx  tam 168ec  1a.
X

b) Determine the firsb terms in the Taylor expansion e’ x, in ascending

powers of x- % :

2
y=3+8/3 x-% + 40 x—% +
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Question 1 (**+)

A curve has equatioy = f(x) which satisfies the differential equation

dy _ o >
- = X - s
dx y

subject to the conditiox=0, y=2.

Determine the firs# terms in the infinite series expansion gf= f(x) in ascending
powers ofx .

1. [y=2- 40 82- 404 d )
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Question 2 (***)
A curve has an equatiop= f(x) that satisfies the differential equation
d?y, dy’

—+ —= +xy=0,
o ax Y

subject to the conditiong=0, y=1, %/: .
X

By using the first four terms in the expansion pE f(x) in ascending powers of,

show thaty »1.08 at x = 1—12 :

proof
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Question 3  (***)

A curve has an equatiop= f(x) that satisfies the differential equation

= 3, x10,
xd y°= 3, X

subject to the conditioly =2 at x =1.

Find the first four terms in the expansion gf= f (x) as powers ofx- 1) .

y=2-7(x I¢ 27( 2|- 70 :D q )
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Question 4 (***+)

d_y:3x+ yz x1 0.
dx X

Given thaty =1 at x=1, find a series solution for the above differenggluation in

ascending powers dfx- 1), up and including the terms {rx- 1)3.

i 3 10 9= §0x 3 o(x ¥
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Question 5 (***+)

A curve has an equatiop= f(x) that satisfies the differential equation

d?y _dy .
——+2—=sSinX+ 4y cosXx= |,
ol dx y

subject to the conditiong =3, %’ =0 at x=0.
X

Find a series solution fof (x) up and including the term iR* .

y=3- 652+ 8%+ o( >é5)
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Question 6 (***+)

A curve has an equatiop= f(x) that satisfies the differential equation

- d2y dy
X =2y f'2
dx? dx

with y=1, ﬂ/:2 at x=0.
dx

a) Show clearly that

) d3y ) d2y dy dy
ef——==(2y+e%)|—+2=2 y+— .
o (2 )d>8 dax 7 dx

b) Find a series solution fof (x), up and including the term ix® .

[ ] |y=1+2x+3% +5x3+o( x"’)
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Question 1 (***+)

Show clearly that
3 4
f (X) »1- 4%+ > X .

proof

Question 2 (***+)
;b
a) Find the first four terms in the series expansibn b- Ey

b) By considering the first two non zero terms in éx@ansion osin 3 and the
answer from part (a) , show that

,fl-lsin&» 1 g’x —9x-7+ 1—17><°’
2 4 32 128
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Question 3 (*****)

By considering a suitable binomial expansion, shivat

¥
. or 2 X 2r+1
arcsinx = —
r 2r+1 2
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