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Question 1 (***)
The quadratic equation
X2 +2kx+ k=0,

wherek is a non zero constant, has rogtsa andx=56.

Find a quadratic equation, in termslof whose roots are

a+b a+b
and ;
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Question 2 (***)
The two roots of the quadratic equation

X°+2x- 3= 0
are denoted, in the usual notationzgasnd b .
Find the quadratic equation, with integer coeffitg& whose roots are

ash+1 and ab®+1.

|, |X% +28x+52=
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Question 3 (***)
The roots of the quadratic equation

X% +2x+3=0
are denoted, in the usual notationzgasnd b .

Find the quadratic equation, with integer coeffitg& whose roots are

|9x? +16x+ 34=
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Question 4 (***)
The roots of the quadratic equation

2x? - 3x+ 5= 0
are denoted by and b .

Find the quadratic equation, with integer coeffitg& whose roots are

3a-b and B-a.

4x2 - 12x+ 13%
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Question 5 (***)

The roots of the quadratic equation
2x°%- 8%+ 9= 0
are denoted, in the usual notationagasnd b-.

Find the quadratic equation, with integer coeffitg& whose roots are

a’-1 and b?%-1.

4x2 - 206+ 5
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Question 6 (***)

A curve has equation
y =22 +5x+c,

wherec is a non zero constant.

Given that the roots of the equation differ Bydetermine the value af.

[ e
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Question 7 (***+)

The roots of the quadratic equation

2x2- 3+ 5= 0
are denoted by and b .
The roots of the quadratic equation

X2 + px+ q=0,
1
where p and gare real constants, are denoteddoy— and b +
a

Determine the value op and the value of.

1
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Question 8 (****)

Consider the quadratic equation

ax? + bx+ ¢=0,
where a, b andc are real constants.
One of the roots of this quadratic equation is dete other.

Show clearly that both roots must be real.

proof
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Question 9  (****)

The roots of the quadratic equation
X2 +2x+2=0
are denoted by and 6 .

Find the quadratic equation, with integer coeffitg&s whose roots are

2 2
a and b—
b a

X2- 2% 2= 0O
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Question 10  (****)
The roots of the quadratic equation

X% +2x- 4= 0

are denoted by and 6 .

Find the quadratic equation, with integer coeffitg&s whose roots are

(514+i2 and b4+i2.
b a
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Question 11 (***¥)
X2 - af2ker 2K £ Q.

The two roots of the above quadratic equation, w/lkeis a constant, are denoted by
a andb.

Given further thata? + 52 =66, determine the exact value af + 5 °3.

as+p3=280/2
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Question 12 (****+)

The quadratic equation
a+bx+ c=0, xI
wherea, b andc are constantsa® 0, has real roots which differ b,

Determine a simplified relationship betweanb andc.

b?- 4ac= &

Created by T. Madas



Created by T. Madas

Question 13 (****+)

The roots of the quadratic equation
X% - 3x+ 4= 0
are denoted by and b .
Find the quadratic equation, with integer coeffitgs whose roots are

at-p and b°-a.

X2 +12x+37=
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Question 14 (****+)

1 1 _1
+ =—, Xx!- px!-q.
X+p x+q r

The roots of the above quadratic equation, whereq andr are non zero constants,
are equal in magnitude but opposite in sign.

Show that the product of these roots is

-1 P

proof
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Question 15 (****+)
2x% + kx+1=0.
The roots of the above equation @end b, wherek is a non zero real constant.

Given further that the following two expressions

4 and b
b(1+a2+132) a(1+a2+b2)

are real, finite and distinct, determine the raafjhe possible values df.

k| >/8
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Question 16 (*****)
The quadratic equation

x*-4x Z 0,
has rootsa and & in the usual notation, whee> b .
It is further given that

f,oa"- b".
Determine the value of

fio- 2fg

[ 4
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Question 17 (*****)
The quadratic equation

ax’ + bx+1=0, at!o0,
wherea andb are constants, has roasand b .

Find, in terms ofa and b, the roots of the equation

x2+(b3- 3ab) ¥ a= 0.

w
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Question 1 (**)
X3 - 6x%+ 4x+ 12= (,
The three roots of the above cubic are denoted by andg.
Find the value of ...

a) ...atb+g.

b) ... a2+b%+g2.

[ lla+b+g=6, |a%+b%+g?=28

Q|

G||a

Q|

Wl
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Question 2 (**)
A cubic is given in terms of two constangsandq

2+ 7x% + px+ gq=0.
The three roots of the above cubic are%a and(a-1).

Find the value ofa, p andq.

la=-1,[p=7],]a=2
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Question 3 (**+)
x3- 2x% 8x 1% C
The roots of the above cubic equation are6 andg.

Find a cubic equation, with integer coefficient$iose roots are

a+l, b+l, g+l.

[ - 5x%- % 16 (
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Question 4 (**+)

The three roots of the cubic equation
x>+3x- 3= 0
are denoted in the usual notationdy 6 andg.

Find the value of

(a+1)(6+1)(g+3).

Question 5 (**+)

The roots of the cubic equation
X3- 6x%+ 2% & 0
are denoted by , b andg.
Show that the equation of the cubic whose rootsaére 6g and ga is given by
x3- 2x%+ 24x 16 C

proof
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Question 6 (**+)

The two roots of the quadratic equation
2x% - Bx+ & 0,
are denoted by and 6.

Determine the cubic equation with integer coeffitsewhore three roots are

azb, ab? andab .

X3 - 14x°+ 104x 256
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Question 7 (**+)
3+ b2 + cx+ d=0,
whereb, c andd are real constants.

The three roots of the above cubic are denoted by andg.
a) Given that
a+b+g=4 and a’+b%+g?=20,
find the value ofb and the value ot.

b) Given further thata =3+i, determine the value af .

lb=-4], [c=-2[, |[d =20
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Question 8 (**+)
X2 +2x% +5x+ k=0.

The three roots of the above cubic are denoted by and g, wherek is a real
constant.

a) Find the value ofa?+ 52 +g? and hence explain why this cubic has one real
root and two non real roots.

b) Given thatx=-2+ 3i is a root of the cubic show thkt= - 26.

a’l+b2+g?=-6

Question 9 (**+)

The roots of the quadratic equation
X°+4x+3=0
are denoted, in the usual notationasand b6 .

Find the cubic equation, with integer coefficient$ose roots ara , 6 andab .

X+ x2-9% &
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Question 10 (***)
The roots of the equation

az’ + bz+ c=0,
wherea,b andc are real constants, are denotedsbyand 6.
Given thatb? = 2ac? 0, show thata®+52 =0.

proof
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Question 11 (***)
X3 - X%+ 3x+ k= 0.

The roots of the above cubic equation are denoted by and g, wherek is a real
constant.

a) Show that
a’+b2+g?=-5.
b) Explain why the cubic equation cannot possibly haveal roots.
It is further given thata =1- 2i.
¢) Find the value of6 and the value ofy.

d) Show thatk =5.

b=1+2i, |g=-1
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Question 12 (***)
The roots of the quadratic equation

x> +3x+3=0
are denoted by and b.

Find the cubic equation, with integer coefficient$iose roots are

andab .

a b
b a

XC- 4x%+ A% 3
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Question 13 (***)
The roots of the cubic equation

X2 + px2 +74x+ q=0,
wherep andq are constants, form an arithmetic sequence wittneon differencel.

Given that all three roots are real and positind fn any order ...

a) ... the value ofp and the value of.

b) ... the roots of the equation.

p=-15, g=- 120, (x=4,5,
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Question 14 (***)
The roots of the cubic equation

X2 + px2 +56 x+ q=0,
wherep andq are constants, form a geometric sequence with conmatio 2.

Given that all three roots are real and positind fn any order ...

a) ... the value ofp and the value of.

b) ... the roots of the equation.

p=-14,0=- 64, [x=2,4,
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Question 15 (***)
The roots of the cubic equation

ax + by + ox+ d=0,

wherea, b, ¢ andd are non zero constants, are the first three tefraggeometric
sequence with common rati.

Show clearly that

4bc=49ad.

proof
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Question 16  (***)
f(z)=2- (5+1) 2+ (9+ 4i) z K1+i), 21 kI
The roots of the equatiofi(z) =0 are denoted by , b andg.

a) Given thata =1+i show that ...
i. ... k=-5.
i. ... b+g=4,

b) Hence find the value ob and the value ofy.

|b=2+i|, |g:2- i|
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Question 17 (***)
22+ pz+ =0,z , pl ,qi
The roots of the above equation are denotee by andg.
a) Show clearly that
ag+b3+g3 =3abg.
It is further given thata =1+ 2i.

b) Determine the value op and the value of.

[P=1,|a=10
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Question 18 (***+)
The three solutions of the cubic equation

x3-2x%+ 3¢ 1= 0 x1
are denoted by , b andg.

Find a cubic equation with integer coefficients wlcolutions are

2a-1, 2b-1 and 2g- 1.

X2 - X+ T 17=
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Question 19 (***+)
The roots of the cubic equation

16x3- 8%+ 4% £ Cxi
are denoted in the usual notationdy 6 andg.

Find a cubic equation, with integer coefficient$iose roots are

%(a - 1), %(b 1) and

wih

(9-2).

1273 + 90x% + 108+ 44= (
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Question 20 (***+)
The roots of the equation

x3- 2x%+ 3% &£
are denoted in the usual notationdy 6 andg.

Find a cubic equation with integers coefficientsostroots ar@?, 52 and g°.

XX +2x%- 7% 16 (
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Question 21 (***+)
The roots of the equation

x3- 2x%+ 3x 3= 0
are denoted by , b andg.

Find the cubic equation with integer coefficientsose roots are

1 1 1
—, — and —.
bg ga ab

9x3 + 6x% + 3x- I=
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Question 22 (***+)
The roots of the equation

X3+ 2k - 27= 0,
area, b anda + b, wherekis a real constant.

a) Find, in terms ofk, the value of ...

i. ...a+b
i. ...ab

b) Use these results to show that 3.
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Question 23 (***+)
The roots of the equation

x3+2x2+3x- 4= 0
are denoted by , b andg.

a) Show that that for allv, y and z

wWotyr+ 2o (w oy ¥-2(wy ye 2

Another cubic equation has roofs, B and C where

A:b—g, B:@ andC:%.
a b g
b) Show clearly that
A+B+C=2.
4

c) Show that the equation of the cubic whose rootsfaré& andC is
4x3- 25¢%- 8x 1B C.

proof
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Question 24 (***+)
The cubic equation

222 +kZ+1=0, 2
wherek is a non zero constant, is given.
a) If the above cubic has two identical roots, detemrthe value ok .

b) If insteadone of the roots i+, find the value ok in this case.

| |||k=-3|) k=-

Nl

(4+ 3i)
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Question 25 (***+)

If the cubic equatiorxs- Axt B= 0, has two equal roots, show that
4p3 = 2782,

proof

Question 26 (****)
b3+ b + cx+ d=0,
wherea, b andc are non zero constants.
If the three roots of the above cubic equationimgeometric progression show that
b3 3

=ca.

proof
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Question 27  (****)
The three roots of the equation

x3+2x2 +10x+ k=0,
wherek is a non zero constant, are in geometric prograssi

Determine the value df .

|, [k=125
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Question 28  (****)
2x3- 4+ = Q.
The cubic equation shown above has three rootstei@bya , 6 andg.

Determine, as an exact simplified fraction, theueabf

1 1 1
+ + ,
a-2 b-2 g 2
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Question 29  (****)

b + by + cx+ d=0,
wherea, b, ¢c andd are non zero constants.

Given that two of the three roots of above cubigatipn are reciprocals of one another
show that

a’- d%= ac bd.

proof
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Question 30  (****)

x3- 2x%+ ke 10= 0, k1 O
The roots of the above cubic equation are6 andg.

a) Show clearly that

(33+b3+g3) - 2(a2+ b2+ g2)+ k(a+ b+g)+30=0.

Itis given thata®+ 53 +g>=-4
b) Show further thak =- 3.

proof
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Question 31  (****)
The three roots of the equation

2+ p22+ qz+ r=0,
where p, q andr are constants, are denoteddy 6 andg.
a) Given that
ab+bg+ga=-2+3i and a’+b2+g?=4- 6i,
determine the value op and the value of.

b) Given further thata =1+1i, show that ...
L. r=7-3i

ii. ... b andg are solutions of the equation

2°- (1+ i) z= 2+ 5i.

(p=0[, [q=-2+3i
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Question 32 (****)

2+272+ k=0,

The roots of the above cubic equation, whierss a non zero constant, are denoted by
a, b andg.

a) Show that ...
I. “.a2+b2+g2:4.
i. ...al+b3+g3=-8- XK.
It is further given thag+p* +g4 =4.

b) Show further thak =- 1.

c) Determine the value of

a’+b°+g°.

a5+b5+g5= -20
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Question 33  (****)
The cubic equation shown below has a real epot

X +ke-1= 0,
wherek is a real constant.

Given that one of the complex roots of the equaison+iv, determine the value of
v2 in terms ofa .

|, szl_i
a
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Question 34  (****)
X3 +2x+5=0.
The cubic equation shown above has three rootstei@bya , 6 andg.
Determine the value of
at+pt+gt.

[ 1.8
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Question 35 (****+)

The roots of the cubic equation
X3-4x%+ 2% 5 0
are denoted in the usual notationdy 6 andg.

Show that the cubic equation whose roots are

b_‘g,@ and%’
a b g

is given by
5x3 + 36x° + 60x- 25 (

proof
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Question 36  (****+)
2 (4+ 2i) 2+ (4+ 5) z (¥ 3)= O, zi

Given that one of the solutions of the above cwgjoation isz=2+i, find the other
two solutions.

1z=1], |[z=1+i]
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Question 37 (****+)

The roots of the cubic equation
x- 4x% 3x 2 0
are denoted in the usual notationdy 6 andg.
Show that the cubic equation whose roots are
a+b, b+gand g+a,
is given by
X2 +8x2 +13x+14= (

proof
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Question 38  (*****)
A system of simultaneous equations is given below

X+y+z=1
X? + y2+ 72 =21

X2 + y3+ Z =55,
By forming an auxiliary cubic equation find the sdn to the above system.

You may find the identity
CHY 20 (w y j( f+ Y+ Z- %y yz %XB X,

useful in this question.

| i |xy.z=-2; 14 inanyord¢
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Question 39 (****¥)
The roots of the cubic equation

83 +12xX%+ 2x- F C
are denoted in the usual notationdy 6 andg.

An integer functionS,, is defined as

n

S0 (2a+ )"+ (2+ 9"+ (274", o

Determine the value 08; and the value o8, .

Created by T. Madas



Created by T. Madas

QUARTICS

Created by T. Madas



