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Question1  (*¥)

f(n)=n*+n+2, ni

Show thatf (n) is always even.
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Question 2 (**)

Prove that when the square of a positive odd imtesgiiivided by4 the remainder is
always1.
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Question 3 (*¥)

Show thata®- a+ 1 is odd for all positive integer values af

| |, [proof|
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Question 4 (*¥)

Prove that the square of a positive integer caemnee of the fornsk + 2, ki
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Question 5 (**+)

Itis asserted that
ox+1£5  [{E£ 2

Disprove this assertion bycaunter-example

| |, [proof]
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Question 6 (**+)

Prove bycontradiction that for all realg
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Question 7 (**+)
Prove by contradiction that ip and g are positive integers, then

3 2.
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Question 8  (***)

f(n):52”- 1, nl

Without using proof by induction, show thaﬁt(n) is a multiple of8.

MAIPOGRG. THE DIFGRCE OF SQURES & —b7= (-b)(atb)

— Loy= S

>
=@
= (L))

Nowy (onsoee. THE Foumdne AlRIMATT

=55 & 4 obb WHGEL AT IT U A R oF S
1625, 3125, 15625, . .

o
— St g S-1 Ape o Qe

BT ROHIL © T Sl q S| A The conece
O MERS ; S _ont of U i 8 A Wapt of U

oS-l = 2% aeN

s = 4 bEN
(el T o2 by Boonin)

ek cBmm

L0y = @)Y = 2axtb = Bab

NDtED A- NATAf

Created by T. Madas



Created by T. Madas

Question 9  (***)
Prove bycontradiction that for all realx

(13x+ 1% +3>( 5- 3%,

ﬁSC"CY\OA\

oA vt 1) (e 3 ST

DROCE_BY_(ONTEANCTION,

SOPROSE THAT G0 AL DRAL @, Grn)'43 < Gx-)

TN b Ak
— (i3 < Ge-)t

= ua ) +3 < 25l
Sl +3 €0

— (s %)2— %3 <o

—Cux+2 )+ <o

ek 1S A OMRADINON o THE ASTI

3ol (i3 > (oo’

Question 10 (***)
It is given that

N=k’-1 and k=2P-1,  pi

Use direct proof to show tha&*! is a factor ofN .
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Question 11 (***)

Prove by exhaustion that if is a positive integer that isot divisible by 3, then
n?- 1 is divisible by3.
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Question 12 (***)

Prove that if we subtradt from a positive odd square number, the answelwayes
divisible by 8.
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Question 13 (***+)
Given thatk >0, use algebra to show that

K+1,

Jk

2.

RO THe exemiod of (Y- 1)? o E e LE?
12 =¥
= @ Yo AN ik )
= (@)= 2008+ 1% po — . =
— k=2 +l o ¥ £
2
= k+l > 2@ =
A kDO, we Ay 2
K0S 0 we Ay dowe T AatDe), we VAVSITE
e e - k=
= ktl =
" >2/
s O
: PP 7B

ATATOE BY DIFKRATTIATICN
ey U w NGIE THHC AS K GAR LheGee , THe Wbl

EXPlRON G L0050 WOt BOVND SO Ay STRTIOUALY
POUTT_WWL RE AN ABSOWTE MINWUUM

€ E b (O
3 Ej”m(mj b (4% 'd Ciss
€
_Etl L kLo b,
Y= e T
+ -3
doooptoy :
hat 1 & (00ApicTiond

Question 14 (***)
Prove by the method afontradiction that there are no integers and m which

satisfy the following equation.

3n+2Im=137
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Question 15 (***)
Use the method gdroof by contradiction to show that ifx then

x+13 2.
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Question 16 (***)
Prove that the sum of two even consecutive powets is always a multiple 020.
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Question 17 (***+)
Prove by the method afontradiction that there are no integees and b which

satisfy the following equation.

a’-8b= 7
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Question 18

Useproof by exhaustionto show that if mi

(***+)
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andni

m?- n’t 102.

, then
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Question 19  (***+)

Use acalculus methodto prove that ifxT , x>0, then

x*+x%43 2.
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Question 20  (***+)

c+1
b N b+1

a+l

The figure above shows two right angled triangles.
The triangle, on the left section of the figures lsade lengths of
a, b andc,
wherec is the length of its hypotenuse.
The triangle, on the right section of the figurasiside lengths of
a+l, b+l and c+1,
wherec+1 is the length of its hypotenuse.

Show thata, b andc cannot all be integers.
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Question 21
It is given thatx1

Prove that

(***+)

and yi

Created by T. Madas

such thatx+ y=1.
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Question 22 (***+)
Itis given thata andb are positive odd integers, wita > Db.

Use proof by contradiction to show that if a+b is a multiple of4, thena- b

cannotbe a multiple of4 .

e K Punos— BT a 4 b B amd pamuk MreeL]

sl 8k wmek of 450 adl = [N wme N

SOPSE o0 b 1L A wonie oF 4
a-bo= b e

ADING THe EuATIRG

otk = tw { p
= 2= 4(uen
a-b = dn J )
a= 2 Cuin)

200 Mg B BNt

TR 1 A (oWANGTO) TIMT & 18 obo
B

b T BE A Lmo %

Question 23 (***+)

Prove bycontradiction thatlog,y5 is an irrational number.
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Question 24

Let al

(****)

with 5aI
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a) Show that the remainder of the division af by 5 is either 1 or 4.

b) Given further thabl  with %bT , deduce tha%(a"’- b4ﬁ
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Question 25  (***¥)
Itis asserted that

“ The difference of the squares of two non conseeytositive integers can never be
a prime number ”.

a) Prove the validity of the above assertion.
The difference between two consecutive square nisnb#63.

b) Given further thatl63 is a prime number find the above mentioned
consecutive square numbers.

, 6561, 672
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Question 26 (***¥)

2
By considering(\/i) , or otherwise, prove that an irrational numbesea to the
power of an irrational numbean bea rational number.
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Question 27  (****)
It is given that

a’+b’=c?, al ., bl
Show thata andb cannot both be odd.
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Question 28  (***¥)
Given thatk1

Question 29  (****)
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, use algebra to prove that
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Without using proof by induction, show thét(a) is a multiple of6 .
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Question 30  (***¥)
f(k)=K+2k, ki

Without using proof by induction, show th&t(k) is always a multiple 08.
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Question 31 (****)
Consider the following sequence

3,8, 15,24, 35,48, ...

Prove that the product of any two consecutive teointhe above sequence can be
written as the product of consecutive integers.

ST B cBING. TH WIH 10U G T spuedce By WsRerod)
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Question 32 (***¥)

Prove that ifl is added to the product of adyconsecutive positive integers, the
resulting number will always be a square number.

e
A lpatis

Nk MODS AgHRT
Rhg N+ HERF

Question 33 (****+)

Show that for all positive real numbeasand b

a®+b%3 albr al’.

arh)>e  (@-%) o
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Question 34  (****+)

Show clearly that for all real numbess, 6 and g

a’+b%+g?3 ab+ bg+ ga.

1. proof

Question 35  (****+)

Show, without using proof by induction, that thersaf cubes of any consecutive
positive integers is a multiple 0.
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Question 36 (****+)

Use adetailed methodto show that

(1000 1001 1002 1003 =L  1003C

You mayNOT use a calculating aid in this question.
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Question 37 (****¥)
Show that the square of an odd positive integestgraharl is of the form

8T +1,

whereT is a triangular number.
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Question 38 (*****)
It is given that

f (m, n)° Zn( g+ 3t7r),
wherem andn are distinct positive integers, with> n.

By using the expansion ¢fA+ B)3 , prove thatf (m, n) can always be written as the
sum of two cubes.

| (» [proof]
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Question 39  (*¥***¥)
It is given that

f(k)o (k- K)(21% 5k 3,
wherek is a positive integer.
Prove thatf (k) is divisible by5.

You maynot use proof by induction in this question.
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Question 40  (*¥****)
Prove that for all real numbera, andb,

Jatph g VAl + Vel edb?

3
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Question 41 (*¥***¥)
Show that for all positive real numbeasand b

a®+2b°3 3al’.

1. [proof|
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Question 42 (*¥***¥)

It is given thatx, a andb are positive real numbers, wita>b and x? > ab.
Use proof by contradiction to show that

X+ a X+ b

- > 0.
Jﬁ+¥ J%+¥
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Question 43 (*¥***¥)

Prove that the sum of the squares of two distinsitive integers, when doubled, it
can be written as the sum of two distinct squaralmers
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Question 44 (¥***¥)
TheRational Zero Theorerasserts that if the polynomial

f(x)° g, X+ g X'+ g, X2+ ..+ ax g

has integer coefficients, thevery rational zero of f(x) has the formpg, where
p is a factor of the constant terag and q is a factor of the leading coefficieaf, .

Use this result to show thatn 1£8 is irrational.
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Question 45  (*¥***¥)

By using the definition ok as an infinite convergent series, prdyecontradiction
that e is irrational.
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