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Question 1  (**)
Prove by induction that
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Question 2 (**)
Prove by induction that
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Question 3 (**+)
Prove by induction that
(r-1)(r+ 1= %n(n- )(2% 5, n31,ni

r=1

proof
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Question 4 (**+)
Prove by induction that

S te) = G Gn)Gnge) | 122

BAse case; w=2
e WS = 2% G =

WS < 2560 s 4 3 LT s Be w=2
SRHS = Ex2xix3xg Tt

(DO HyPonitsic
Sopfose THAT THe 2etocr Mos B n= ko ke

5

= 2 fe) = HOE-NE) @)

1
Me 2

Per) 4 CeriGeen) = L)+ Elen?

R

P

N

R ) [y + e ]
kel
= Z,re) = hkoen) (F-k-2vuk )

= ; Py = kG GOt 40)
Sty = ko) (Buig(ern)
=
= %’lr%_g = E@GED-0 G la@ i)
CoRawgon

o IF T U fouds R N =K E N ,THE T Aso s ce n=by
o SNCE THE BT huos P2 =2, T TT LT Bhud For AU m@

Created by T. Madas



Created by T. Madas

Question 5 (**+)

Prove by induction that

1+8+ 27+ 64+ ..4n° :%nz(n+ ), n31,ni

proof

Question 6 (***)

Prove by induction that

n
(2r - 1)2:
r=1

n( J(2+ 3, n31,nl

Wl

proof
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Question 7 (**)

Prove by induction that

r(3- 1= n2(n+ 1, n31,ni
r=1

proof

Question 8  (***)

Prove by induction that

1 _n

=—
r:1r(r+1) n+

n31, ni

proof
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Question 9  (**)

Prove by induction that

(Br'l) = 3n2_ 1, n31, ni

proof
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Question 10  (***+)
Prove by induction that
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Question 11 (***+)

Prove by induction that
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Question 12 (***+)

Prove by induction that
r'2'=2+(n- )2, n31,ni

r=1
proof
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Question 13 (***+)
Prove by induction that

(r+1)" 2 =n" 2, n31, ni
r=1

proof

Question 14  (***+)
If n31, nT , prove by induction that

1+ 2 2+ 3 3 & howl (A 1L

proof
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Question 15  (***+)
Prove by induction that

r'2'=2 (v 22", n31,ni
r=1

proof
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Question 16
Prove by induction that
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Question 17 (***¥)
Prove by induction that

r(r-1- 1= 1

§n(n+ (n 2, n31,nl

r=1

proof
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Question 18  (****)
Prove by induction that
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Question 19  (****)
Prove by induction that

P+FP+52+ 72+ +( - )0 %n( 4> ) n31, ni

proof
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Prove by mathematical induction thatifis a positive integer then

r=1

You may not use other methods of proof in thistopres
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Question 21 (****)
Prove by mathematical induction thatifis a positive integer then

gr+2 - _ n(2n+3)
r(r+0(r+2)  (+)(n+2

r=1

You may not use other methods of proof in thistopres
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Question 22
Prove by induction that

/ r(r +1)(%
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Question1  (*¥)

f(n)=7"+5, nl
Prove by induction thaf (n) is divisible by6, for all ni

proof

Question 2  (**)
f(n)=6"+4, ni

Prove by induction thaf (n) is divisible by5, for all n

proof
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Question 3 (*¥)

f(n)=5"+3, ni

Prove by induction thaf (n) is divisible by4, for all ni

proof

Question 4 (**)
Prove by induction that for all natural numbers

47" -1

is divisible by15.
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Question5  (*¥)
Prove by induction that for all natural numbers

72n-1+1
is divisible by8.

proof

Question 6 (**)
Prove by induction that for all natural numbers

3?" +7 is divisible by8.

proof
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Question 7 (**)
f(n)=3"-1, n
Prove by induction thaf (n) is a multiple of8, for all ni

proof

Question 8  (**+)
f(n)=4"+6n- 1, ni

Prove by induction thaf (n) is divisible by3, for all ni

proof
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Question 9  (**+)

f(n)=5"+8n+3, ni
Prove by induction thaf (n) is divisible by4, for all ni

proof

Question 10  (**+)
f(n)=3"+2""2 ni

Prove by induction thaf (n). is divisible by5, for all ni

proof
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Question 11 (**+)
Prove by induction that for all natural numbers

gn- 5"
is divisible by 4.

proof

Question 12 (**+)
f(n)=(4n+3)8 - 3, ni

Prove by induction thaf (n) is divisible by16, for all ni

proof
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Question 13 (***)

Prove by induction that the sum of the cubes ofthnge consecutive positive integers
is always divisible by9.

Question 14  (***)
Prove by induction that for all natural numberssuch thain3 2,

15" 8",
is divisible by 7.

proof
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Question 15 (***)
Prove by induction that for all natural numbers

(2n+1) 7" +11,

is divisible by 4.
proof
Question 16 (***)
f(n)=24" 2"+ 3", ni
Prove by induction thaf (n) is divisible by5, for all ni
proof
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Question 17 (***)
f(n)=4" 7"+ 3 8% E ni
Prove by induction thaf (n) is divisible by12, for all ni

proof

Question 18  (***)
f(n)=(2n+1) 7" - 1, nl
Prove by induction thaf (n) is divisible by4, for all ni

proof
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Question 19  (***+)
Prove by induction that for all natural numbers

4"+6n- 1

is divisible by9.

.+ |proof|
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Question 20  (***+)
Prove by induction that for all natural numbers

4n+1 + 52“' 1

is divisible by 21.
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Question 21 (***+)

f(n)=5"+3n- 1, nl
Prove by induction thaf (n) is divisible by9, for all ni

proof

Question 22 (***¥)

Prove by induction thal8 is a factor of 4" + 6n+ 8, for all n1

proof
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Question 23 (****)
Prove by induction that for all natural numbers

2"+ 6"

is divisible by8.
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Question 24 (***+)

Prove by mathematical induction thatnfis a positive integer therg?™3 + 2M3 s
always divisible by7 .

1. oo
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Question 25  (***+)

Prove by mathematical induction thatnfis a positive integer thens™! + 11" is
always divisible by6.
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Question 26 (***+)
Prove by the method of induction that

33n-2+24n1’ni '

is divisible by11.
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Question 27  (***+)
f(n)=8"- 2", ni
Prove by induction thaf (n) is divisible by6, for all ni

proof

Question 28  (***+)
f(n)=7"-2", ni
Prove by induction thaf (n) is divisible by5, for all ni

proof
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Question 29  (***+)
f(n)=n*+5n, ni
a) Show thatn® + n+2 is always even for alhl

b) Hence, prove by induction thdt(n) is divisible by6, for all ni

proof
Question 30  (***+)
A sequence of positive numbers is given by
a,=12"+2" 8, ni
Prove by induction that every term of the sequese@emultiple of7
proof
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Question 31 (***+)
f(r)=4+6",ri

Prove by induction thaf (r) is divisible by10

proof
Question 32 (***+)
Prove by induction that for all natural numbersthe following expression
"+4"+1
is divisible by 6.
proof
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Question 33 (***+)
A sequence of positive numbers is given by

u,=7"+3n+8§, ni
Prove by induction that every term of the seques@multiple of9

proof

Question 34  (***+)
f(n)=5"-4an 5, ni
Prove by induction thaf (n) is divisible by16

proof
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Question 35  (***+)
A sequence of positive numbers is given by

u, = 23n+2 +5n+1, nT
Prove by induction that every term of the seques@multiple of3.

proof

Question 36 (***+)
f(n)=3"*- 2" ni
Prove by induction thaf (n) is divisible by5, for all n

proof
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RECURRENCE
RELATIONS
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Question1  (*¥)
A sequence of integers is defined recursively leyrtiation

ay=a,-4,a=3,n=123,.

Prove by induction that ita term is given by

a,=7-4n,n=1223,..

proof
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Question 2 (*¥)

A sequence of integettg, t,, t3, ... is given by the recurrence relation
ta =3, +2, t,=1, ni
Prove by induction that ita™ term of the sequence is given by

t,=2" 3% 1,ni
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Question 3 (*¥)
A sequence of integers is defined inductively by rilation

a=3a,+4, =3, n=123,..

Prove by induction that ita term is given by

a,=5 3% 2, n=123,.

proof
Question 4 (**)
The terms of a sequence can be generated by tinegrce relation
b =4b,+2, =2, n=12,3,..
Prove by induction that the" term of the sequence is given by
b,=4(4"-1), n=1,23,.
proof
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Question5  (**)
A sequence is defined by the recurrence relation

Uy =7Uy-3, ,y=7,n=123,..
Prove by induction that ita term is given by

Uy :%(13’ 71+ ]) n=1,2,3,..

proof
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Question 6 (**)

A sequence of integers , a,, ag, ay, ... IS given by
A =3a,t2, ¢=2,n=12.3, ..
Prove by induction that ita term is given by
a,=3 3L 1,n=123, ..

proof
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Question 7 (**+)

A certain sequence can be generated by the recerretation

Un+1:%(2un -1, w=1, n=123,..

Prove by induction that the™™ term of the sequence is given by

n

u,=3 -1, n=12.3,..

winN

proof
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Question 8  (***+)

A sequence is defined recursively by

u =
™4y

n

Prove by induction that

B 3n+l_ 3

u, —m, n=12,3,..

, ulz% n=123,..
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Question 9  (***+)

A sequence is defined recursively by

U = U, +3k-2, 11, =3, n=123,..

Prove by induction that

u, =

N

(3n-(n 2 4,n=123,.
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Question 10 (***+)
A sequence is defined recursively by

u -
—_ n —_
Uy = , b =2, nl
i u, +1

By writing the above recurrence relation in thaor

B
un+1:A'|'u 1
n

where A and B are integers, use proof by induction to show that

u, = , nl

2n-1
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Question 11 (***+)
A sequence is generated by the recurrence relation

Un+2 =BUpyq - BU,, U =5, U, =13, n=1,2,3,..

Prove by induction than™ term of this sequence is given by
u,=2"+3", n=1,23,..

proof
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Question 12 (***¥)
A sequence is generated by the recurrence relation

Upeo =6U41 - 8U,, Uy =0, U, =32, n=1,2,3,..

Prove by induction than™ term of this sequence is given by
u, =4m™- 2™3 n=123,.

proof
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Question 13 (***¥)
A sequence is generated by the recurrence relation

Upo =Uppt Uy, B =0, U, =1, n=123,..

Prove by induction thati,, is a multiple of5, for all mi
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Question 14 (****+)

A sequence of numbers is given by the recurrerlaéoe

Su,-1

Uy =—2 — =1, nl  ,n31.
gy 41t

Prove by induction that the" term of the sequence is given by

W = n+2
" on+1’
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Question 15 (****+)

A sequence of numbers is given by the recurrerlaéoe

u,-5
3u,- 7

Upeg = ,u=-1,nl ,n31

Prove by induction that the" term of the sequence is given by

B 2n+1_ 5

n— 2n+l_ 3'

1, oo
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POWERS
OF
MATRICES
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Question 1  (**)
Prove by induction that

= . n31n
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proof
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Question 2 (*¥)

A transformation where 2 2 is defined by
1 2

A= :
01

a) Find the elements of the matrices? and A3,

b) Write down a suitable form foA" and use the method of proof by induction to
prove it.

l:A2_14 A3_16 An_12n
' 0o 1/ 0 1/ 0 1
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Question 3 (*¥)
Prove by induction thatih® I  ,then
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proof
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Question 4 (*¥)

Prove by induction thatih® I , then

3" 0

AT 3(3“1) 1’

proof
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Question 5  (**)
Prove by induction that

n

5 8 1+ /4 & -
= , h31 nl
-2 -3 -2n -1 4
proof
Question 6 (**)
2 1
M = :
-1 0
Prove by induction that
n_ N+l n -
M" = , N3 1 nl
-n 1 n
proof
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Question 7 (**+)

Prove by induction that

proof
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Question 8  (**+)

Prove by induction that

111" 1n 3n(n+y
011 =201 n .n31, ni
0 01 00 1

proof
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Question 9  (**+)

Prove by induction that

proof
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Question 10 (*****)

Prove by induction that

An
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MISCELLANEOUS
RESULTS
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Question 1 (**+)

De Moivre’s theorem states
(cosg + ising)" © comg+ isimg, ni
Prove this theorem by induction.

proof

Question 2 (**+)

u, =

~lw

(8” - 1), ni
Prove by induction that every term of this seqees@an integer.

proof
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Question 3 (**+)

n
(2r+2) =(n +])2, ni
r=1

a) Show that if the above result holds foe k, then it also holds fon=k +1.

b) Explain why the result isot true.

proof
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Question 4 (**+)

The distinct square matrices and B have the properties
AB =B°A
B® =|

wherel is the identity matrix.

a) Show thatBAB =A .

b) Hence prove by induction th&"AB" =A , for all ni

proof
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Question 5 (***)
xXy+3y= X.

Prove by induction

proof
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Question 6 (***)

Bernoulli's inequality asserts thatafi , a>-1 and nT , n3 2, then
(1+a)" >1+an.

Prove, by induction, the validity of Bernoulligantity.
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Question 7 (***+)

Prove by induction that

r >%n2, for n3 1, nl

r=1

proof

Question 8  (***+)

Prove by induction that

n
res %n(m 1)2, for n3 1, nl
r=1

proof
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Question 9 (***¥)

Prove by induction that
2">2n, for n33,nl

proof

Question 10 (****)
Prove by induction that

2">n2, for n35,ni

proof
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Question 11 (***¥)
Prove by induction that il , n3 3, then

3">(n+1)°.
, |proof
Question 12 (***¥)
Prove by induction that for all even natural nunsoer
dn ( . 3() ( ])%, g . 3
—(sin3X) =(- sinX.
dx"
|, |proof
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Question 13 (****+)

Prove by induction that fon3 1, nl

O feod 2240122

r=1
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Question 14 (****+)

Prove by induction that

sin( 2nx)
2sinx

cosx+ cos&+ cos$+ + cof 2 )%°

Question 15 (****+)

Prove by induction that every positive integer ppof5 can be written as the sum of
squares of two distinct positive integers.
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Question 16 (*****)
Prove by induction that

(;j—);](ex cosx): 2" & co(sx+£‘§), n3 1,

Created by T. Madas



Created by T. Madas

Question 17 (*¥***¥)
It is given that forni

_ 7u,+12
TR

Prove by induction that

Question 18  (*¥***¥)

Prove by induction that every positive integer poafel4 can be written as the sum of
squares of three distinct positive integers.
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Question 19 (*¥***¥)
It is given that forni

2n 2
=——U,1, U =%.
nTonr1 "l Y173

Prove by induction that
n
u, 2n
2n+1
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Question 20 (*****)
Prove by induction that

3—);(ex sin(\/_3<)): 2 & sil(n/_8+5§), n3 1,
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Question 21 (*¥***¥)
The function f (x) is defined by

1 .
f(x)=2-=, 1 ,% O
(x)=2-~
a) Prove that
fn(x):w n31
nx- (n 1)’

where f"(x) denotes the™ composition off (x) by itself.

b) State an expression for the domairf 8{x) .
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Question 22 (*¥***¥)
Prove by induction that il , n3 3, then

n™t > (n+1)n,
and hence deduce thatrif |, n3 3, then

Un > "™¥n+1

1. [oroo]
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