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Question 1 (**)

r=ag

0] » initial line

The figure above shows a spiral curve with polaragign
r=aqg, 0Eqg£2p,
wherea is a positive constant.

Find the area of the finite region bounded by thieat and the initial line.
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Question 2 (*¥)
The polar curveC has equation

r=2(cogy- sig), 0£g<2p.

Find a Cartesian equation f@ and show it represents a circle, indicating ithus.
and the Cartesian coordinates of its centre.
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Question 3 (**)
The polar curveC has equation

r=2+coygy, 0£g<2p.

a) Sketch the graph of.

b) Show that the area enclosed by the curv%,d;s

proof
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Question 4 (**+)

The curveC has polarequation
r2 =a25in3q, 0£q£%.

a) Sketch the graph of .

b) Find the exact value of area enclosed byGhe

=152
area=za
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Question 5 (**+)

The curveC has polar'equation
r=6cosy, -p< gt p.

a) Sketch the graph of .

b) Find the exact value of area enclosed by@hdor - %< gt %
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Question 6 (**+)

initial line
N

The figure above shows a circle with polar equation

=

r=4(cogy + sing) 0£Eg<2p.

a) Find the exact area of the shaded region bounddtiebgircle, the initial line

and the half |inaq=£21.

b) Determine the Cartesian coordinates of the cerfttbeocircle and the length

of its radius.

|, [area= &+ §,|(2,2), radius= '8
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Question 7 (***)

Write the polar equation

r=cosqg+sing, 0Eg<2p

in Cartesian form, and hence show that it represartircle, further determining the
coordinates of its centre and the size of its mdiu
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Question 8  (***)

A Cardioid has polar equation

r=1+2cogy, OEqE%.

The pointP lies on the Cardioid so that the tangent to thediGal at P is parallel to

the initial line.

Determine the exact length &P, whereO is the pole.
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26 STANDARD
QUESTIONS
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Question 1 (***+)

A curve has polar equation

(=2 ogg<2.
D

a) Sketch the curve.

b) Find the exact value of area enclosed by the cuainesinitial line and the half
line with equationg =p.
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Question 2 (***+)

o) initial line

The figure above shows the polar cu@ewith equation

r =2sin 34/ coyy, -%£ gt EZ

(o2}

Show that the area enclosed by one of the twoiickrbops of the curve i:s;?3 .
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Question 3 (***+)

initial line

The figure above shows the polar curve with equatio
r=sinzg, O£q£%.
a) Find the exact value of the area enclosed by theecu
The pointP lies on the curve so that the tangenPats parallel to the initial line.

b) Find theCartesian coordinates ofP .
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Question 4 (***+)

r=a+2sing

O- > initial line

The diagram above shows the curve with polar eqoati
r=a+2sing, 0£g<2p,
wherea is a positive constant.

Determine the value cd given that the area bounded by the curv@gs.
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Question 5 (***+)

r=4/2cos2y

» initial line

The figure above shows the curve with polar equatio

r:4\/§c0527, 0£g<2p.

Find in exact form the area of the finite regiorubded by the curve and the line with

polar equationgy :%, which is shown shaded in the above figure.

area=p- ¢
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Question 6 (***+)

A curve C; has polar equation
r=2sing, 0£Eg<2p.
a) Find a Cartesian equation f@y, and describe it geometrically.

A different curveC, has Cartesian equation
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Question 7 (***+)

S <

The figure above shows the cur@ewith Cartesian equation
2
(x2 + y2) = 2x2y.
a) Show that a polar equation f@ can be written as

r =sin2gy cogj.

b) Determine in exact surd form the maximum value of
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Question 8  (***+)

&
9 2
A r =J/3cogy + sing
5 » jnitial line

The diagram above shows the curve with polar eqoati
r:x/§cosq+ sing, - %£ g< %’0

By using a method involving integration in polaocdinates, show that the area of the

shaded region is

1—12(4,0- 3\/5)
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(****)

Question 9

.5 - -, . -
> initial line

The diagram above shows the curves with polar ezpsat
r=1+sinzy, O£q£%p,
r=1.5, O£q£%p.
a) Find the polar coordinates of the points of intetism between the two curves.

The finite regionR, is bounded by the two curves and is shown shadgt figure.

b) Show that the area ®® is

(9V3- 20).
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Question 10 (****)
L
tangen
r =4(1- sing)
q=p initial line
>

The figure above shows the graph of the curve patlar equation

r =4(1- sing), O£g£p.

The straight lineL is a tangent to the curve parallel to the inifi@, touching the

curve at the point® andQ.

a) Find the polar coordinates & and the polar coordinates ¢f.

b) Show that the area of the shaded region is exactly

15/3- @.
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Question 11 (****)

r =1+ cosy

> jnitial line

The diagram above shows the curve with polar eqoati
r=1+cosgy, OEgEp.

The curve meets the initial line at the origlhand at the poin@. The pointP. lies on
the curve so that the tangent to the curve as parallel to the initial line.

a) Determine the polar coordinates Bf.

The tangent to the curve & is perpendicular to the initial line.and meets tdwegent
to the curve aP, at the pointR.

b) Show that the area of the finite region boundedhayline segment®R, QR
and the ardPQ is

(213 ).
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Question 12 (****)

C,:r=4e7

> initial line

The diagram below shows the curves with polar eqoati
A7 A OEC]E%
C,:r=4€9, OEqE%.

The curves intersect at the poiAt

a) Find the exact polar coordinates Af

b) Show that area of the shaded region%s

A(2,In2)

Created by T. Madas



Created by T. Madas

Question 13 (****)

The figure above shows a curve and a straight litie nespective polar equations

r=4+4cosy, -p< gt p and r =3seq, '%< C/££2-

The straight line meets the curve at two poiftsand Q.
a) Determine the polar coordinatesBfand Q.

The finite region, shown shaded in the figure, iarmted by the curve and the straight
line.

b) Show that the area of this finite region is

80 +9/3.
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Question 14 (****)

» initial line

The figure above shows the curves with polar eqoatio
r=4coyy, O£g £ 2p,
r=4siny, 0£Eg £ 2p.

Show that the area of the shaded region which stangf all the points which are
bounded byoth curves is

4p - 3J3.

proof
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Question 15 (****)

initial line

The figure above shows the cardioid with polar eilguat
- P
r=3+2cogy, 0<c7£E .

The pointP lies on the cardioid and its distance from thee@lis 4 units.
a) Determine the polar coordinates Bf.

The pointQ lies on the initial line so that the line segm&® is perpendicular to the

initial line. The finite regionR, shown shaded in the figure, is bounded by theesur
the initial line and the line segmeRQ.

b) Show that the area d® is

1—12(22p+15/—3).
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(****)

r=2+2sing

2

Question 16

)

)
2r sing = 3

» initial line

The figure above shows the curve with polar equatio
r=2+2sing, 0O£Eg£ 2p,

intersected by the straight line with polar equatio
2rsing =3, 0<g<p.

a) Find the coordinates of the poinBs and Q, where the line meets the curve.

b) Show that the area of the triandéPQ is %\/1_%

c) Hence find the exact area of thlegadedregion bounded by the curve and the

straight line.
) , |area= 27+%\/_3

%] o2

Q) (223290 _

Created by T. Madas



Created by T. Madas

Question 17 (***¥)

The curvesC, andC, have respective polar equations

C,: r=2sing, 0Eg<2p

C,: r=tang, O£q<%.

a) Find a Cartesian equation f@; and a Cartesian equation G5 .

C,

initial line

The figure above shows the two curves intersedirthe pole and at the poift.

The finite region, shown shaded in the figure,asded by the two curves.

b) Determine the exact polar coordinatesRof

c) Show that the area of the shaded regio%(iﬁp - 3\/_3)

C @ +(y-1)7= 1,

C @ +(y-1)7=1
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Question 18  (****)

initial line

The figure above shows two overlapping closed aueandC,, with respective
polar equations

C: r=3+coyy, 0£9<2p
C,: r=5-3coyy, 0£g<2p.
The curves meet at two point8, and Q.
a) Determine the polar coordinates Bfand Q.

The finite regionR, shown shaded in the figure, consists of all tbmts which lie
inside both C; andC,.

b) Show that the area &R is

(97p- 102/3.
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Question 19  (****)
The curveC with polar equation

r =\/6c0527, 0£q£%.

The straight lind is parallel to the initial line and is a tangeniG .

Find an equation off, giving the answer in the form= f (q)

=2
r =%coseq
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(****)

=2-q

> initial line

The diagram above shows the curves with polar et

Cl:r=q2, O£q£%

Cyir=2-q,0£q9£2.

The curves intersect at the poiAt

a) Find the polar coordinates .

b) Show that the area of the shaded regio%%s
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Question 21 (****)

initial line

The figure above shows the cur@ewith polar equation

r=1- coyy, O£q<%.
The pointP lies onC so that tangent t€ is perpendicular to the initial line.

a) Determine the polar coordinates Bf.

The finite regionR consists of all the points which are boundedXythe straight line

segmentPQ, the initial line and the line with equatiam:%.

b) Show that the area d®, shown shaded in the figure above, is exactly

L(ap+15/3- 33,

(34)
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Question 22 (****)

» initial line

The figure above shows two closed curves with pedarations
C,: r=a(l+sing), 0£q£2p and C,: r=3a(l- sing), 0£q£ 2p,
intersecting each other at the p@eand at the point® andQ.

a) Find the polar coordinates of the poitsand Q.
b) Show that the distancBQ is 33a.

The finite region shown shaded in the above figumasists of all the points insidg
but outsideC, .

c) Given that the distancBQ is % , show that the area of tebadedregion is

3V3-2p.

(32 %)) 12(324)

Created by T. Madas



Created by T. Madas

(****)

Question 23
The pointsA and B have respective coordinatésl,0) and(1,0).

The locus of the pointP(x, y) traces a curve in such a way so t#®|| BA =1.

a) By forming a Cartesian equation of the locusRafshow that the polar
equation of the curve is

r2:2c052/, O£g<2p.

b) Sketch the curve.
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Question 24 (****)

Q
I
NS

P L

\C
»initial line

T

The figure above shows a cur@ with polar equation

r’2=2cos2y, O£q<%.

The straight linel is parallel to the initial line and is a tangemiG at the pointP .

a) Show that the polar coordinates Bfare 1,% .

The finite regionR, shown shaded in the figure above, is bounde€by. and the

half line with equationy :% :

b) Show that the area &R is

(3v3-4).

(o] =8

[solution overleaf]
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Question 25  (****)

v

The figure above shows the cur@ with Cartesian equation
2 2 .
(2x- )™+ (2y- 9= 2 x30,y30
a) Find a polar equation foE , in the formr = f (g).
b) Show that the area bounded BGyand the coordinate axes%p + 2).

c) Determine, in exact simplified form, the polar adioates of the point o,
where the tangent t€ is parallel to thex axis.

=35+ § g

Created by T. Madas



Created by T. Madas

Question 26  (****)
A curve has polar equation

_ cosg+ sing
r= , 0OEg<2p.
cos g+ sinZy+ - g<2p

Find a Cartesian equation of the curve giving th@ager in the formf (x, y) =0.

B Czgry-x 5o
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10 HARD QUESTIONS
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Question 1 (****+)

Show that the polar equation of the top half ofptheabola with Cartesian equation
y=+2x+1, x3- %

is given by the polar equation

, r30.

proof
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Question 2 (****+)

Q
I
NS

r= sinzq
Q P

9) initial line

The figure above shows the curve with polar equatio
r :sinzq, O£q£%.

The pointP lies on the curve so that the tangent to the catv is perpendicular to
the initial line.

a) Find, in exact form, the polar coordinateskf

The pointQ lies on the half Iineyzz, so thatPQ is parallel to the initial line.

The finite regionR, shown shaded in the above figure, is boundedbycurve and
the straight line segmen?Q and OQ, whereO is the pole.

b) Determine the area d®, in exact simplified form.

(@D]

2 -1 il
P(é,arctan\/_ % , larea= > arctan/_ 2 432\/_ 2 0.15
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Question 3 (****+)

A curve C has polar equation

[ = 2
1+ coyy

L0Eg<2p.

a) Find a Cartesian equation far.

b) Sketch the graph of .

c) Show that on any point 08 with coordinateqr,q)

y> =4(1- X)
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Question 4 (****+)

The figure above shows a hyperbola and a circle wspective Cartesian equations
y:E,x>O and x°+y?=8, x>0, y>0.
X

The pointsP andQ are the points of intersection between the hygdarand the circle,
and the pointR lies on the hyperbola so that the dista@d® is least.

a) Determine theolar coordinates o, Q and R.

b) Calculate in radians the angRRQ, correct to3 decimal places.

P \/2_4% o m’1£2 R Jl_z,% .|_ABC» 2.526
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Question 5 (****+)

The curveC has Cartesian equation
(x2 + yz)( X- 1)2= .
a) Find a polar equation of in the formr = f (g).

b) Sketch the curve in the Cartesian plane.

c) State the equation of the asymptote of the curve.

Ir =1+seq/, |x=1]
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Question 6 (****+)

The following polar equations are given.

rn=cosg, OEQEp.

_ 1 1
=—————, -
cosg- sing 4

Find, in exact simplified form, the area of tkenaller of the two finite regions,
bounded byr; andr, .

M a2
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Question 7 (****+)

initial line
O | -

»

The figure above shows the rectang!BCD enclosing the curve with polar equation
r?=cosz, gl 0ip 3pSp  Ip.2).

Each of the straight line segmem8 andCD is a tangent to the curve parallel to the
initial line, while each of the straight line segm®AD and BC is a tangent to the
curve perpendicular to the initial line.

Show with detailed calculations that the total azaalosed between the curve and the
rectangleABCD is +/2- 1.
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Question 8  (****+)

The curvesC, andC, have polar equations
C,: r=2cowy- siy, O<q£%

C,: r:\/§+sinq, 0£g<2p.

The pointP lies onC; so that the tangent & is parallel to the initial line.

a) Show clearly that aP
tany = 2

b) Hence show further that the exact distanc® dirom the originO is

2

The pointQ is the point of intersection betwegd; andC,.

c) Find the value ofy at Q.
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Question 9  (****+)

The curveC has polar equation

ye,

r =tang, 0£q<z.

Find a Cartesian equation 6f in the formy = f(x).
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Question 10 (****+)

The curveC has polar equation

4

r=——,0£g9g<2p.
4- 3coxy q<2p

a) Find a Cartesian equation 6f in the formy® = f ().

b) Sketch the graph of .

y? = fs(16+24x- 7,¢)
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10 ENRICHMENT
QUESTIONS
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Question 1 (*****)

Two curves,C; andC,, have polar equations

) P 1Y
D r=12cosy, - —< Q£ —
G 9, - 5% 8

C,: r=4+4coy, -p< gE p.
One of the points of intersection between the gsaphC, andC, is denoted byA.

The area of thesmallest of the two regions bounded I and the straight line
segmentOA is

60- 9N3.
The finite regionR represents points which lie insi€@® but outsideC, .

Show that the area &R is 16p.
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Question 2 (*****)

A curve has polar equation

r=1+tanqg , O£q£%p.
The pointP lies on the curve Wherg!:%p :

The pointQ lies on the initial line so that the straight lihe which passes through
and Q meets the initial line at right angles.

Determine, in exact simplified form, the area o fmite region bounded by the curve
andL.

[ 1 [3[n3-1
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Question 3 (*****)
A set of cartesian axes is superimposed over of g&tlar axes, so that both set of axes
have a common origi®, and the positivex axis coincides with the initial line.

A parabolaP has Cartesian equation
y>=8(2- x) , x£2.
A straight lineL has polar equation
tang=+3, -p< g0 p.

a) Use polar coordinates to determine, in exact siiepliform, the area of the
finite region bounded by andL.

b) Verify the answer of pafa) by using calculus in cartesian coordinates

—
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Question 4 (*****)

A curve has polar equation

r=1+tanqg , O£q£%p,
meets the initial line at the poiit.
Another curve has polar equation

r :4co§q : 0£q£%p.
The two curves meet at the poi@t

Determine, in exact simplified form, the area oé tfinite region bounded by the
straight line through®? and Q, and the curve with equatian=1+ tang .

Give the answer in the forni& 1- Jk+ Ink , wherek is a positive integer.

,%1-«/5+ In2

Created by T. Madas



Created by T. Madas

Question 5 (*****)

A cardioid has polar equation
r =4(1+ cogy), O£q£%p.

A tangent to the curve at some polithas gradient 1.

Find, in the formr = f (g), the polar equation of this tangent.

j cosg + sing
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Question 6 (*****)

NS

9)

r= tan(

N~

initial line

The figure above shows the cur@ewith polar equation

- 1 P
r=tan(sqg), O£g<=.
(Zq) q 2
The pointP lies onC so that tangent t€ is perpendicular to the initial line.

The half line with equatioy = a passes througP .

Find, in exact simplified form, the area of theitinregion bounded b and the
above mentioned half line.

i, |area= -2r\/_5 arctat;‘ +2\/_‘
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Question 7 (*****)

initial line
O >

The figure above shows the curv@sand C, with respective polar equations
r1=se0r]( k taﬁq) and 1, :%se@q, 0£q<%p.

The pointsP andQ are the respective points wheZg andC, meet the initial line,
and the pointA is the intersection o€, andC, .

a) Find the exact area of the curvilinear trian@&Q, whereO is the pole.

The angleOAP is denoted by .

b) Show thattany =- 3/3.

You may assume without proof

-1
sed x dx= 15( 8+ 4setx+ BSéloa taxt C

2(18- 5/_3)
135

1
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Question 8  (*****)

P C
2
\ initial line

O »

The figure above shows the curv@sand C, with respective polar equations
rn=3+2cogy, 0Eg<2p and r,=2.

The two curves intersect at the poiftsand Q.

A straight line passing througR and the pole€D intersectsC; again at the poinR.

Show thatRQ is a tangent oC; at Q.

1. [oroo
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Question 9  (*****)

The curvesC; andC, have respective polar equations
r=1+sing, O<q<%p and r=1+coszy, O<q<%p.
The pointP is the point of intersection a; andC,.

A straight line, which is parallel to the initiahé, passes througR and intersect€,
at the pointQ.

Show that

PQ= 243 (> 213
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Question 10 (*¥****)

A straight lineL , whose gradient is 1% is a tangent to the curve with polar equation

r=25cos 2, OEqE%p

Show that the area of the finite region boundedhegycurve, the straight line and
the initial line is

2—5 46- 75arcta% .
12
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