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Question 1 (***+)

A circle is given parametrically by the equations
x=4+3cogy, y=3+3sing, 0£g<2p.
a) Find a Cartesian equation for the circle.

b) Find the equations of the two tangents to the eirethich pass through the
origin O.

x- 4)%+ y- 3= 9,|y=0 and y:%x
7
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Question 2 (****+)

The pointsA, B andC have coordinatef6, 6), (0,8) and (- 2,2), respectively.

a) Find an equation of the perpendicular bisectoA&.

The pointsA, B and C lie on the circumference of a circle whose ceigtlecated at
the pointD.

b) Determine the coordinates &f.
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Question 3 (****+)

y
I\
G C,
O\\ &) J .

The figure above shows three circleg C, andCs.

The coordinates of the centres of all three cirakespositive.
The circleC; has centre g6,6) andtouchesboth thex axis and they axis.
The circleC, has the same size radius & andtouchesthe x axis.

The circleC5 touchesthe x axis andooth C; andC,.

Determine an equation @s.

Created by T. Madas



Created by T. Madas

Question 4 (****+)

A circle C has equation
X2+ y?+2x- 4yr 1= 0
The straight lineL_with equationy = mx is a tangent t&C.

Find the possible values of and hence determine the possible coordinatesiahwh
L meetsC.

[ ]|m=0, m=

wis
1
P~
Ne)
ol
gis
N —

SO THE oD SPORTIONS. TO AN IDQEETIONS

Y=mx rd
3 (=
o

= 2w +2a-fun =D

T 22 - =0

PAUE 2y | =
Byyran-ty
= [+ + G4t~ o

NOD I THE UNE & 4 TG THhS QUADEATIC UNST v
RERNTED (Txstn, u)

———

o fec =0 = (2-ma=uCiim)a=o
= 4Q-2a7—4C t+0) =0
= S Cirid) <o
=
=
-

Created by T. Madas



Created by T. Madas

Question 5 (****+)

A circle C has equation
2.2
XS+ y +4x- 10y = Q.
a) Find the coordinates of the centre@fand the size of its radius.

A tangent to the circl@, passes through the point with coordina(t@s 1) and has
gradientm, wherem<Q0.

b) Show thatm is a solution of the equation

2m?-3m 2 0.
The tangenf meetsC at the pointP .

c) Determine the coordinates .

(-2.5),r=v2q, |P(-4)
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Question 6 (****+)

A circle has equation
X2 + y2- 4dx 2y 13
a) Find the coordinates of the centre of the circle @e size of its radius.
The pointsA and B lie on the circle such that the lengthAB is 6 units.
b) Show that ACB=90°, whereC is the centre of the circle.

A tangent to the circle has equatigr= k- x , wherek is a constant.
c) Show clearly that
2x*+2(1- k) x+ K- 2k 13 C

d) Determine the paossible values lof

(2,9),r=+/18, [k=-3,
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Question 7 (****+)

The figure above shows a circle whose centre iatéatat the poin€(k, h), wherek
and h are constants such thak h <5.

The pointsA(3,2) and B(7,8) lie on this circle.
The straight lind passes througl® and the midpoint ofAB.

Given that the radius of the circle &6, find an equation fot, the value ofk and
the value ofh.

[ [x5y=25 k=4, [h=3
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Question 8  (****+)

The straight line passing through the poiRf4,9) andQ(5,5) is a tangent to a circle
with centre atC(6,8).

Determine, in exact surd form, the radius of threlei

In this question you maryot use ...

... a standard formula which determines the shodisance of a point from
a straight line.

... any form of calculus.
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Question 9  (****+)
The straight line with equatiog =2x- 3 is a tangent to a circle with ‘centre at the

point C(2,- 3).
Determine, in exact surd form, the radius of thelei

In this question you maryot use ...
... a standard formula which determines the shodessance of a point from
a straight line.

... any form of calculus.
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Question 10 (*¥****¥)
The figure below shows the circle with centreC46,10) and radiusb.

YA
y=3x
C(5,10)
P
Q
O > X

The straight lines with equationg=0 and y =z xare tangents to the circle at the

points P and Q respectively.

Show that the area of the triangkCQ is 10 square units.

' |proof
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Question 11 (*¥***¥)
A circle passes through the poimg x, y;) and A(%, ¥») -

Given thatAB is a diameter of the circle, show that the equabibthe circle is

(x-%)(x %F (v ¥(vy ¥ O

Question 12 (*****)

A circle passes through the poir{18,0) andQ(32,0). A tangent to this circle
passes through the poi(0,199 and touches the circle at the point

Given that they axis is a tangent to this circle, determine therdimates ofT

[ 1 |(49.39
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Question 13 (*****)

The circleC; has equation
X°+y?- 4% 4y & O.
The circleC, has equation
X2 + y2- 10x 10y k C,
wherek is a constant.

Given thatC; and C, have exactly two common tangents, determine timgeraof
possible values ok .

| ],[18<k <42
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Question 14  (*****) non calculator

N\

\ - /l
T

The figure above shows the circle with equation
X2+ y2- 4x 8y 205,
with centre at the poin€ and radiug .

The straight lineAB is parallel to they axis and has lengt@4 units.

The tangents to the circle & and B meet at the poinD .

Find the length ofAD and hence deduce the area of the ifeDB.

[AD[=20], [area= 300
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Question 15 (*¥***¥)

The figure above shows a cira® with equation

X2+ y?-18x+ kyr 90= C,
wherek is a positive constant.

a) Determine, in terms ok, the coordinates of the centre ©f and the size of its
radius.

Another circleC, has equation
X2 + y2- 2% 2y 34
b) Given thatC, andC, aretouching externally at the pointP, find ...

i~ ... the value ofk.

ii. ... the coordinates oP .
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Question 16 (*****)
The curveC has equation

y=X- 4x+ 7.
The pointP(- 1,12) andQ(4,7) lieonC.
The pointR also lies onC so that PRQ=90°.

Determine, as exact surds, the possible coordimdit&s

R}

5+%2_1’ sz?J) = ( 5J2_21, 1-75_ 2)1
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Question 17 (****¥)

A circle C is centred a(a, a) and has radiua, wherea is a positive constant.

The straight lineL has equation
4x- 3y 4= Q.
Given thatL is tangent taC at the pointP, determine ...
a) ... an equation otC.
b) ... the coordinates oP.

You maynot use a formula which determines the shortest destaf a point from a
straight line in this question.
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Question 18 (*¥***¥)
A curve in thex-y plane has equation

x2+y2+6xcosq- 18y simp+ 45

where g is a parameter such thaE g < 2p.

Given that curve represents a circle determineahge of possible values qf.

[ e
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Question 19  (*¥***¥)

The circlesC; andC, have respective equations

(x+2)° +(y+2)° = and (x-5)%+ (y- 6)= 36.

i N[Ze)

The pointP lies onC, so that the distance & from C, is least.

Determine the exact coordinates Bf.
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Question 20 (****¥)
The straight lineL and the circleC, have respective equations

L:y=/(x- a}+ ay 2+1 and C: X2+ y>=2ax,

wherea is a positive constant and is a parameter.

Show that for all values of , L is a tangent teC .
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Question 21 (*¥***¥)
The straight line with equation

y=t(x-2),
wheret is a parameter,
crosses the circle with equation

X+ y?=1
at two distinct pointsA and B.

a) Show that the coordinates of the midpointA# are given by

2% A
1+t27 1+t2

b) Hence show that the locus bf ast varies is a circle, stating its radius and the
coordinates of its centre.
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Question 22 (*¥***¥)

Two parallel straight lines,; and L, , have respective equations
y=2x+5 and y=2x-1.
L, and L,, are tangents to a circle centred at the pGint

A third line Ly is perpendicular td; and L,, and meets the circle in two distinct
points, A andB.

Given thatL; passes through the poir(g,o), find, in exact simplified surd form, the
coordinates ofC.

|

C 7(5+v61) &(15+v 61

© NOW (OASING. SOt QMR TRIANGES 1) ANSH. Didgotl © fivAuy THe CONRE WUT Uk o8 THE Lne = 242
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Question 23 (****¥)

Two circles,C; andC,, have respective radii ¢f units andl unit and are touching
each other externally at the poiAt

The coordinates axes are tangent€tpwhose centrd® lies in the first quadrant.
The x axis is'a tangent t€,, whose centr& also lies in the first quadrant.
The straight lind,, passes througR and Q, and meets th& axis at the poinR.

The straight lind, has negative gradient, passes thro®ghnd is a common tangent
to C;andC,.

Determine, in any order and in exact form whererayppate, the coordinates &, the
length of PR and an equation df.

1 A(3—56,—g) |PR=20), [24x+7y=224
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Question 24 (¥***¥)
A family of circles is passing through the pointshacoordinateg2,1) and(4,5)

Show that the equation of every such circle hasiéo
X2+ y? +2x(2k- 9+ 2ky= 6k 4.,

wherek is a parameter.

1. proof
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Question 25  (*¥***¥)
Three circlesC;, C, andC3, have their centres &, B andC, respectively, so that
|AB|=5, |AC|=4 and|BC|=3.

The positivex and y axis are tangents tG; .
The positivex axis is a tangent t@, .
C, andC, touch each other externally at the pait.

Given further thatC; touches externally bot; and C,, find, in exact simplified
form, an equation of the straight line which pagskesughM andC.

[ 1, |sy-10/6x 36 3¢/ & (
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Question 26 (*****)

Two circles,C; andC,, are touching each othekternally, and have respective radii
of 9 and4 units.

A third circle C;, of radiusr , touchesC; and C, externally.

Given further that all three circles have a comrtammgent, determine the value of.

[ 1 |r=2t-144

25
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Question 27  (¥***¥)

The pointA(6,- 1) lies on the circle with equation

x2+y2- Adx+ 6y= 7.

The tangent to the circle & passes through the poiRt, so that the distance oP
from the centre of the circle ig¢65.

Another tangent to the circle, at some pditalso passes throudd.

Determine in any order the two sets of the possibtadinates of P and B.

I peacel A e n oB 9
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PARABOLA
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Question1  (*¥)

The general poinP(9t2,1&) , Wheret is a parameter, lies on the parabola with

Cartesian equation
y? = 36x.
a) Show that the equation of a tangent at the pBins given by
X- ty+ 9t2= 0.

The tangent to the paraboyi =36x at the pointQ (1, 6) crosses the directrix of the
parabola at the poirD .

b) Find the coordinates dD .

[ 1, |p(-9- 29
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Question 2 (*¥)

y
y2 = 28X
P(7,14
O A
X
F Q

Inot drawn to scall

The figure above shows the graph of the parabola &gtiation

The pointP(7,14) lies on the parabola.

a) Find an equation of the normal to the parabol® at

This normal meets thg axis at the poinQ and F is the focus of the parabola.

b) Determine the area of the triangRQF .

X+ y:Z}I, area= 9$
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Question 3 (**+)

A parabolaH has Cartesian equation
y2 =12x, x2 0.
The point P(3t2,6t) , Wheret is a parameter, lies oH .

a) Show that the equation of a tangent to the paradtdfais given by
yt = x+3t2.

The tangent to the parabola Rtmeets they axis at the poin@Q and the pointS is
the focus of the parabola.

b) Show further that ...

i. ... PQ is perpendicular t&Q.

ii. ...the area of the triangleQS is %|t|(1+t2) .
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Question 4 (***)

The general poinP(3t2,6t) lies on a parabola.

a) Show that the equation of a tangenfais given by
ty = X +3t2.
The pointQ(- 12,9) does not lie on the parabola.

b) Find the equations of the two tangents to the paalvhich pass throug®
and deduce the coordinates of their correspondimggpof tangency.

x+y+3=0, (3- 6|, |4y=x+48, (48,2}
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Question 5 (***)

The general poinP(2t2,4t) lies on a parabola.

a) Show that the equation of a normalRitis given by
y+tx=4t+2t3.

b) Find the equation of each of the three normalbegoarabola that meet at the
point with coordinate$12,0) .

y=0, y+2x=24, y- 2x=- 2
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Question 6 (***)

A parabola is defined parametrically by
a2 _ 7
x=at®, y=2at, tI
wherea is a positive constant artdis a parameter.

a) Show that an equation of a normal to the parabiallaeapointP , wheret = p,
pt 0, isgiven by

y+ px=2ap+ aﬁ.
The normal atP meets thex axis at the poin@Q.
The pointR, lies on thex axis, so thaPR is parallel to they axis.

b) Show that the distand®R remains constant for all values of the parameter,
and state this distance.

QR =24
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Question 7 (***+)

The pointP(4 p2,8p) , p3 0, lies on the parabola with equation

y2 =16x, x2 0.
a) Show that the equation of the tangent to the pdaaditd® is given by

yp=x+4 .

The tangent to the parabolaRtmeets the directrix of the parabola at the p@inand
the x axis at the poinB. The pointF is the focus of the parabola.

b) Given that they coordinate ofA is %2 find the area of the triangleEBP.

| ', larea= 29(
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Question 8  (***+)

The pointP(B p2,6p), p >0, lies on the parabola with equation

y2 =12x, x2 0.
a) Show that the equation of the normal to the paaboP is given by

y+ px=6p+3p.

The normal to the parabola Bt meets thex axis at the pointA and the directrix of
the parabola at the poig. The pointC is the point of intersection of the directrix of
the parabola with th& axis.

b) Given that the coordinates ok are (%20) find as an exact simplified

fraction the area of the triangRCP.
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Question 9  (***+)

A parabola has its focus &t(1,1) and its directrix has equation 7= 0.

a) Find an equation for the parabola.

b) Sketch the parabola and show that its latus recurBunits.

(y-1)°= 12(4 x)

Created by T. Madas



Created by T. Madas

Question 10 (***+)
A parabola is given parametrically by the equations

x=4-t?, y=1-1t,ti
a) Show that an equation of the normal at the gerpmialt on the parabola is
y+2tx=1+7t- 28,
The normal to parabola @(3, O) meets the parabola again at the p&int

b) Find the coordinates d.

Q
—_—
BN
Nlon
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Question 11 (***+)
The pointsP andQ lie on the parabola with equation

y* =2x,
so thatOP is perpendicular t®Q, whereO is the origin.
The pointM is the midpoint ofPQ.
Show that the Cartesian locus Mif lies on the curve with equation

y2:x- 2.

1. proof]
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Question 12 (***+)
The pointP has coordinates

P(atz, 2at) ,
wherea is a positive constant aridis a real parameter.
The pointP traces a parabola.
a) Show that the equation of a normal at the péinis given by
y+itx=2at+ at.
b) Show that the straight line with equation
y=2x-12a,
is the only normal to the parabola passing thrdhghaointQ(Ba,- 6a) :

c) Determine the coordinates of the two points ofrgsgetion between this normal
and the parabola, indicating clearly which pointirdersection represents the
point of normality.

(9a,6a), normal af 4-, 4)
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Question 13 (***+)
A straight lineL is a tangent to the parabola with equation

y2 = AX
where A is a positive constant.

Given thatL does not pass through the orig show that the product of the gradient
and they intercept ofL equals thex coordinate of the focus of the parabola.

proof
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Question 14 (***+)
Sketch the parabola with equation

y2 -4y 2% 2.
The sketch must include the ...
a) ... coordinates of points of intersection with th@bnate axes.
b) ... coordinates of the vertex of the parabola.

c) ... coordinates of the focus of the parabola.

d) ... equation of the directrix of the parabola.

L 1. |orapt
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Question 15 (***+)

The figure above shows the sketch of the parabdlaeguation

y? = 4ax,

wherea is a positive constant.

The straight lineL and the point= are the directrix and the focus of the parabola,
respectively.

The pointP(8, y), y >0, lies on the parabola. The poi@Qtlies onL, so thatQP is
parallel to thex axis.

Given further thatPF| =10, determine the area of the triangteQ.

area=_4(
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Question 16 (***+)

The pointT(atz,Zat), lies on the parabola with equation

y2:4ax, a>0, x30.

a) Show clearly that an equation of a normal to thealpala at the point
P(ap2,2ap), pt 0, can be written as

y+ px=2ap+ aﬁ.
The normal atP meets thex axis at the poin@Q.
The midpoint of PQ is M .

b) Show that the locus d¥1 as p varies is the parabola with equation
y?=a(x- a.

c) Find the coordinates of the focus pt = a( x- &).
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Question 17 (***+)

The pointT(atZ,Zat), where a is a positive constant aridis a real parameter, lies

on the parabola with equation

y2 =4ax.

A straight line passing through the origin, intetseat right angles the tangent to the
parabola afl , at the pointP .

Show that ag varies, the Cartesian locus Bfis

X2+ xy? + ay’ =0.
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Question 18  (****)

A parabola has its focus at the point with coortéing4,l) and its directrix has
equationx=-1.

Determine a Cartesian equation of the parabola.

Question 19  (***¥)
A straight lineL passes through the focus of the parabola withtequa

y2 =12x.

Given further that the shortest distanceLofrom the originO is 1—52 determine an
equation forL .

3y =4x- 12
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Question 20  (****)
A parabolaP has Cartesian equation

y?- 4y 8% 28 O.

a) Determine ...

i. ... the coordinates of the vertex Bf.
ii. ...the coordinates of the focus Bf.
iii. ... the equation of the directrix d?.

The line with equation

y=mx+1, wherem is a constant,

is a tangent at some point Bf.

b) Find the possible values ofi.

vertex at( 3,2 , focus 4t 5,2, direéctrx=1
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Question 21 (****)

|—
>

The figure above shows the parab@awith equationy :1—12 X2

The dotted line in the figure is the reflection®©fin the liney = x.

a) Find the exact distance between the focu€ aind the focus of its reflection.
The parabola intersects its reflection at the arand at the poinA.

b) Determine the coordinates @.
The straight linel. is a common tangent to bo@ and the reflection o€C.

L touchesC at the pointP and the reflection ofC at the pointQ.

c) Determine the coordinates & andQ.

[ 1.[3V2],[A(12,19],[P(-6.3). [Q(3- §)
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Question 22 (****)

The pointT(atz,Zat), lies on the parabola with equation

y2:4ax, a>0, x30.

a) Show clearly that an equation of a normal to thealpala at the point
P(ap2,2ap), pt 0, can be written as

y+ px=2ap+ aﬁ.
The normal atP re-intersects the parabola at the p@(iaqz,Zaq) :

b) Show that

c) Given that the midpoint oPQ has coordinateéSa,- 2a), find the value ofp.

p=1
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Question 23 (****)

The pointP(2t2,4t), lies on the parabola with equation

y2 =8x, x2 0.
a) Show that an equation of a tangent to the paradidPa, can be written as
yt=x+2t2,t1 0.

The tangent to the parabolaRtmeets they axis at the pointA. The perpendicular
bisectors of the straight line segme®B and OA, meets at the poirB .

b) Find the coordinates dB, in terms oft.

c) Sketch the locus oB ast varies.

B(t2+2,t)
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Question 24 (****)
A parabolaC has Cartesian equation

y2 +4y- 16%+ 36= C.

a) Describe the transformations that map the gragheturve with equation
y? =16x onto the graph o€ .

b) Determine the coordinates of the focusf

c) Show that ...

i. ...the pointP(4t2 +2,8&- 2) lies on the parabola.

ii. ...the equation of a tangent to the parabola aptiet P, is
yt=x+41% - 2t- 2.

d) Hence show that the gradients of the two tangeats the origin to the
parabola have gradient2 andl.

2
translation by vector .t (6,- 2)
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Question 25  (****)
Sketch the graph of the parabola with equation

y(y- 2)= 4x+ 3.

The sketch must include the coordinates of anyrsetgions with the axes and the
coordinates of the vertex of the parabola.
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Question 26 (****)

The pointP(apZ,Zap), where p is a parameter, lies on the parabola, with Catesi

equation

wherea is a positive constant.
The pointF is the focus of the parabola afdrepresents the origin.

The straight line which passes throughand F meets the directrix of the parabola at

the pointQ, so that the area of the triandgDdPQ is 1745a2.

Show that one of the possible values pfis 3 and find in exact surd form the other
2 possible values.

[ 1.|p=4(32va89)

ool
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Question 27  (****+)

A parabolaP has focusS(6,0) and directrix the linex=0.
a) Show that a Cartesian equation fris y* =12(x- 3.
b) Verify that the parametric equations Bf are
x=3t2+3, y=6t.
c) Show that the equation of the tangent at the p@i(ﬁq2 +3, 6q) is

gy+3=x+3¢

The diagram below shows the parabola and its taagerthe point®) andR. The
point R lies on the parabola so th@SR is a straight line.

d) Show that the tangents to the parabola&Qatind at R, meet on they axis.

proof
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Question 28  (****+)
A parabolaC has parametric equations

X =-2t?, y =4t
a) Determine the coordinates of the focus and theteaquaf directrix of C.

b) Show that an equation of the tangenCtpat the general poiﬁlt(- 2t2,4t) IS

yt+ x =2t

c) By considering the product of the roots of a sué@ajuadratic equation, show
that any two tangents that meet on the directri€ofare perpendicular.

F(-2,0), [x=2
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Question 29  (****+)

The pointP(atZ, 2at) lies on the parabola with equation

y2 =4ax,
wherea is a positive constant aridis a real parameter.

The normal to the parabola Bt, meets the parabola again at the p@rﬁasz, Za%.

Show that
PQ _@(@ )

proof
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Question 30  (****+)

A parabolaC has Cartesian equation
2 _ ~
y =4x,xI , x30.
The pointsP( p2,2 p) and Q(q2,2q) are distinct and lie o
The tangent taC at P and the tangent t€ at Q meet atR(- 1,1—5).

Calculate as an exact simplified fraction the arethe trianglePQR.

- 491
area-= 128

[08]
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Question 31 (****+)

A parabolaC has Cartesian equation
y? =4ax ,

wherea is a positive constant.
The pointsP(apz,Zap) and Q(aq2,2aq) are distinct and lie o€ .

The tangent t&C at P and the tangent t€ at Q meet at the poinR.

Show that

[SR” =| sk sf.

where S is the focus of the parabola.
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Question 32 (****+)

A parabola has Cartesian equation
y=x2, xi

A chord of the parabola is defined as the strdigletsegment joining any two distinct
points on the parabola.

Find the equation of the locus of the midpointpafallel chords of the parabola whose
gradient ism.

N
3

[ 1x
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Question 33 (****¥)
The pointsP andQ have respective coordinatgsl, 6) and(-5; 1).

When the parabola with equatign=4ax, wherea is a constant, is translated by the

vector 5 it passes through the poift.

Find the possible values of the gradient of thaight line which passes through
and is a tangent to theanslated parabola.

[ 1 m

m= 2

T
1
N
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Question 34 (*¥***¥)
A parabola has Cartesian equation

y2=12x, x3 0.

The pointP lies on the parabola and the po@tlies on the directrix of the parabola
so thatPQ is parallel to thex axis.

The area of the trianglPQF is 8% square units, where the poiRt represents the
focus of the parabola.

Determine the coordinates &f, given further that they coordinate ofP is a positive
integer.

1. |r(34)
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Question 35 (*¥***¥)

The pointP(Z P, pz) where p is a parameter, lies on the parabola, with Cantesi

equation
X% = 4y.
The pointF is the focus of the parabola a@drepresents the origin.

The tangent to the parabolaRtforms an angley with the positivex axis.

The straight line which passes throuBhand F forms an acute angle with the
tangent to the parabola Bt.

Show thatg +/ :%0 and hence state the coordinatedoff g =/ .

[ 1[P(23
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Question 36 (*****)
A parabola has Cartesian equation

The pointsP andQ both lie on the parabola so tHaOQ is a right angle, wher® is
the origin.

The pointM represents the midpoint ¢fQ.

Show that as the position &f varies along the parabola, the locushfis the curve
with equation

y:x2-2.
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Question 37 (****¥)
The cubic equation

X2 + px+ =0,
has2 distinct real roots.
a) Show that27q2 + 4p3 <0.
A parabola has Cartesian equation
y=x, xi

Three distinct normals to this parabola pass thnaig point, which does not lie on
the parabola, whose coordinates gagb) .

b) Show further that

wlin

b>

N~

+4%ﬂ.
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Question 38 (*****)
A parabola is given parametrically by

The normal to the parabola at the poihtmeets the parabola again at the p&nt

Show that the minimum value Q) is J12.
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ELLIPSE
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Question1  (*¥)
An ellipse has Cartesian equation

2 2
X_+L =1.

a) Find the coordinates of its foci.

b) Sketch the ellipse.

(+47.0)
Question 2 (**)
An ellipse has parametric equations
x=4coy , y=x/_7sim , Eg< p.
a) Find the coordinates of its foci.
b) Sketch the ellipse.
(+3,0)
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Question 3 (*¥)

An ellipse has a focus én,o) and the associated directrix has equatign?.

Determine a Cartesian equation of the ellipse.

Question 4 (*¥)

X2

2
2 yy?=1,
2

The ellipse with Cartesian equation above and aljmda with vertex at the origin
share the same focal point.

Find the possible Cartesian equation for the pdaabo

[ 1 [y*=+/a8x
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Question 5 (**+)

An ellipse E is given parametrically by the equations

Xx=cost, y=2sint, 0£t<2p.

a) Show that an equation of the normalEoat the general poirﬁ?(cost ,Zsirt)
can be written as

2y X _

sint cog

The normal toE at P meets thex axis at the poin@Q. The midpoint ofPQ is M .

b) Find the equation of the locus M ast varies.

2+ y2 =1
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Question 6 (***)

The ellipse with the Cartesian equation given abbas fociS and Sd.

a) Find the coordinate$ and Sd.
b) Sketch the ellipse.

c) Show that for every poinP on this ellipse,

|SH+| SH=6.
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Question 7 (***)

An ellipse E has Cartesian equation

2 2
X
.

289 64

a) Find the coordinates of the foci &, and the equations of its directrices.
b) Sketch the ellipse.

The pointP lies onE so thatPS is vertical, whereS is the focus of the ellipse with
positive x coordinate.

c) Show that the tangent to the ellipse at the pBinheets one the directrices of
the ellipse on the axis.

(£15,0), | x=+4%
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Question 8  (***)

The pointP(SCosq ,4sir17) lies on the an ellips& with Cartesian equation

16x° + 25y2 = 40C.
a) Find the coordinates of the foci & .
b) Show that an equation of the normal to the ellgise is
4ycosy- X sint+ 9sig cog=

The normal to the ellipse intersects the coordiaats at the point& and B, and the
point M is the midpoint ofAB.

c) Show that the locus d¥1 , asg varies, is the ellipse with equation

100x2 + 64y? = 81.
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Question 9  (***)

The ellipseE has parametric equations
X=acosg , y=bsing, 0Eg<2p
wherea andb are positive constants.
a) Show that an equation of the tangent at a generat pn E is
bxcosg + aysing = at.

This tangent tcE intersects the coordinate axes at the poftand B, and the point
M is the midpoint ofAB.

b) Find a Cartesian locus dfl , asqg varies.

a®  b®
= s =

ol a4y
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Question 10 (***)
An ellipse has Cartesian equation

The general poinP (4 cogy , 2sim)lies on the ellipse.

a) Show that the equation of the normal to the elligsE is
2Xsing- y cog)= 6simy cog.

The normal to the ellipse & meets thex axis at the poin@Q andO is the origin.

b) Show clearly that ag varies, the maximum area of the trian@eQ is 4%.

proof
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Question 11 (***+)
An ellipse with equation

is transformed by the enlargement matéxinto a circle of radius, with centre at the
origin.

Determine the elements & .

m
I
o MNw
Nlw ©
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Question 12 (***+)
An ellipse has Cartesian equation

2x2 +3y? - 4x+ 12y & (.
Determine ...
a) ... the coordinates of the centre of the ellipse.
b) ... the eccentricity of the ellipse.
c) ... the coordinates of the foci of the ellipse.

d) ... the equations of the directrices of the ellipse.

(L-2)|, e

oo|§‘

1(0-2) (2 9|, [x=-2,x=
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Question 13 (***+)
An ellipse has Cartesian equation

N
<
N
=

X
=+

1

Q
N

wherea is a positive constant.
The straight line with equatior =8 is a directrix for the ellipse.

Determine the possible set of coordinates for tloe 6f the ellipse.

(+2,0) or (6,0
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Question 14 (***+)
An ellipse has equation

X2 - 8x+ 4y*+ 12= Q.

a) Determine the coordinates of the foci and the egnatof the directrices of the
ellipse.

A straight line with positive gradient passes thyloithe originO and buchesthe
ellipse at the poinfA.

b) Find the coordinates oA.

[ 1 |(4- V3.0 (4 V3.4| [x=4- 43, x= 4 473, [31V2)
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Question 15  (***+)
A point P lies on the ellipse with Cartesian equation

2 2
X
LY

64 16

The pointQ is the foot of the perpendicular from the pointto the straight line with

equation x=10.

a) Sketch in the same diagram the ellipse, the stréilggwith equationx =12

and the straight line segmeRM).

The pointM is the midpoint ofPQ.

b) Determine a Cartesian equation for the locu$/ofas the position oP varies,

further describing this locus geometrically.

[ 1

(x- 5)°+ y?= 16
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Question 16 (***+)
An ellipse E has Cartesian equation

2 2

X_+L =1.

a) Show that an equation of the tangentBoat the pointA(4cosq ,Zsiny) IS
given by

2ysing + xcogy = <
The pointB(4cosq ,4sir17) lies on the circle with Cartesian equation
X%+ y* =16.

The tangent to the circle at the poBitmeets the tangent to the ellipse at the pdint
at the pointP.

b) Determine the coordinates &, in terms ofq.

c) Describe mathematically the locus Bfas g varies.

[ 1 [P(4seq 9|, [thex axis, sothatl (¥ - E|4 }¢ 4)
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Question 17 (***¥)
An ellipse has Cartesian equation

X2

2 4y? =1,
5 y

A straight lineL has equatiory = mx+ ¢, wherem and c are positive constants.

a) Show that thex coordinates of the points of intersection betwéeand the
ellipse satisfy the equation

(2m2+1)x2+4mcx+2( é- ]): C.

b) Given thatL is a tangent to the ellipse, show ttfat 2m? +1.

The line L meets the negative axis and the positivg axis at the pointX andY
respectively. The poinD is the origin.

c) Find the area of the triangl@XY, in terms ofm

d) Show that asgn varies, the minimum area of the trian@Y is J2.

e) Find the x coordinate of the point of tangency between tine L and the
ellipse when the area of the triangle is minimum.

1
area=m+—
2m

x
1
1
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Question 18 (****)
The pointP(x, y) lies on an ellipse with foci a#(2,0) and B(6,0).

Given further that
|AP|+| BA =10,

determine a simplified Cartesian equation for thipse, giving the final answer in the
form

f(x y)=1.
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Question 19  (***¥)
An ellipse has Cartesian equation

The general poinP(5cosy ,3sim) lies on the ellipse.

a) Show that the equation of the normal to the elligsE is
3ycoyy- X sim+ 16sig cag=

The normal to the ellipse & meets thex axis at the poin@Q and R is one of the
foci of the ellipse.

b) Show clearly that

98 _,
PR

wheree is the eccentricity of the ellipse.

proof
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Question 20 (****+)

An ellipse is given, in terms of a parametgerby the equations
x=3\/§c097, y=4sing, 0£qg<2p.
a) Determine ...
i. ... the coordinates of the foci of the ellipse.
ii. ...the equations of the directrices of the ellipse.

b) Show that an equation of the tangent at a generat pn the ellipse is

ysing L Xcosy _1

4 32

A straight line passes through the origin and m#etgyeneral tangent whose equation
is given in part (b), at the poirk .

c) Show that, ag varies, P traces the curve with equation

(x2 + y2)2 = 2(9x2 + 8y2) :

F(i\/E,O) Ix=292
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Question 21 (****+)

The equation of an ellipse is given by

a) Determine the coordinates of the foci of the e#ipand the equation of each of

its two directrices.

b) Show that

|SH+|TR=4.

A chord of the ellipse is defined as the straigh¢ Isegment joining any two distinct

points on the ellipse.

c) Find the equation of the locus of the midpointpafallel chords of the ellipse

whose gradient i2.

(+1,0)

, | X =24,
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Question 22 (*¥***¥)

An ellipse has a focus éﬁ,- 3) and directrix with equatiory = 2x- 7.

Given that the eccentricity of the eIIipse—\i/%, find the coordinates of the points of

intersection of the ellipse with the straight liwgh equationy = - 3.

 JE RN
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Question 23 (*¥***¥)
The pointP lies on the ellipse with parametric equations

x=3coyy y=2sing OEqE%p.

The pointM is the midpoint ofPY, whereY is the point where the normal to ellipse
at P meets they axis.

If O represents the origin, determine the maximum valuthe area of the triangle
OMP, asq varies.

&

' JE

D
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Question 24 (*¥***¥)
The straight lineL with equationy = mx+ ¢, wherem and c are constants, passes
through the poin{25,295 .

Given further thatlL is a tangent to the ellipse with equation

determine the possible equationslof

<
1
Ul
>
+
al
<
I
®|\1
ol
X
1
|—\|oo
NI
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Question 25 (*¥***¥)
The pointP lies on an ellipse whose foci are on thexis at the point$S andT .

Given further that the triangl8TF is right angled afl , show that

1- tan%q
e=———=5—,
1+tar%q

wheree is the eccentricity of the ellipse, agdis the anglePST.

, |proof
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Question 26 (*¥***¥)
The pointP lies on the ellipse with polar equation

r(5- 3cogy)= & 0£g<2p.
The ellipse has foci a@(0,0) and atT (3,0).

Show thaOP| +| PT] is constant for all positions oP .

[ |OP|+|PT| =5
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RECTANGULAR
HYPERBOLA
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Question 1  (*¥)
The rectangular hyperbold has Cartesian equation

xy=9, xt0,y!O0.
The point P 3t,§ , t1 0, wheret is a parameter, lies oH .
a) Show that the equation of a normallb at P is given by
yt- xt?= 3 3t*.

The normal toH at the point wheré = -3 meetsH again at the poin®.

b) Determine the coordinates Qf.
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Question 2 (**)
The tangents to the hyperbola with equatigre9, at two distinct pointsA and B,

have gradient- i
16
Determine in any order ...
a) ... the coordinates oA andB.

b) ... the equation of each of the two tangents.

A(lZ%), B(- 12, %) [x+16y= 24, x+ 16y=- 2
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Question 3 (**+)

The general poinP 4t,?4 , t1 0, wheret is a parameter, lies on a hyperbéla

a) Show that the equation of a tangent at the pBins given by
x+t2y:8t.
b) Find the equation of each of the two tangentdtavhich pass through the

point Q(-12,7), and further deduce the coordinates of their spwading
points of tangency.

x+4y=16, (8,3, |49x+ 36y+ 336= 0,(- 2% -, 1Y)
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Question 4 (***)

The general poinP Ct,% , >0, t>0, lies on a hyperbol&l with Cartesian

equation
Xy=c.
The tangent tdH at P meets the coordinate axes at the poistand B .

Given the area of the trianglBOA is 72 square units, find the value ©f
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Question 5 (***)
The general poinP 3t,§ , t1 0, wheret is a parameter, lies on a hyperbéla
a) Show that the equation of a tangent at the pBins given by
X+ t2y =6t.
The tangents to the hyperbola at poiAtsand B intersect at the poir@(- 1, 7) .

b) Determine in any order ...
I. ...the coordinates oA and B.

ii. ... the equation of each of the two tangents.

A(3,3), B(- 35 21|, [x+y=6, 49x+y+42=
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Question 6 (***+)

The pointP ap% lies on the rectangular hyperbdt, with Cartesian equation

xy=a,

wherea is a positive constant ang is a parameter.
a) Show that the equation of a tangent at the pBins given by

X+ p’y=2ap.
The pointQ aq,g also lies onH , whereq is a parameter, so thgtt p.

The tangent aP and the tangent & intersect at the poinR.

b) Find simplified expressions for the coordinatedRaf

The values ofp and g are such so thap =3q.

c) Find a Cartesian locus @& as p varies.

2apgq 2a
p+q p+q

<

Il
N

)]
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Question 7 (****)

The general poinP cp,E , pt 0, where p is a parameter, lies on the rectangular
p

hyperbola, with Cartesian equation
xy=¢c,
wherec is a positive constant.

a) Show that an equation of the tangent to the hyperdtd® is given by

yp2 + X=2cp.
Another pointQ cq,% , pt+ q also lies on the hyperbola.

The tangents to the hyperbolafatand Q meet at the poinR.
b) Show that the coordinates & are given by

2cpq 2c
p+q p+q

c) Given thatPQ is perpendicular t®©R, show that

pg?=1.

proof
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Question 8  (****)

The distinct pointsA, B andC lie on the hyperbola with equation
xy= pf,
where p is a positive constant.

Given that ABC is a right angle, show that the tangent to theehypla atB, is
perpendicular teAC.

proof
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Question 9  (****+)

The general poinP 5t,? , t1 0, wheret is a parameter, lies on the hyperbola, with

Cartesian equation
Xy =25.
a) Show that an equation of the normal to the hyperlabkhe pointP is

y:t2x+?5- 5t3

The normal to the hyperbola B meets the hyperbola again at the pdnt

b) Show that the coordinates f are given by

S 3
-5 8

c) Show that the Cartesian form of the locus of thdpaint of PQ, as t varies,
is given by

axy+25 . X =

proof
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Question 10 (****+)

The general poinP cpE , p* 0, wherep is a parameter, lies on the rectangular
p

hyperbola, with Cartesian equation
xy= ¢,
wherec is a positive constant.
The normal to the hyperbola B meets the hyperbola again at the pdnt

Show that the coordinates §f are

, |proof
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Question 11 (****+)

The general poinP Epzi , pt 0, where p is a parameter, lies on the rectangular
p

hyperbola, with Cartesian equation
4xy=1.
The normal to the hyperbola & meets the hyperbola again at the pdnt

Show that the Cartesian form of the locus of thdpuint of PQ, as p varies, is

(yz- x2)2+ 16x3y%= 0.

, |proof
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Question 12 (****+)

Two distinct pointsP 2 p,g andQ 2q,g , lie on the hyperbola with Cartesian
P q

equationxy=4.
The tangents to the hyperbola at the polatand Q, meet at the poinR.
a) Show that the coordinates of the poRitare given by

= 4pq _ 4
p+q  ~ p+qg

b) Given that the poinR traces the rectangular hyperbolg=3, find the two
possible relationships betwegnand g, in the formp = f(q)

"
wl—
o

pP=3q, (P
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Question 13 (****+)

. 2 : .
The general poinP 2t,? , t1 0, wheret is a parameter, lies on the rectangular

hyperbola, with Cartesian equation
Xy=4.
a) Find an equation of the normal to the hyperboldatpointP .
The normal to the hyperbola & meets the hyperbola again at the pdnt
The pointM is the midpoint ofPQ.

b) Find an equation of the locus M , ast varies.
Give a simplified answer in the forrh(x, y) = 0.

[ 1 lty- 2= % 2t (yz- x2)2+ x3y3= 0
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Question 14 (*¥***¥)

The pointP p+£, p- 1 , pt 0, lies on the rectangular hyperbola, with Cartesian
Y

equation

X - y2: 4.
The normal to the hyperbola & meets they axis at the poinQ(O,- k), k>0.
The area of the triangl®PQ, whereO is the origin, islz5.

Determine the two possible sets of coordinates¥or

—EIG3
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Question 15 (*¥***¥)
The pointsP andQ are two distinct points which lie on the curvewatguation

y==—,xI ,xt0.

P andQ are free to move on the curve so that the strdigbt segmentPQ is a
normal to the curve a®.

The tangents to the curve Btand Q meet at the poinR.

Show that R is moving on the curve with Cartesian equation

(yz- x2)2+ 4xy= 0.

, |proof
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Question 16 (*****)
The variable poinf lies on the rectangular hyperbola, with Cartesiqnation

xy=a’,

wherea is a positive constant.
The normal to the hyperbola B meets the hyperbola again at the pdnt

The pointM is the midpoint ofPQ.

Determine, in the formf (x, y) =0, an equation of the locus & , for all the possible
positions ofP.

: az(yz- x2)2+ 4x3y3= 0
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HYPERBOLA
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Question 1  (*¥)

A hyperbolaH has foci at the points with coordinatesl0,0) and(10,0), and its
Cartesian equation is given by

wherea is a positive constant.
a) Find the value of.

b) Deduce the equations of the directriced-bf
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Question 2 (**)

A hyperbolaH has foci at the points with coordinat(esls,o) and the equations of its

) . 144
directrices arex = i—3 )

Determine a Cartesian equation fdr.
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Question 3 (***)
A hyperbola is given parametrically by

t-

r—l-|H

, t10.

N o

_§t+_1 y=
2 ot

a) Show that the Cartesian equation of the hyperbatebe written as

b) Find ...
I. ... the equations of its asymptotes.
ii. ... the coordinates of its foci.
iii. ... the equations of its directrices.

c) Sketch the hyperbola indicating any intersectiofith whe coordinate axes, as
well as the information stated in péo.

[ Ty

(i@,o)

I
I+
wlon
x

X
1
I+
gle
~
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Question 4 (***)

The pointP(asea] io] tarq) lies on the hyperbola with equation

wherea andb are positive constants.

a) Show that an equation of the normalRatis given by
by + axsing :( £+ lf) tang .

The normal to the hyperbola meets the coordinagés akthe point# andB.

b) Show that, ag varies, the Cartesian locus of the midpointAd is given by

4(a2x2- bzyz): (a2+ b2)2.

, |proof
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Question 5  (***+)

A hyperbola has Cartesian equation
2% - 4% ¢ 4y A4

Find the coordinates of its foci and the equatioinss directrices.

(1+\/§,-2),(1 J3, 3 x:-%+1, x=%+1
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Question 6 (****)

The general poinP(asecr/ b tarq) lies on the hyperbola with Cartesian equation

wherea andb are positive constants.

a) Show that an equation of the normalRatis given by
by + axsing :( £+ lf) tang.
The normal to the hyperbola meets theaxis at the poiniX .

The eccentricity of the hyperbola% and its foci are denoted iy and S{, whereS
has a positivex coordinate.

b) Given thatOX|=3|0§, find the possible values af for 0O£g £ 2p .

[ 1e

ol
0|
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Question 7 (****)

The equation of a hyperbold is given in terms of a parameteby
x=sinht, y=cosht, ti
a) Sketch the graph ofl , clearly marking the equation of each of its asiotgs.

The equation of the tangent té at the pointP(sinht,cosh), meets each of the
asymptotes at the poin& andB.

b) Show thatP is equidistant fromA and B.

c) Show further that the area of the trian@&B, whereO is the origin, is
exactly1l square unit.

graph/proo
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Question 8  (****+)

A hyperbolaH and a lineL have the following Cartesian equations

L: y=mx+c,
wherea,b, m andc are non zero constants.

a) Show that thex coordinates of the points of intersection betwéemnd H
satisfy the equation

(atn?- 1) 0+ (2&md x & B d=o.
b) Given the line is a tangent to the hyperbola shuwat t
am=0+¢.

c) Find the equations of the two tangents to the Hygarwith Cartesian equation

that pass through the poi(‘i]t, 4), and for each tangent the coordinates of their
point of tangency.

< (73

1
Wl
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Question 9  (****+)

A hyperbolaH has Cartesian equation

wherea andb are positive constants.

The straight lin€T, is the tangent t¢1 at the point{acoshg b sinly) .

T, meets thexaxis at the poinP.

The straight lin€T, is a tangent to the hyperbola at the pdm).

T, andT, meet each other at the poi@t

Given further thatM is the midpoint ofPQ, show that ag varies, the locus oM

traces the curve with equation

x(4y2 + b2) = at?.

, |proof
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Question 10 (*¥****)
A hyperbola and an ellipse have respective equstion

2 2
.y _
™ 2T

1,

wherea>b>0.

The tangent to the hyperbola, at a point whose botindinates are positive, passes
through the focus of the ellipse with positixecoordinate.

Show that the gradient of the above described targé.

, , |proof
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