COMPLEX
NUMBERS

(Exam Questions Il)
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Question1  (*¥)

By finding a suitable Cartesian locus for the comt plane, shade the regidR that
satisfies the inequality

|z- 3£ |z 3i.

Question 2 (*¥)

~

24:-16, 4

a) Determine the solutions of the above equationngithe answers in the form
a+bi, wherea andb are real numbers.

b) Plot the roots of the equation as points in an Adgdiagram.
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Question 3 (*¥)
A transformation from the plane to thew plane is defined by the complex function

w=——, z1- 1.
z+1

The locus of the points represented by the complemberz = x+iy is transformed to
the circle with equatior|\/\4 =1in thew plane.

Find, in Cartesian form, an equation of the locigh@ points represented by the
complex numberz.

x=1

Question 4 (*¥)

a) Solve the equation, giving the roots in the forel? ,r > 0, - pP< gt p.

b) Plot the roots of the equation as points in an Adgdiagram.

Z:eil%, Z:ei%, 7= iego, 7= 'el%go’ Zz'e'llQO

@ (SR,

(%)
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Question5  (*¥)
lz- 1 i 4, 2]

a) Sketch, in a standard Argand diagram, the locuth@fpoints that satisfy the
above equation.

b) Find the minimum and maximum value|(zr for points that lie on this locus.
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Question 6 (**)

The complex number represents the poirR(x, y) in the Argand diagram.
Given that

2-1= 22 3,
show that the locus d? is given by

(x+3)°+y? =4,

Question 7 (*¥)
Find an equation of the locus of the points whieloh the half line with equation

P _
argz==—, z1' 0
g 4

after it has been transformed by the complex function

argw = -

TR
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Question 8  (**)

The complex number = x+iy represents the poiR in the complex plane.

Given that

determine a Cartesian equation for the locu® of
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Question 9  (*¥)

Sketch, on the same Argand diagram, the locus @fpthints satisfying each of the
following equations.

a) |z- 3+ i= 3.
b) |7=]z-2i.
Give in each case a Cartesian equation for theslocu

c) Shade in the sketch the region that is satisfieddtly these inequalities

|z- 3+ £ 3

142 |z 2i
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Question 10  (**)
The complex function

W:i, z11,z1 , z'1
z-1

transforms the point represented by x+1y in the z plane into the point represented
by w=u+ivinthew plane.

Given thatz satisfies the equatio||z| =1, find a Cartesian locus fow.

c
"
1
N
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Question 11 (**)

a) Sketch on the same Argand diagram the locus optiats satisfying each of
the following equations.

i. |z-is|z 2.
i. arg(z- 2= %

b) Shade in the sketch the region that is satisfieddil these inequalities

z-iE |z 2/ and %’Earg(z- 2L 2?'0
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Question 12 (**)

The complex functioow = f(2) is given by

w=""% wherezi . #- 1.
z+1

A point P in the z plane gets mapped onto a poitin the w plane.
The pointQ traces the circle with equatigw| = 3.

Show that the locus d? in the z plane is also a circle, stating its centre andaitius.

centre(-% () ,radius%
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Question 13 (**)

The general poinP(x, y) which is represent by the complex numlzer x+iy in the
z plane, lies on the locus of

17 =1.
A transformation from the plane to thew plane is defined by

+
W:Z—B, z1-1,
z+1

and maps the poir®( %, y) onto the pointQ(u, v).
Find, in Cartesian form, the equation of the loctithe pointQ in the w plane.

u=2
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Question 14 (**)

The pointP represented by = x+iy in the z plane is transformed into the poi@t
represented byv=u+iv inthe w plane, by the complex transformation

Wzﬁ, z11.
z-1

The pointP traces a circle of radiu®, centred at the origiQ®.

Find a Cartesian equation of the locus of the pQ@nt

Question 15 (**)
The pointP represents the complex numbes x+iy in an Argand diagram.

It is further given thatz? - 1 is purely imaginary for all values of.

Find a Cartesian equation of the locus thatis tracing in the Argand diagram.

x2- y*=1
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Question 16 (**+)

The complex number represents the poirR(x, y) in the Argand diagram.
Given that
z- 1= 2|z i,

show that the locus d® is a circle, stating its centre and radius.

(x+1)2+(y-2)%= 4, [(-1,2) r= 2
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Question 17  (**+)

The complex numberg= x+iy andw=u+iv are represented by the poirRsand
Q, respectively, in separate Argand diagrams.

The two numbers are related by the equation

w=——, z1- 1,
z+1

If P is moving along the circle with equation
2
(x+1)" +y* =4,

find in Cartesian form an equation of the locushef pointQ.
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Question 18  (**+)
|z- 2= 1, zI

a) In the Argand diagram, sketch the locus of the fgothat satisfy the above
equation.

b) Find the minimum value and the maximum value|f and the minimum
value and the maximum @frgz, for points that lie on this locus.

4
3

w|s

’ arg Zmax =

|z|min =1, |Z|max:3 » (AI9Zmin =

Question 19  (**+)
The complex numbee represents the poirﬂ(x, y) in the Argand diagram.

Given that
|z+1=2|z- 2i,

show that the locus d® is a circle and state its radius and the coordmatf its centre.
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Question 20  (**+)
A transformation from the plane to thew plane is defined by the equation

z+2i
W:
z- 2

, 21 2.

Find in thew plane, in Cartesian form, the equation of the ienafjthe circle with
equation|Z =1, zi

Question 21 = (**+)

Find the cube roots of the imaginary unjtgiving the answers in the fora+ bi ,
wherea andb are real numbers.
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Question 22 (**+)

Find the cube roots of the complex numb&r, giving the answers in the fora+ bi ,
wherea andb are real numbers.

21:\/§-i, 22=-\/§ I, & 2i

Question 23 (**+)
The complex numberz satisfies the relationship

z-2 ik | 1.
a) Find a Cartesian equation for the locuszof

b) Shade in an Argand diagram the region that sattefyinequality

z-2 i [z 1.

y=2-3x

®©
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Question 24  (**+)
A transformation from the plane to thew plane is given by the equation

1+ 2z
3-z

, Z1 3.

Show that the in thev plane, the image of the circle with equat|d=1, zI  , is
another circle, stating its centre and its radius .

[{e]

-8+ 7= 4] fered

p—
1]
ool~l

Y

Question 25 (**+)
The complex numbez satisfies all three relationships

|z- 1€ 1, arg(z+1)3 % and z+z31.

Shade in an Argand diagram the region of the l@tus.
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Question 26 (**+)
In separate Argand diagrams, the complex numlzersx+iy and w=u+iv are
represented by the poinB and Q, respectively.

The two numbers are related by the equation
W:E, z!' 0.
z
If P is moving along the circle with equation
X2+y2=2,

find in Cartesian form an equation for the locushaf pointQ.
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Question 27  (**+)
The complex conjugate of is denoted byz .

The pointP represents the complex numbes x+iy in an Argand diagram.
Given further that
7z+3( z+72-16=

describe mathematically the locus &f.

circle, centre af- 3)0 , radius
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Question 28 (***)
Two loci are defined in the complex plane by thatiehships

|z-3=|z 7 2| and arg(z- 3 2 %

a) Sketch the two loci in the same Argand diagram.

b) Determine algebraically the complex number whiels bn both loci.

443
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Question 29  (***)

Consider the expreSS|c(n/§+ |) , Where n is a positive integer.

Find the smallest positive value farso that the expression is real.

Question 30  (***)
The complex numbez satisfies the relationship

|z- 5= 2|z 2.
a) Sketch in an-Argand diagram the locuszof

b) State the minimum value ¢ and -maximum value df, for points which lie
on this locus.

|4in =
min max
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Question 31 (***)

If z=cosg + ising, show clearly that ...

a) ... e to 2cosng .
Zn

b) ... 1600§q° cosg+ 5cogB 10cq.

proof

Question 32 (***)

The complex numbez = x+iy satisfies the relationship
2£|z- 2 3k 3.

a) Shadeaccurately in an Argand diagram the region represented byatiwe
relationship.

b) Determine algebraically whether the point that espnts the numbet+i lies
inside or outside this region.

linside the regiof
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Question 33 (***)

The complex number is defined as- cosg + ising, - p< g£ p.

a) Show clearly that ...

1

ZI’I

i .. Z2"+—=2coy.

i ... z”-Z—lnz 2ising .

jii. ... 8sin*g = cos4y- 4cos@r
b) Hence solve the equation

8sin*g+ 5cos? = i, -p< gf p.

Created by T. Madas




Created by T. Madas

Question 34  (***)

Itis given that forzi the lociL, and L, have respective equations,

|z+:Ij2 =10 and arg(z- )= %

a) Sketch L andL, inthe same Argand diagram.

b) Find the complex number that lies on both and L, .
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Question 35  (***)
Z=4+4i.

a) Find the fifth roots ofz.
Give the answers in the formeg? ,;r > 0,- p< g£ p.

b) Plot the roots as points in an Argand diagram.

NEPENEY Y Y N Y N
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Question 36 (***)
A straight lineL and a circleC are to be drawn on a standard Argand diagram.

The equation oL is argz =£.

3

The centre of C lies onL and its radius i8 units. The line with equatiommz=0 is
a tangent taC .

a) SketchL andC on the same Argand diagram.

b) Determine an equation f@, giving the answer in the forrhz- a|: k, where
a andk are constants.

The point that represents the complex numfelies onC.

c) Determine the maximum value afgz,, fully justifying the answer.

‘z-\/g- 3i~= 3, argzo=2?’0

Created by T. Madas



Created by T. Madas
Question 37  (***)
The complex numberg= x+iy andw=u+iv are represented by the poirRsand
Q on separate Argand diagrams.
In the z plane, the poinP is tracing the line with equation= x.
The complex numberg andw are related by
w=z- 2.

a) Find, in Cartesian form, the equation of the lootif) in the w plane.

b) Sketch the locus traced 16Y.

v=u- 2/ or Y= X% 2%

© v=uioz)

Created by T. Madas



Created by T. Madas
Question 38  (***)
z=4- 4/3i.

a) Find the cube roots of .
Give the answers in polar form(cosg+ ising) 1 > 0,- p< g£ p.

b) Plot the roots as points in an Argand diagram.

ZIZ(COS%- isin%) W= %coégfl+ isiég) = (2 ce%- |54]g)
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Question 39  (***)
The following complex number relationships are given

w=-2+ 2/3i, Z*=w.
a) Expressw in the formr (cosg + ising), wherer >0 and- p< g£ p.

b) Find the possible values af, giving the answers in the form+iy, where x
and y are real numbers.

w=2 cosz?p + isi

n P
3

Z=%(\/6+i\/§), z:%(-ﬁ+ i\/fi), z=—%(\/—2 I\/_G) z —%( Je k/_2)
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Question 40  (***)

Two sets of loci in the Argand diagram are giverth®yfollowing equations
1Z=|z+2 and |4=2, Zi
a) Sketch both these loci in the same Argand diagram.
The pointsP andQ in the Argand diagram satisfy both loci equations.

b) Write the complex numbers represented BPyand Q, in the forma+ib,
wherea andb are real numbers.

c) Find a quadratic equation with real coefficientshose solutions are the
complex numbers represented by the pofitand Q.

z=-1 /3], |22 +22+4=
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Question 41 (***)

The complex numberg= x+iy andw=u+iv are represented by the ‘poiRsand
Q on separate Argand diagrams.

In the z plane, the poinP is tracing the line with equatiog= 2x.
Given that he complex numbersand w are related by
w=Z +1

find, in Cartesian form, the locus & in the w plane.

Qu+3v=4 or &+ =
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Question 42 (***)
Z*=-8 8/3i, 71

Solve the above equation, giving the answers iridite a+bi, wherea andb are
real numbers.

z:\/:_%- i, z:1+\/§i, z:-\/§+ i\, lz=-1- \/?Bi

Question 43 (***)

a) Sketch in the same Argand diagram the locus ofpthiets satisfying each of
the following equations

i |z-3 2F 2.
i. |z-3 2F |z ¥ 2i.

b) Show by ageometric calculation that no points lie on both loci.
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Question 44 (***)

A circle C; in the z plane is mapped onto another cir€g in the w plane.
The mapping is defined by the relationship
W=2iz+1+i.

Given C, has its centre at the origin and its radiud jdind the coordinates of the
centre ofC; and the size of its radius.
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Question 45  (***)
Sketch on a single Argand diagram the locus opttiats z which satisfy

z-5 i 25 and arg(z+1- )= 711,0,

and hence find the complex numbers which lie o lodthese loci.

No credit will be given to solutions based on descaawing.

|, |z=1+3i[, |2, =3+5i
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Question 46 (***)

The pointP represents the complex numbes x+iy in an Argand diagram and
satisfies the relationship

Re z+i—Z =R z+}, z1 0.

Describe mathematically the locus thBt is tracing in the Argand diagram.

circle, centre a( (%) , radiu% , except tregin

Question 47  (***)
The complex conjugate of is denoted byz .

The pointP represents the complex numbes x+iy in an Argand diagram.

Given that(z- 1)(z i) is always real, sketch the locus &.
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Question 48  (***)
The complex number satisfies the equation

kz- 1=z ¥,
wherek is a real constant such that + 1.

Show that for all the allowable values of the cansk, the point represented kw in
an Argand diagram traces the circle with Cartesgumation

X2 + y2 =1.

proof
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Question 49  (***+)
It is given that

sinyy °© 16siﬁq- ZOSiﬁCf- 5sig.

a) Use de Moivre’s theorem to prove the validity of tibove trigonometric
identity.

It is further given that
sinyy° 3sing- 4sidg.
b) Solve the equation
sing=5sing for O£g<p,

giving the solutions correct t® decimal places.

g=0, 1.095, 2.04%
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Question 50  (***)
Sketch on a single Argand diagram the locus opttiats z and w which satisfy

|z-7- 9F 6 and |w-7- 9F |w 5 7i,
and hence find minimum value fz- w.

No credit will be given to solutions based on descaawing.

I:I’ |Z_ V\*minz 4
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Question 51 (***+)
The complex number is defined as

z=€9, - p< gt p.

a) Show clearly that ...

i ...Z"+—=2coy.

z

i. ...32codg= cos+ 6cogp+ 15cog2
b) Hence find an exact value for the integral
p

3
cod x dx.
0

1
9

(o]

(100 + 93
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Question 52 (***+)
zl=20052+ isin.
4 4
a) Verify that z is a solution of the equation

z*+16=0,
and plot the four roots of the equation in an Aydragram.

b) Find the values of the real constaatandb so that

(z- 3)(z 2P 2 az
wherez denotes the complex conjugate Hf

c) Hence show that
z4+16°(22+ az t)( 7+ cz )j

for some real constantsandd .

a=-2v2|, [b=4],

c=2v2|,
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Question 53 (***+)

A transformationT maps points of the forra = x+iy from the z plane onto points of
the formv=u+iv in the w plane, and is defined as

zZw=6, z' 0.
The line with equatiorx=k, k1, is mapped byl onto a circleC in the w plane.

Determine a Cartesian equation forand sketch its graph in an Argand diagram.

3V 2= 9
(u k) + V= K2
Question 54  (***+)
Find a solution for the following equation
sinh( ix) = & xi
x=2
2
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Question 55  (***+)
Sketch on a standard Argand diagram the locuseoptintsz which satisfy

|z- 4 4F 22,
and use it to prove that
1—12,0 £ argz £ %p.

No credit will be given to solutions based on decaawings.
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Question 56 (***+)
It is given that

cos® = 16cosg- 20cés+ 5cq.
a) Use de Moivre’s theorem to prove the above trigosimim identity.

b) By considering the solution of the equatiocos % = (, show that

co§(—%%):5'—€;/l—5.

proof
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Question 57  (***+)
5 =3 -
z :(1+|\/§) , ZI

Solve the above equation, giving the answers iridita a+bi , wherea andb are
real numbers.

z=ii2x/§
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Question 58  (***+)
A transformation of thez plane to thew plane is given by

1+3Z, zl  , z11,
1- z

wherez= x+iyandw=u+iv.

The set of points that lie on the axis of thez plane, are mapped in tive plane onto
a curveC.

Show that a Cartesian equation®fis
(u+1)*+2 =4.

proof
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Question 59  (***+)
The point A represents the complex number on thplane such that

|z- 6i= 2|z J,
and the pointB represents the complex number on thplane such that

arg(z- 6)=- 37'0

a) Show that the locus oA as z varies is a circle, stating its radius and the
coordinates of its centre.

b) Sketch, on the same plane, the locus oA and B as z varies.

¢) Find the complex numbez, so that the poinAA coincides with the poinB .

C(4-29),r= V2q, |z=(4- V10)+ i(- 2 V10
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Question 60  (***+)
The complex numbez is given by

z=€9, - p< gt p.

a) Show clearly that

1
Z"+-—°2cosmng .
Zn

b) Hence show further that

4 o1 1 3
COoSs — COS 4+ — cosg+ —.
97 g 004 5 costr g

c) Solve the equation

2cos4g+ 8cos@+ 5 ,0£qg<2p.
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Question 61 (***+)
The complex numbee = - 9i is given.

a) Determine the fourth roots ok, giving the answers in the forme'?, where
r>0andO0£g<2p.

b) Plot the points represented by these roots in Atghagram, and join them in
order of increasing argument, labelledAasB, C andD.

The midpoints of the sides of the quadrilatek®8CD represent thet™ roots of
another complex number .

c) Find w, giving the answer in the form+iy, wherexi , y1

=4 B I 1F

5
sko
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Question 62 (***+)
The complex numberg and w, satisfy the relationship

w= 2.
Given that in an Argand diagram, is tracing the curve with equation
x2- y2= 8,

determine a Cartesian equation of the locus whag tracing.

u=8 orx=8

Question 63 (***+)
The complex numberg and w, satisfy the relationship

w=2z+4, z1- 2.

Given thatz is tracing a circle with centre éll) and radiusy/2 in an Argand
diagram, determine a Cartesian equation of thesltiwat w is tracing.

(u-6)%+ (v 2)= 8or(x §% (y 2* ¢
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Question 64  (***+)

The complex number is defined as d, -p< gE p.

a) Show that ...
oz in: 2ising.
z

i. ...16siPg=sin%- 5sing+ 10sig.

b) Hence solve the equation

5sin37 = sing + 6simy, - p< gE p.

T+

NG

T+

N
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Question 65  (***+)
7> =32+32/3i, Z1

a) Solve the above equation.

Give the answers in exponential form+ re?,r>0,- pP<gEp.

b) Show that these roots satisfy the equation

w’+218=0,
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Question 66 (***+)

The complex functioow= f(2) is given by

.zl .zt 0.

N |~

This function maps a general poiR(x y) in the z plane onto the poir®(u,v) in
the w plane.

Given thatP lies on the line with Cartesian equatigr=1, show that the locus @
is given by

proof
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Question 67  (***+)

|z- 2+ i|= 5.

arg(z- 2)=- 37'0

a) Sketch the above complex loci in the same Argaagrdim.

b) Determine, in the fornx+iy, the complex numbeg, represented by the
intersection of the two loci of part (a).

Zp=-2- 4i
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Question 68  (***+)
The complex number is given in polar form as

cos(%p)+ isir(%p).
a) Write 72, 2 and Z* in polar form, each with argumegt, so thatO£ g < 2p.

In an Argand diagram the poins, B, C, D and E represent, in respective order,
the complex numbers

1, 1+z, 1+z+7Z, 1+z+Z2+ 2, 1+z+Z+ 2+ 2.
b) Sketch these points, in the sequential order givea,standard Argand diagram.

c) State the exact argument of

[ zzzcosﬁ‘gﬂsinﬁlg, z* = cosb +isin§g z4:cosgg+isin§5g
arg( I+z+ zz) :25
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Question 69  (***+)
The complex number satisfies the following equation.

|z+8- 16i= |2.

In a standard Argand diagram, the complex numlepeesented by the poins and
B lie on the real and imaginary axes, respectively.

Given further thatA and B satisfy the above equation, determine an equdtiothe
circle which passes though the poids B and O, whereO is the origin of the
Argand diagram.

Give the answer in the forfa- z|= r, wherezy1  andri

[ ], |z+10- 5= 5/5
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Question 70 (***+)
The following convergent serigS and S are given by

1 1 1
C=1+>-cosy += cOSZ += CO
5 oSy +-, cosg + COSP

1. 1 . 1 .
S= =sing+-=sinZyy+—=siny ..
2 9 4 & 8 ¥

a) Show clearly that

C+iS=

b) Hence show further that

C= 4- 2coxy
5- 4cogy

and find a similar expression f&.

_2sing
5- 4coy
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Question 71 (***+)
The complex numbez is given by

z=€9, - p< g£ p.

a) Show clearly that

1
Z"+—° 2cosmny .
Zn

b) Hence show further that

16coSg° cosg+ 5cogB 10cg.
c) Use the results of parfa) and(b) to solve the equation

cos@y+ 5cosd+ 6cag= , OEg<p.

NI
NS
s
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Question 72 (***+)
The complex number lies on the curve with equation

|z+5- 12|= 6, zI
a) Sketch this curve in a standard Argand diagram.

b) Show thata£|Z£ b, wherea andb are integers.

The complex numbeg, lies on this curve so that its argument is thgdat for all
complex numbers which lie on this curve.

c) Determine the value df,| and the value ofirgz,

|Zo| =133 , |argzy » 2.448
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Question 73 (***+)
The complex humber satisfies

|z- 4= |z 6i.

Determine, as an exact simplified surd, the mininuaine of|z|.

5
I:I, |Z|min :E

Created by T. Madas



Created by T. Madas

Question 74 (***¥)
A transformation of thez plane onto thev plane is given by

az+b -
w= 4 ,Z21- ¢
z+C

wherea, b andc are real constants.

Under this transformation the point representedhgynumberl+ 2i gets mapped to
its complex conjugate and the origin remains iresatri

a) Find the value ofa, the value ofb and the value o€.

b) Find the number, other than the number represehnyedhe origin, which
remains invariant under this transformation.

[b=0 |c

0]
1
Nlon

1
Nlon
N
1
a1
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Question 75 (****)
z'-1=0, zI

ye,

One of the roots of the above equation is denoyed bwhere0 < argW<§ :

a) Find w in the formw=r€e?, r >0, 0<q£%.

b) Show clearly that

1+ w+u? +w +uw? +w +uP =0.

c) Show further that
W+ w = 2005(4%) .

d) Hence, using the results from the previous pagdude that

cof ) of ) )=
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Question 76 (****)
z3=(1+i\/§)8(1- i)5, z1
Determine the three roots of the above equation.

Give the answers in the forkny/2 €9, where- p< g£ p, ki

[ ] |z=8/249, ¢ 56

S
s
45
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Question 77 (****)
The complex number is defined as

z:(1+itanq)3, - %< g< >

hS)

By considering the real part af, or otherwise, prove the validity of the following
trigonometric identity

cCosdy
cosqg

1- 3tarfg°
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Question 78  (****)
Consider the following expression

n
cos’£+ isin’lZ
9 9 _
— =
cos’g- isirIQ
4 4

The values oh and m are such so that
{mi :E g 4 and{ml E g 9.
Determine, by a full mathematical method, the valfia and the value ofm.

[m=6], [n=9]
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Question 79  (***¥)
A transformationT maps points of the forra = x+iy from the z plane onto points of

the formv=u+iv in the w plane, and is defined as
Z-1
where Z is the complex conjugate &.
The line with equatiorRez = 2 is mapped byl onto a circleC in thew plane.
a) Determine the coordinates of the centreCofind the length of its radius.

b) Find an equation of the image in theplane of the half line with equation

argz- 1F %

(1L,0), r=1, |argw=

Wl
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Question 80  (****)
A complex functionw= f(2) is defined as

_az+tb _.

w , ZI , Z1- C.
Z+cC

The constants, b andc are complex.

Under the functionf the pointsl+i and- 1+ i are invariant, while the origin is
mapped onto .

Determine the values of the constaatsb andc.

la=0|, |b=2|, |c=-2i|
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Question 81  (****)
De Moivre's theorem asserts that

(cosg + ising)" © comg+ isimg, g1, ni
a) Use the theorem to prove the validity of the folilegvtrigonometric identity.

cos@© 32coSg- 48clz+ 18cog

b) Use the result of part (a) to find, in exact fotime largest positive root of the
equation

64x° - 96x*+ 3ex>- & (.

X=CO0S —
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Question 82  (****)
A transformation of thez plane to thew plane is given by

wherez= x+iyandw=u+iv.
The line with equation

2x+y=3
is mapped in thev plane onto a curve.

a) Show thatC represents a circle and determine the coordirudtis centre and
the size of its radius.

The points of a regiofR in the z plane are mapped onto the points which lie inside
in the w plane.

b) Sketch and shadR in a suitable labelled Argand diagram, fully jighg the
choice of region.

centre at( ]?) , radlus*E’
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Question 83  (****)

The locus of the poing in the Argand diagram, satisfy the equation

|z- 2+ i|= J3.
a) Sketch the locus represented by the above equation.

The half lineL with equation
y=mx-1, »®¥ 0, m G,
touchesthe locus described in part (a) at the pdmt
b) Find the value oim.
c) Write the equation ofL , in the form
arg(z- )= q, 1, -p<gEp.

d) Find the complex numbew, represented by the poift.

m=+3|, arg(z+ i) :% :
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Question 84  (***¥)

If z=d7, - pP< gt p, andwzi1 show clearly that
Z_

= % 1+ icot(%) :

proof

Question 85  (****)

a) Simplify fully (z”- eiq)(z”- e'”?).

b) Hence factorizez* - 22+ 1 into 4 linear complex factors.

ITER

2" 2'(2cogg)+ 1, (z+§

D EE
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Question 86 (****)
Let z=coxgg+ising=C+iS, -p< gf p.

a) Use De Moivre’s theorem to show that
cosm° 16cosg- 20cdg  5cq.

b) Hence or otherwise find, in exact form where appedp, 3 distinct solutions
of the quintic equation

16x°- 2053+ 54 E C

Xx=-1, CO# ) COg’£
5' 5
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Question 87  (****)
Euler’s identity states

d?0 cog+ ising, gi

a) Use the identity to show that

€+e'™o 2co8q.

b) Hence show further that
3200§’q° cosg+ 6cosA 15cog?

c) Use the fact thatos % g ° sing to find a similar expression fd325ir16q.

d) Determine the exact value of

D

*sinfg+cofq dg.
0

32sifg=- cos@+ 6cos# 15cog2 |, %

Created by T. Madas



Created by T. Madas

Question 88  (****)
A transformation of thez plane to thew plane is given by

W= zz, zl
wherez= x+iyandw=u+iv.
The straight line with equatiog =1 is mapped in thev plane onto a curv€.

Sketch the graph of , marking clearly the coordinates of all points whthe graph of
C meets the coordinate axes.
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Question 89  (****)
De Moivre's theorem asserts that

(cosg + ising)" © comg+ isimg, g1, ni
a) Use the theorem to prove validity of the followitnggonometric identity
siny = sinq( 16co‘§q- 120837+ )

b) Hence, or otherwise, solve the equation

sindy =10cog sing- 11sig, O0<g<p.

-b‘lh
IN |%°
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Question 90  (****)
A transformation of points from the plane onto points in the plane is given by the
complex relationship
w=2, z21
wherez= x+iyandw=u+iv.
Show that if the poinP in the z plane lies on the line with equation

y=x-1,

the locus of this point in ther plane satisfies the equation
_1 02
Y —E(u - 1) :

proof
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Question 91 (****)
It is given that

singg° sinq( 16codg- 12cdsF )

a) Use de Moivre’s theorem to prove the validity of #ibove trigonometric
identity.

Consider the general solution of the trigonomettjoation
sinyy = C.

b) Find exact simplified expressions for
co? 2 andcog 2 |
5 5

fully justifying each step in the workings.

o

cod P :3+\/§ cos A
5 8 5

m ‘
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Question 92 (****)
The complex numbez is given by

z=cogg+ising, -p< gf p.
a) Show clearly that

z" +inO 2cosny .

z
b) Hence show further that & = cosg + ising, the equation
3z*- 57+ 87~ 5% & (
transforms into the equation
6cofqg- Scog+ %
¢) Hence find in exact surd form the four roots of gogiation

37%- 57+ 87- 5 3 (.
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Question 93  (****)
A complex transformation from the plane to thew plane is defined by

_Z+i
3+iz’

zl , z1 3i.

The pointP(x, y) is mapped by this transformation into the paft, v) .

It is further given thatQ lies on the real axis for all the possible posisiof P .
Show that theP traces the curve with equation
|z-i|= 2.

proof
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Question 94 (*¥***)

The complex numbez is given byz:eiq, -p< gE p

a) Show clearly that

b) Hence solve the equation

7*- 272+ 374 2% £ O

N

N|a
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Question 95  (****)
A transformation of thez plane to thew plane is given by

+ -
22 1,zl , 210
Z

wherez= x+iyandw=u+iv.

The circleC; with centre at(l,- %) and radius@ in the z plane is mapped in the

plane onto another cune,.

a) Show thatC, is also a circle and determine the coordinatesafentre and the
size of its radius.

The points insideC; in the z plane are mapped onto points of a regi®in the w
plane.

b) Sketch and shadR in a suitably labelled Argand diagram, fully jdgiing the
choice of the region.

3 e 1
centre a 5 9) , radlus@
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Question 96 (****)

The complex numberg, and z, are given by
21:1+i\/§ and 2z, =iz.
a) Label accurately the points representiagand z,, in an Argand diagram.
b) On the same Argand diagram, sketch the locus gbdimes z satisfying ...
i .. |z- 2|z 3.
i. ... arg(z- z)= argz.

c) Determine, in the fornx+iy, the complex numbez; represented by the
intersection of the two loci of pafth).

l:l, Z3 :(1- \/é)"' i(1+ \/?3)
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Question 97  (***¥)
a) Use De Moivre’s theorem to show that
singy° 16sing- 20sifg- 5sig.

b) By considering the solutions of the equat&inSy = C, find in exact surd form
the values ofsin(qg) ,forn=1,2,3,4

sinf? = sin® = 5- V5| |22 - n /5+8ﬁs

8 5 5
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Question 98  (****)
A transformation of thez plane to thew plane is given by

1 -
w=z+—, zI , 210,
y4

wherez= x+iyandw=u+iv.

The locus of the points in the plane that satisfy the equati4x||=2 are mapped in
the w plane onto a curve€ .

By considering the equation of the qulz|5:2 in exponential form, or otherwise,
show that a Cartesian equation®fis

36U +100/2 = 228,

proof
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Question 99  (*¥**¥)
a) Use De Moivre’s theorem to show that
sinyy °© 16siﬁq- ZOsiﬁc# 5sig.

b) By considering the solutions of the equat&n Sy = G, find in trigonometric
form the four solutions of the equation

16x%- 20¢%+ 5

c) Hence show, with full justification, that

o

st £ = S-
5

i

(&) =

x:sin( kp), k=1,2,6,]

~
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Question 100  (****)

The complex functioow= f(2) is given by
W=i , 21 1.
1-z

The pointP(x, y) in the z plane traces the line with Cartesian equation
y+ x=1.
Show that the locus of thmageof P in thew plane traces the line with equation
V=u.

proof
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Question 101  (****)

By considering the binomial expansion(m:bsq+ isinq)4 show that

4tang - 4taﬁq

tan4y ° :
Y 1- 6tar?q+ taﬁ‘q

Question 102 (****)

In an Argand diagram which represents thelane, the complex number= x+iy
satisfies the relationship

z- 2i
z-4

SIS

arg

Sketch the curve that the locus oftraces.
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Question 103 (****)
A transformation from the plane to thew plane is defined by the equation

~

w=iz-1, zl

Sketch in thew plane, in Cartesian form, the equation of the ienaf the half line
with equation

arg(z+ 2 :%, z1
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Question 104  (****)

The complex functiorw = f(z) maps points of the forma = x+iy from the z plane
onto points of the fornw=u+iv in the w plane.

It is given that
f(z)=72, zi

The line with equatioimz=2 in the z plane is mapped onto the cur@ein the w
plane.

a) Find a Cartesian equation far.

b) Sketch the graph of .

v2 =16u- 64
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Question 105  (****)

The complex functiorw = f(z) maps points of the forma = x+iy from the z plane
onto points of the fornw=u+iv in the w plane.

It is given that

The points from thez plane, except the origin, which lie inside andtlo@ boundary
of the circle with equation

g o =%,

are mapped onto the regidh in the w plane.

Shade the regioRR in a clearly labelled Argand diagram.
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Question 106 (****)

a) Show that ...

b) Hence show further that

cos4q sir?q=%5+3l2 cosar-Tl6 cosat —%2 COg).
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Question 107  (****)
The locus of a point, represented by the complexber z, satisfies the relationship

|z+1+i|=|z-1+ 2i.
When this locus is transformed by the complex fiomct
f(z)=kz+i, kT
the image of the locus traces the straight liné Wiartesian equation
y=2x- 8.

Determine the value df .

| |, k=6
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Question 108  (****)

The point P represents the number= x+iy in an Argand diagram and further
satisfies the equation

, Z2i- 0.

arg 1-iz _
1-z

Use an algebraic method to find an equation ofltkkes of P and sketch this locus
accurately in an Argand diagram.

u?+v? =1, such thatv>u- |
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Question 109  (****)

The complex functiorw = f (z) satisfies

.zl ,z10.

N [~

This function maps the poirR(x, y) in the z plane onto the poin®(u,v) in the w
plane.

It is further given thatP traces the curve with equation

Find, in Cartesian form, the equation of the locti) .
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Question 110 (****)
Use De Moivre’s theorem to show that

, cotq- 10cofg+ 5coy

cot .
7 5cot'g- 10cofg+ 1

proof
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Question 111 (****)

A transformationT from the z plane to thew plane is defined by

Z-1 -
w=——, zI , 21- 1.
z+1

T transforms the circle with equati(i)z' =1 in the z plane, into the straight link in
the w plane.

a) Find a Cartesian equation fdr.
T transforms they axis in thez plane, into the curv€ in the w plane.

b) Find a Cartesian equation f@r.
. . - o Jo
The regionR in the z plane, satisfiefz| £1 such that- EE argze >

c) Shade the image d® underT in the w plane.

y=-xor v=-u, u?+v2- ur =0
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Question 112 (****)

A transformationT maps the poink+iy from the z plane to the pointi+iv in the
w plane, and is defined by

T transforms the line with equation= x in the z plane, except the origin, into the
straight linel, in thew plane.

a) Find a Cartesian equation fay.
T transforms the circl€, in the z plane, into the circl€, in the w plane.

b) Find the coordinates of the centre@fand the length of its radius, given the
Cartesian equation @, is

u2+v2:4u.

y=x-1lorv=u 1, (O,-l),r:—%
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Question 113 (****)
The complex number satisfies the relationship

2z+1 "
z+2

—zé_zi, z1-2, nl

1
==+
3

Show that the point represented byin an Argand diagram represents a circle, stating
the coordinates of its centre and the size ofitkus.

(0,0),r=1
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Question 114 (****)
The numbersz andw satisfy the relationship

z+9i .
=—-, 2zt
1+iz
a) Giventhatwl , find the possible values df.
b) Given instead thazl , find a Cartesian equation of the locus of theapoi

represented byv, in an Argand diagram.

z=+3, or x=£3, [u®+(v- 4)
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Question 115  (****)
The numbersz andw satisfy the relationship

4 -
w=z+—, zl ,210.
y4

Given thatw is always real sketch in a suitably labelled Adyamagram the locus of
the possible positions of.

grap

Created by T. Madas



Created by T. Madas

Question 116 (****)
A transformation from the plane to thew plane is defined by the equation

Find, in Cartesian form, the equation of the imafjstraight line with equation

z-i]= |z 2|, zI
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Question 117  (****)

The complex numberg, and z,, satisfy the relationship
712,=2%+1,2,* 0.

Given thatz is tracing a circle with centre él 0) and radiusl in an Argand diagram,
determine a Cartesian equation of the locus thas tracing.

x
Il
1
N
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Question 118  (****)
2 +4=4J3i.

By considering the sum of the three roots of thevalcubic equation show clearly that

oo s ol oo~

|, |proof
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Question 119  (****)
- 372+ 3z 65 C z1

By considering the binomial expansion ((.'a‘- 1)3, or otherwise, find in exact form
where appropriate the three solutions of the aleaumtion.

,12z=5, - & i@

Created by T. Madas



Created by T. Madas

Question 120  (****+)

The complex numbew is the point of intersection of the following twoci in a
standard Argand diagram

and arg(z- 12)=-

w|S

arg(z- 4i)= %

Determine the equation of the circle which paseeaghw and the origin of the
Argand diagram.

Give the answer in the forr|1z- V\{: r, wherew andr must be stated.

- ‘z- 23 61= 43
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Question 121 (****+)
The complex numbet7+ ki, wherek is a real constant, satisfies the locus

arg(z- & iF g,

where ¢g= arctan% .

a) Determine the value df .

b) Find the complex numbez which satisfies the Iocuarg(z- 1 i)= g so that
|z- 22+ 2] is least.

| |, [k=13, [13+10i
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Question 122 (****+)
The quadratic equation

X% - 2x(tF 6)+ 12+ 40=

wheret is a parameter such thaP£ t£ 2, has complex roots.

Show that for alt such that- 2E t£ 2, the roots of this quadratic equation lie on a
circle in an Argand diagram.

L IX=t+6+iV4 -t
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Question 123 (****+)

The complex functiorw = f(z) is defined by

:32+|, zi , zt 1.
1-z
The half line with equatiorargz=% is transformed by this function.

a) Find a Cartesian equation of the locus ofithage of the half line.

b) Sketch themage of the locus in an Argand diagram.

(u +1)2 +(v+1)2 =5, v>% u+l
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Question 124 (****+)
It is given that

cot*g- 6cof g+ 1
4col3q- 4coly '

cot4g =

a) Use de Moivre’s theorem to prove the validity of ibove trigonometric
identity.

b) Deduce thatx = cot? (%) is one of the two solutions of the equation

X% - 6x+ 1= 0.

c) Show further that

coseé (%) + cose?c(g’g) = .

|, [proof
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Question 125  (****+)

In an Argand diagram which represents thelane, the complex number= x+iy
satisfies the relationship

a) Sketch the curve that the locus oftraces.

The complex functiorw = f(z) maps points of the forra= x+iy from the z plane
onto points of the fornw=u+iv in the w plane.

It is given that
f(z):ﬂ, zl , z1 4.
z-4

The points in thez plane which lie on the locus described in partaf&) mapped onto
a line in thew plane.

b) Sketch this line in an Argand diagram representir@gw plane.
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Question 126 (****+)
The following convergent seri€S is given below

S=sing- %sin’iﬁ%sina]- 717 sing .

By considering the sum to infinity of a suitableogeetric series involving the complex
exponential function, show that

_ 9sing
10+ 6cogy

proof
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Question 127  (****+)
f(z)=2+82+64, 21

a) Given thatf(z)=0, show that

7= -4+ 43

b) Find the six solutions of the equatidr( z) =0, giving the answers in the form

z=re9, wherer >0 and- p< g£ p.
c) Show further that ...

i. ...the sum of the six roots is zero.

i ... cos£+ cos4£+ c0562+ cegz-—l.
9 9 9 9 2

[ | |z=2d/ j =42P s &
9 9 9
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Question 128  (****+)

z=coxg+ising, -p< qgE p.

a) Show clearly that

2 =1-itan?.
1+z 2
The complex functioow = f (z) is defined by
W=i, z1 zt-1
1+z

ye,

The circular arc}z| =1, for whichO £ argz < > is transformed by this function.

b) Sketch the image of this circular arc in a suitdabelled Argand diagram.

proof/sketc
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Question 129  (****+)
De Moivre's theorem states that

(cosg + ising)" = comg+ isimg, ni

a) Use De Moivre’s theorem to show that

Stang- 10tafig+ tang

tan9y °©
1- 10tarf g+ 5taﬁq

b) Use paria) to find the solutions of the equation
t*- 10t%+ 5= 0,
giving the answers in the forin=tan/ , 0<;/ < .

c) Show further that

p. 2p
tan™= tan= =/ E.
5 5

] lt=tan? a2 a2 ¢
5° 5 g

T8
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Question 130  (****+)

The complex functiorw = f(z) maps points of the forra= x+iy from the z plane
onto points of the fornw=u+iv in the w plane.

It is given that

A circle C; with centre atz=i and radiudl is mapped onto the circlg, in thew
plane.

a) Find the coordinates of the centre®f, and the length of its radius.
The straight linez=1i is mapped onto another life in the w plane.
b) Find an equation for this line.

The regionR in the z plane lies outsid€; such thatimz3 1.

c) Shade in a clearly labelled diagram the imag&ah the w plane.

(LO),r=1, |lu=1 or x=
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Question 131 (****+)
22-1=0,2z1 ,-p<argzEp.
a) By considering the four complex roots of the abegaation show clearly that

5 1. 1 1 2 P

1
Z°+ z+1+— t— = Z+— -2Cc0s — Z—- 2C0S—
Z 7 z 5 z 5

o 1. . L
b) Use the substitutiomv= z+= in the above equation, to find in exact surd form
z

the values of

cosg andcos4—’0
5 5
cosz—p =_1+\/T:), cos4—’0 _-t V5
5 4 5 4
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Question 132 (****+)

The complex numbex+iy in the z plane of an Argand diagram satisfies the
inequality

X2 + y2 +x>0.
a) Sketch the region represented by this inequality.
A locus in thez plane of an Argand diagram is given by the equatio

z+1 p
arg — =-—.
g Z 4

b) Sketch the locus represented by this equation.
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Question 133 (****+)
The following finite sumsC and S, are given by

C=1+5cos2 + 10cosdt+ 10cog6- 5cap8 cog

S=5sinZy+ 10sing + 10sing+ 5sinB+ sing0

By considering the binomial expansion(df-lr A)5, show clearly that

C= 32co§q cosg,

and find a similar expression f&

|S=32c0$q sin§|
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Question 134 (****+)
The complex function with equation

f(z)==,21 ,zt0
VA

maps the complex number+iy from the z plane onto the complex numberiv in
the w plane.

The line with equation
y=mx, x! 0,
is mapped onto the line with equation
v=Mu,
wherem and M are the respective gradients of the two lines.

Given thatm= M, determine the three possible valuesrof

m=0,i\/§
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Question 135  (****+)

The point P represents the number= x+iy in an Argand diagram and further
satisfies the equation

arg Z_+1 :B , z1- 2
z+2 2

Use an algebraic method to find an equation ofldkbas of P and sketch this locus
accurately in an Argand diagram.

2
(x+%) +y2=%1, such thaty > (
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Question 136 (****+)

a) Solve the above equation, giving the general smuih terms ofn and any
suitably defined parameters.

b) Hence solve the equation
- Aro

giving the answers in the form+iy, x,yl , where appropriate.

2&kpi
z=e " Kkl |z

1
I+
'_\
I+

1

Nl
I+

N
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Question 137  (****+)
Given thatal , bl , a>b>0, show that in an Argand diagram, the roots of the
guadratic equation

az +2bz+ a=0,

lie on the circle with equation? + y2 =1.

proof
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Question 138  (****+)

The point P represents the number= x+iy in an Argand diagram and further
satisfies the equation

arg(z- ) ardz ¥ 37'0 ,z1- 3.

Use an algebraic method to find an equation ofldlsas of P and sketch this locus
accurately in an Argand diagram.

(x+1)2+(y+2)2:8, such thaty > |
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Question 139  (****+)
2=(2z 1)3, z1

Find in the formx+iy the exact solutions of the above equation.

2=1, 145+ W3)
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Question 140  (****+)

,z=x+iy, xI vl

The complex functionf maps complex numbers onto complex numbers, wraarbe
graphed in two separate Argand diagrams.

a) Given thatimz :%, determine an equation of the locus of the imdghe
points underf .

b) Hence determine a complex functigrf z) , which mapsim z = onto a unit

circle, centre at the origi@.

lw+2-i|= 2
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Question 141 (****+)
f(z)=(z- 4)3, v4l
a) Solve the equatiorf (z) =8i, giving the answers in the form+iy.

The pointsA, B andC represent in an Argand diagram the roots of theatgn
f (z) =8i. The pointsA and B represent the roots whose imaginary parts areipesi

and the pointA represents the root with the smaller real part.
b) Show that the area of the quadrilate@BC , whereO is the origin, is

6+ 2V3.

z:4+\/§+i, z:4-\/_3+ i, z= 4 2
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Question 142 (****+)
The complex number satisfies the relationship

arg(z- 2- ardz * %
Show that the locus & is a circular arc, stating ...
... the coordinates of its endpoints.
... the coordinates of its centre.
... the length of its radius.

(-2,0 (2,0, (0,2, |[r=2v2
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Question 143 (****+)

An equilateral triangl€l is drawn in a standard Argand diagram. The oriQins
located at the centre df. One of the vertices ofF is represented by the complex
number2- 6i.

a) Find, in exact simplified form the complex numbepresented by another
vertex of T .

b) Calculate, in exact surd form, the arealaf

(3\/5 1)+ i(3+ \/_3) , larea=~/120
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Question 144 (****+)

The complex functiorw = f(z) maps points of the forra= x+iy from the z plane
onto points of the fornw=u+iv in the w plane.

It is given that

The circleC with equationx2+ y2 =4 in the z plane is mapped onto a line segment
AB in the w plane.

Find a Cartesian equation fé&B, stating the coordinates of its endpoints.

(L,0),r=1, ju=1 or x=

Created by T. Madas



Created by T. Madas

Question 145 (****+)
The complex number satisfies the relationship

|z- 2+ |z 6 10.

Determine a simplified Cartesian equation for theuk of z, giving the final answer
in the form

f(xy)=1.
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Question 146 (****+)
f(2)° (2 2i)%, 2l

The complex functionf maps points, of the form+iy, from the z plane onto points,
of the formu+iv, in thew plane.

The straight lineL lies in thez plane and has Cartesian equation

where g, is a real function to be found.
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Question 147  (****+)
Use de Moivre’s theorem followed by a suitabledrigmetric identity, to show that ...

a) ... cos3° 4co§q— 3cag.
b) ... 005670(2co§q- )]( 16clsy  16co8 )
Consider the solutions of the equation.

cos@=C O0E£qgEp.

c) By fully justifying each step in the workings, filde exact value of

cos]% co% co%flz CGJS%QZ.
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Question 148  (****+)

A transformationT maps points of the forra = x+iy from the z plane onto points of
the formv=u+iv in the w plane, and is defined as

z+1

The points that lie on the half line with equatiaryz :% are mapped by onto

points which lie on a circle.

a) Determine a Cartesian equation for this circle.

b) Show that the image of the half line with equat'tmgz:% is not the entire

circle found in part (b).

Question 149  (****+)
Show that ifz=i

proof

|
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Question 150  (****+)

The complex functiorw = f(z) maps points of the forra= x+iy from the z plane
onto points of the fornw=u+iv in the w plane.

It is given that

f(z):%, zZl  ,zt 2.

The points of a regiofR in the z plane are mapped onto points of a regifnn the
w plane. The regiorRd consists of points such tha® 0 andv3 0.

Shade, with justification, in an accurate Arganalgdam the regiorR.
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Question 151 (****+)
f () = (cosg + ising)* +( cog- isimg)”.
a) By considering a simplified expression 6{g), show that

2cos4y
sinfg

(cotg + i)4 +(cotg - i)4:
b) Find in the formz= cot(%) , the four solution of the equation
(z+i)4 +( z- i)4= 0.

c) Hence, show clearly thaiotz(%) =3+2/2.

x:cot(%),kzl,&S,'
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Question 152  (****+)

The complex numbee lies in the regiorR of an Argand diagram, defined by the
inequalities

%Earg(z- AE p and Ofarg(z- 13£ %0
a) Sketch the regioR, indicating clearly all the relevant details.
The complex numbew lies in R, so thatw] is minimum.

b) Find |vv| , further givingw in the formu+iv, whereu andv are real numbers.

[ 1 |w=6[, [w=3+3/3i
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Question 153 (****+)

Rez

The figure above shows in a standard Argand diagthenfive roots of the equation
2> +32=0, indicated by the pointé& to E on a circle of radius .

a) State the value of .

b) State the five roots of the equation
22+32=0,
giving the answers in the form= r(cosq+ isinq), -p< gE p.
c) Show that a quadratic equation satisfied by thésrowlicated byB and D is

s

7° +47C0S =

d) Find a similar quadratic satisfied by the rootsd¢ated by A and E .

[continues overleaf]
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[continued from overleaf]

Consider the coefficients of* in the following equations

22+32=0 and (z- %) (z

e) Show thatcos T == + 1[

(you may find the cosine double angle formula ugefu

r=2|,|z=

d)(z g (zabza O

2(cosmg + isinng) ,n=- 2, 1,0,1,,

7°- 4zc0s £ +

e,

4

(
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Question 154  (****+)
'+ 2+ 2+ z7+1=0, 7]
By using the identity

a"-1° (a 1)(a1 ad % o+ & a ])

or otherwise, find in exact trigonometric form ttoeir solutions of the above equation.

z:coszgi isin% , coﬁgt isiFﬂg
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Question 155  (****+)
f(z)° Z, zi

The complex functionf maps points, of the form+iy, from the z plane onto points,
of the formu+iv, in thew plane.

The curveC lies in thez plane and has Cartesian equation
X - 3y2: 1.
Find an equation of the image @ in the w plane, giving the answer in the form
v2 = AU? + Bu+ C,

where A, B andC are real constants to be found.

V2 =302 - 4u+ 1
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Question 156 (****+)

a) Show that

sin7g° 7sing- 565iﬁq+ 1125ﬁ‘q 64s?r17

b) By considering a suitable polynomial equation bagedhe result of parta)
show further

cose@ (%p) + COS&:(—%O) + cos%é:/_%p) =

|, |proof
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Question 157  (****+)
The following equation has no real solutions

257* + 102 + 272 + 102+ 25= |,

Find the four complex solution of the above equatigiving the answer in the form
a+bi,whereal andbl

N

I
olw

+
gl

N

Il
ulw

1
ol

-4, 3 -4 3
z=—Aé+5|, z- £ -3
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Question 158  (****+)

Find the greatest value of the moduluszgfgiven further that

1+ f (2)|= 2.
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Question 159  (****+)

The complex functiorw = f (z) is defined by

The half line with equatiomrgz :% is transformed by this function.

a) Find a Cartesian equation of the locus ofithage of the half line.

b) Sketch themage of the locus in an Argand diagram.

(u+%)2+(v+—%)2 =1, v<0, ¥ +V +u>0
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Question 160  (****+)

3tang - tart q

tan3y °
7 1- 3tar?q

a) Use De Moivre’'s theorem to prove the validity okthbove trigonometric
identity.

b) Hence find in exact trigonometric form the solusaf the equation
t3- 3% 3 £ O

c) Use the answer of pdit) to show further that

a2+ tart P = 1.,
12 12

t= tanlﬁz , '[al‘ls£ , taﬂgﬁ

12 4
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Question 161 (****+)

The locusL, of a point in an Argand diagram satisfies

arg(z- 2 ardz 2 37'0 zl

a) Find a Cartesian equation fay.

b) Show that all the points which lie dg satisfy

z- 4| _

= =k,
z-1

wherek is an integer to be found.

The locusL, of a different point in the same Argand diagrarmsfas

z- 1+ |z 4 6, zI
The pointP lies onl; and L.

c) Find the complex number representediy

Ll:x2+y2:4, x>0,y>0Q, k=2,
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Question 162 (****+)
Solve the equation

IN3Y

=-4/3+ 4i, z1

z

Give each of the roots in exponential form.

8pi _ 62y 344 _ 38 58, _14,y
z=16e” =1669” |, |z=16e%"" =1669" |, |z=16e%"" =16e9"
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Question 163 (****+)

.
The complex numbew is defined asv = e

a) Prove that
1+w+wP +wW +w =0.

b) Derive a quadratic equation with integer coeffiteewhose roots aréw+ w4)

and (V\12 + vv3) , and hence show with full justification that

cos(%p) = 1+4\/fr, and co %p) = 1'4\/5 .

, |proof
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Question 164  (****+)

A complex transformation of points from tlzeplane onto points in thes plane is
defined by the equation

w= 2, zl
The point represented k= x+iy is mapped onto the point representednoy u +iv.
Show that ifz traces the curve with Cartesian equation
y2 =2x%- 1,
the locus ofw satisfies the equation

Vi =4(u-I)(2uv 3.

proof

Question 165  (*****)
Find a solution of the equation

cosz = 2isinz, zi

z=kp- 3iln3, K
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Question 166 (****+)

The complex numbee lies in the regiorR of an Argand diagram, defined by the
inequalities

-%pE argze %p and |Z£1.

Determine, in exact surd form, the maximum valquf z|2  wherew=1+i/3.

[ ]

v =5 Vo 2
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Question 167  (****+)

It is required to find the principal value df, in exact simplified form, where is the
imaginary unit.

a) Show, with detailed workings, that
i =e %

b) Use a different method to that used in gajt to verify the exact answer given
in part(a).

, |proof
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Question 168 (*****)
The finite sumC is given below.

C= ? (-1)"cod'q cosg .

r=0
Given thatnl  determine thet possible expressions f@@.

Give the answers in exact fully simplified form.

[ ] In=4k ki :G cosmsifig|, [n=4k+1, ki

G sinmy sif' g

n=4k+2,ki :G- cosw siflg |, |[n=4k+3, ki

:G- sinm sifg
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QueStiOﬂ 169 (*****)

The complex numbew is defined asv= z*, wherez=1+i.

Show, with details workings, that
w=e @ (1+ i) cod Ink) +(- & ) sif Irk) ,

where (1+i)coq( Ink) + is an exact real constant to be found.

:

k
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Question 170 (*****)
Use complex numbers to prove that

2,\=-_1,1
co 5p) 4+4\/—5

A detailed method must support this proof.

I_i , |proof
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Question 171 (*¥**+¥)

Use De Moivre’'s theorem to find a multiple anglesioe expression and use this
expression to show that

cos 36 :%,( lp\/_g_

| | |proof
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QueStiOﬂ 172 (*****)

The complex functiow= f(z), maps the poinP(x, y) from the z complex plane
onto the pointQ(u, v) on thew complex plane.

The curveC in the z complex plane is mapped in the complex plane onto the
curve with equation

argw=sp .

Wl

Determine a Cartesian equation@f and hence find an exact simplified value for the
area of the finite region bounded By, and they axis.

1, (X+\/§)2+(Y+1)2=4 x>0, %p\/f%
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Question 173 (*¥****)
a) Show that

4, 2c0s4y
costqg

(1+i tanq)4 +(1- itarg)

b) By considering a suitable polynomial equation bagedhe result of parta)
show further

I tanz( ,0) tar?(%p)::

ool

ii. tanz(%p) + tar?(%p) =€

, |proof
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Question 174 (****¥)
tan(3°)° tar{¢) taff 60 ) ta"60°q )
Prove the validity of the above trigonometric idgnand hence show that

tanl5 ~ tan85= tanB85 tarf6.

, |proof
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Question 175  (*¥***¥)
| = cogInx)dx and J= sin(Inx) dx
a) Use an appropriate method to find expressiond fand J .

b) Use the integral X dx, wherei is the imaginary unit, to verify the answers

given inpart(a).

c) Find an exact simplified value for

[ I :%x sin(Inx) +coq Inx) |, |J :%x sin(Inx) - cog Inx)

e2

. 1 1
2x dx= e”’-1+ é’+1

1
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QueStiOﬂ 176 (*****)
The complex number has unit modulus andrgz=q, - p< g€ p.

The complex conjugate of is denoted byz .

Using a detailed method, show that

, |proof
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Question 177  (¥****)

The complex numbez = z + z where
z=3+4i andz,=4d7,-p<gf p
a) Sketch in an Argand diagram the locuszaf

The complex numbekg, lies on the locus of such that the argument af takes its
maximum value.

b) State the value df;|.
c) Show clearly that
argz; =p - arctan’-7—4 .

d) Find z; in the formx+iy.

l:' |Z3|:3

N
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Question 178  (*¥**+¥)

In a standard Argand diagram the complex numgr i, represents one of the
vertices of a regular hexagon, with centre at tigio O.

The complex numbers that represent th@seertices are all raised to the powerdf
creating a closed shaf®, whose sides are straight line segments.

Determine the area @.

, |proof
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Question 179 (*¥****)
The complex numbez is given by

2(a+b)(1+i

o 2arn)()
a+hi

wherea andb are real parameters.

Show, that for all allowable values afandb, the point represented lw is tracing a
circle, determining the coordinates of its centrd the size of its radius.

[ .[z0], =2
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Question 180 (*****)
Show clearly that the general solution of the eiguat

sinz=2, z1

can be written in the form

z:%(4k+1) +jarcosh:, ki

, |proof
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Question 181  (*¥***¥)

Use complex numbers to prove tham(%p) Is a solution of the cubic equation

X+ x2-2x% E O.

You maynot use verification in this proof.

, |proof
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Question 182 (*****)
Solve the following equation

37z + 207 = 125, ZI

Give the answer in the form+i y, wherex andy are real.

| |, [2=3- 4i
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Question 183  (*****)
The following convergent seri€S is given below

S:sinq_ sin27+ sin sinql+
1! 2! 3! 4!

By considering the sum to infinity of a suitableries involving the complex
exponential function, show that

S=¢ “¥sin( sim).
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Question 184 (*****)
The pointP in an Argand diagram represents the complex nurabevhich satisfies
z-%i _p

— = z1 2.
z- 2i 3

arg

It further given thatP lies on the arcAB of a circle centred a€ and of radius .

a) Sketch in an Argand diagram the circular &8, stating the coordinates o
and the value of .

b) Given further thatPA =| PR, find the complex number representedmy

N N NN e I e |

3

Nl
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Question 185  (*¥****)

Find, in exact trigonometric form where approprjdke real solutions of the following
polynomial equation

x'-7x8- 21xF 354 35 2n¢ =1 .
|:|, x:tanﬂ , x=tan—p ) x=tan—’0 , x=tan—30 ,
x:tan12ﬁ , x:tan% =-1, x:tan2—50
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Question 186  (*****)
By showing a detailed method involving complex neansh sum the following series.

* wd(in)
2" '
n=0
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