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Question 1   

4 16z = - , zÎ � . 

a) Solve the above equation, giving the answers in the form ia b+ , where a  and b  
are real numbers. 

b) Plot the roots of the equation as points in an Argand diagram. 

( )2 1 iz = ± ±  
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Question 2   

5 iz = ,  zÎ � . 

a) Solve the equation, giving the roots in the form ie , 0,r rq p q p> - < £ . 

b) Plot the roots of the equation as points in an Argand diagram. 

9 3 7
10 10 10 102i i i ii

e , e , e , e , ez z z z z
p p p pp - -

= = = = =  
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Question 3   

4 4iz = + . 

a) Find the fifth roots of z . 

Give the answers in the form ie , 0,r rq p q p> - < £ . 

b) Plot the roots as points in an Argand diagram. 

9 17 7 3
20 20 20 20 4i i i i i

2 e , 2 e , 2 e , 2 e , 2 e
p p p p p- -
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Question 4   

4 4 3iz = - . 

a) Find the cube roots of z . 

Give the answers in polar form ( )cos isin , 0,r rq q p q p+ > - < £ . 

b) Plot the roots as points in an Argand diagram. 

( ) ( ) ( )5 5 7 72 cos isin , 2 cos isin , 2 cos isin9 9 9 9 9 9z z zp p p p p p= - = + = -  
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Question 5   

The following complex number relationships are given 

2 2 3iw = - + ,    4z w= . 

a) Express w  in the form ( )cos isinr q q+ , where 0r >  and p q p- < £ . 

b) Find the possible values of z , giving the answers in the form ix y+ , where x  
and y  are real numbers. 

2 2
2 cos isin

3 3
w

p p� �� � � �= +� � � �� �	 
 	 
� �
, 

( ) ( ) ( ) ( )1 1 1 16 i 2 , 2 i 6 , 2 i 6 , 6 i 22 2 2 2z z z z= + = - + = - = - -  

 

 

Question 6    

Find the cube roots of the imaginary unit i , giving the answers in the form ia b+ , where 
a  and b  are real numbers. 

. 

1 2 3
3 31 1i, i, i2 2 2 2z z z= + = - + = -  
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Question 7    

Find the cube roots of the complex number 8i- , giving the answers in the form ia b+ , 
where a  and b  are real numbers. 

1 2 33 i, 3 i, 2iz z z= - = - - =  

 

 

Question 8    

4 8 8 3 iz = - - , zÎ � . 

Solve the above equation, giving the answers in the form ia b+ , where a  and b  are real 
numbers. 

3 iz = - , 1 3 iz = + , 3 iz = - + , 1 3 iz = - -  
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Question 9    

( )32 1 i 3z = + , zÎ � . 

Solve the above equation, giving the answers in the form ia b+ , where a  and b  are real 
numbers. 

i2 2z = ±  

 

 

Question 10   

3 32 32 3 iz = + , zÎ � . 

a) Solve the above equation. 

Give the answers in exponential form ie , 0,z r rq p q p= > - < £ . 

b) Show that these roots satisfy the equation 

9 182 0w + = . 

i i i7 5
9 9 94e , 4e , 4ez
p p p-

=  
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Question 11   

7 1 0z - = , zÎ � . 

One of the roots of the above equation is denoted by w , where 0 arg
3
p

w< < . 

a) Find w  in the form ie , 0, 0
3

r rq p
w q= > < £ . 

b) Show clearly that  

2 3 4 5 61 0w w w w w w+ + + + + + = . 

c) Show further that  

( )2 5 42cos 7
pw w+ = . 

d) Hence, using the results from the previous parts deduce that 

( ) ( ) ( ) 12 4 6cos cos cos7 7 7 2
p p p+ + = - . 

i 27e
p

w =  
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Question 12   

( ) ( )
8 53 1 i 3 1 iz = + - , zÎ � . 

Find the three roots of the above equation, giving the answers in the form i2 ek q , 
where p q p- < £ , k Î �  . 

i 31 7 178 2 e , , ,36 36 36z q p p pq= = - -  
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Question 1   

If cos isinz q q= + , show clearly that … 

a) … 
1

2cosn
nz n

z
q+ º . 

b) … 516cos cos5 5cos3 10cosq q q qº + + . 

proof  
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Question 2   

It is given that 

5 3sin5 16sin 20sin 5sinq q q qº - + . 

a) Use de Moivre’s theorem to prove the validity of the above trigonometric 
identity. 

It is further given that 

3sin3 3sin 4sinq q qº - . 

b) Solve the equation 

sin5 5sin3q q=   for  0 q p£ < , 

  giving the solutions correct to 3 decimal places. 

c c0, 1.095 , 2.046q =  
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Question 3  

The complex number z  is given by 

iez q= , p q p- < £ . 

a) Show clearly that 

1
2cosn

nz n
z

q+ º . 

b) Hence show further that 

4 1 1 3
cos cos4 cos2

8 2 8
q q qº + + . 

c) Solve the equation 

2cos4 8cos2 5 0q q+ + = , 0 2q p£ < . 

2 4 5
, , ,

3 3 3 3
p p p p

q =  

 

 

 

 

 

 



Created by T. Madas 
 

Created by T. Madas 

Question 4   

The complex number z  is given by  

iez q= , p q p- < £ . 

a) Show clearly that 

1
2cosn

nz n
z

q+ º . 

b) Hence show further that 

516cos cos5 5cos3 10cosq q q qº + + . 

c) Use the results of part (a) and (b) to solve the equation 

cos5 5cos3 6cos 0q q q+ + = , 0 q p£ < . 

3
, ,

4 2 4
p p p

q =  
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Question 5   

De Moivre’s theorem asserts that 

( )cos isin cos isinn n nq q q q+ º + , q Î � , nÎ � . 

a) Use the theorem to prove the validity of the following trigonometric identity. 

6 4 2cos6 32cos 48cos 18cos 1q q q qº - + - . 

b) Use the result of part (a) to find, in exact form, the largest positive root of the 
equation 

6 4 264 96 36 1 0x x x- + - = . 

cos
9

x
p� �= � �
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Question 6   

Euler’s identity states 

ie cos isinq q qº + , q Î � . 

a) Use the identity to show that 

i ie e 2cosn n nq q q-+ º . 

b) Hence show further that 

632cos cos6 6cos4 15cos2 10q q q qº + + + . 

c) Use the fact that cos sin
2
p

q q� �- º� �
	 


 to find a similar expression for 632sin q . 

d) Determine the exact value of 

4 6 6

0

sin cos d

p

q q q+
 . 

632sin cos6 6cos4 15cos2 10q q q q= - + - + , 
5
32
p
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Question 7   

De Moivre’s theorem asserts that 

( )cos isin cos isinn n nq q q q+ º + , q Î � , nÎ � . 

a) Use the theorem to prove validity of the following trigonometric identity 

( )4 2sin5 sin 16cos 12cos 1q q q q= - + . 

b) Hence, or otherwise, solve the equation 

sin5 10cos sin 2 11sinq q q q= - , 0 q p< < . 

3
,

4 4
p p

q =  
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Question 8   

It is given that 

( )4 2sin5 sin 16cos 12cos 1q q q qº - + . 

a) Use de Moivre’s theorem to prove the validity of the above trigonometric 
identity. 

Consider the general solution of the trigonometric equation 

sin5 0q = . 

b) Find exact simplified expressions for 

2cos
5
p� �

� �
	 


 and 2 2
cos

5
p� �

� �
	 


, 

fully justifying each step in the workings. 

2 3 5
cos

5 8
p +� � =� �

	 

, 2 2 3 5

cos
5 8
p -� � =� �
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Question 9   

By considering the binomial expansion of ( )4cos isinq q+  show that 

3

2 4
4 tan 4 tan

tan 4
1 6 tan tan

q q
q

q q
-

º
- +

. 

proof  
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Question 10   

By using de Moivre’s theorem followed by a suitable trigonometric identity, show 
clearly that … 

a) … 3cos3 4cos 3cosq q qº - . 

b) … ( )( )2 4 2cos6 2cos 1 16cos 16cos 1q q q qº - - +  

Consider the solutions of the equation. 

cos6 0q = , 0 q p£ £ . 

c) By fully justifying each step in the workings, find the exact value of  

5 7 11cos cos cos cos12 12 12 12
p p p p . 

1
16  
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Question 1  

By finding a suitable Cartesian locus in the complex z  plane, shade the region R  that 
satisfies the inequality 

3 3iz z- £ + . 

0x y+ ³  
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Question 2   

1 i 4z- - =  , zÎ � . 

a) Sketch the locus of the points that satisfy the above equation in a standard 
Argand diagram. 

b) Find the minimum and maximum values of z  for points that lie on this locus. 

min 4 2z = - , min 4 2z = +  
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Question 3  

The complex number z  represents the point ( ),P x y  in the Argand diagram. 

Given that 

1 2 2z z- = + , 

show that the locus of P  is given by 

( )2 23 4x y+ + = . 

proof  

 

 

Question 4   

The complex number iz x y= +  represents the point P  in the complex plane. 

 Given that 

1
z

z
= , 0z ¹  

determine a Cartesian equation for the locus of P . 

2 2 1x y+ =  
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Question 5   

Sketch, on the same Argand diagram, the locus of the points satisfying each of the 
following equations. 

a) 3 i 3z- + = . 

b) 2iz z= - . 

Give in each case a Cartesian equation for the locus. 

c) Shade in the sketch the region that is satisfied by both these inequalities 

3 i 3

2i

z

z z

- + £

³ -
 

( ) ( )2 23 1 9x y- + + = , 1y =  
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Question 6   

a) Sketch on the same Argand diagram the locus of the points satisfying each of the 
following equations. 

i. i 2z z- = - . 

ii.  ( )arg 2
2

z
p

- = . 

b) Shade in the sketch the region that is satisfied by both these inequalities 

i 2z z- £ -        and        ( ) 2
arg 2

2 3
z

p p
£ - £ . 

sketch 
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Question 7   

The complex number z  represents the point ( ),P x y  in the Argand diagram. 

Given that 

1 2 iz z- = - , 

show that the locus of P  is a circle, stating its centre and radius. 

( ) ( )2 21 2 4x y+ + - = , ( )1,2 , 2r- =  

 

 

Question 8  

2i 1z- = , zÎ � . 

a) In the Argand diagram, sketch the locus of the points that satisfy the above 
equation. 

b) Find the minimum value and the maximum value of z , and the minimum value 

and the maximum of argz, for points that lie on this locus. 

min 1z = , max 3z = , minarg
3

z
p

= , max
2

arg
3

z
p

=  
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Question 9  

The complex number z  represents the point ( ),P x y  in the Argand diagram. 

Given that 

1 2 2iz z+ = - , 

show that the locus of P  is a circle and state its radius and the coordinates of its centre. 

( )81 2, , 53 3 3r =  
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Question 10   

The complex number iz x y= +  satisfies the relationship 

2 2 3i 3z£ - - < . 

a) Shade accurately in an Argand diagram the region represented by the above 
relationship. 

b) Determine algebraically whether the point that represents the number 4 i+  lies 
inside or outside this region. 

inside the region 
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Question 11   

Two sets of loci in the Argand diagram are given by the following equations  

2z z= +     and    2z = ,   zÎ � . 

a) Sketch both these loci in the same Argand diagram. 

The points P  and Q  in the Argand diagram satisfy both loci equations. 

b) Write the complex numbers represented by P  and Q , in the form ia b+ , where 
a  and b  are real numbers. 

c) Find a quadratic equation with real coefficients, whose solutions are the complex 
numbers represented by the points P  and Q .  

1 3z = - ± , 2 2 4 0z z+ + =  
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Question 12   

a) Sketch in the same Argand diagram the locus of the points satisfying each of the 
following equations 

i. 3 2i 2z- - = . 

ii.  3 2i 1 2iz z- - = + + . 

b) Show by a geometric calculation that no points lie on both loci. 

proof  
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Question 13  

The point A  represents the complex number on the z  plane such that 

6i 2 3z z- = - , 

and the point B  represents the complex number on the z  plane such that 

( ) 3
arg 6

4
z

p
- = - . 

a) Show that the locus of A  as z  varies is a circle, stating its radius and the 
coordinates of its centre. 

b) Sketch, on the same z  plane, the locus of A  and B  as z  varies. 

c) Find the complex number z , so that the point A  coincides with the point B . 

( )4, 2 , 20C r- = , ( ) ( )4 10 i 2 10z = - + - -  
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Question 14   

2 i 5z- + = . 

( ) 3
arg 2

4
z

p
- = - . 

a) Sketch each of the above complex loci in the same Argand diagram. 

b) Determine, in the form ix y+ , the complex number 0z  represented by the 
intersection of the two loci of part (a). 

0 2 4iz = - -  
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Question 15   

The locus of the point z  in the Argand diagram, satisfy the equation 

2 i 3z- + = . 

a) Sketch the locus represented by the above equation. 

The half line L  with equation 

1, 0, 0y mx x m= - ³ > , 

touches the locus described in part (a) at the point P . 

b) Find the value of m .  

c) Write the equation of  L , in the form 

( )0arg z z q- = ,  0z Î � , p q p- < £ . 

d) Find the complex number w , represented by the point P . 

3m= , ( )arg i
3

z
p

+ = , 
1 3

i 1
2 2

w
� �

= + -� �� �
	 


 

 

 

 



Created by T. Madas 
 

Created by T. Madas 

Question 16   

The complex numbers 1z  and 2z  are given by 

1 1 i 3z = +      and     2 1iz z= . 

a) Label accurately the points representing  1z  and  2z , in an Argand diagram.  

b) On the same Argand diagram, sketch the locus of the points zsatisfying … 

i. … 1 2z z z z- = - . 

ii.  … ( )1 2arg argz z z- = . 

c) Determine, in the form ix y+ , the complex number 3z  represented by the 
intersection of the two loci of part (b). 

( ) ( )3 1 3 i 1 3z = - + +  
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Question 17    

The complex number z  lies in the region R  of an Argand diagram, defined by the 
inequalities 

( )arg 4
3

z
p

p£ - £    and    ( ) 5
0 arg 12

6
z

p
£ - £ . 

a) Sketch the region R , indicating clearly all the relevant details. 

The complex number w  lies in R , so that w  is minimum. 

b) Find w , further giving w  in the form iu v+ , where u  and v  are real numbers. 

3w = , 3 3 3iw = +  
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Question 18   

The point P  represents the number iz x y= +  in an Argand diagram and further satisfies 
the equation 

1 i
arg

1 4
z
z

p-� � =� �-	 

 , iz ¹ - . 

Use an algebraic method to find an equation of the locus of P  and sketch this locus 
accurately in an Argand diagram. 

2 2 1, such that 1x y y x+ = > -  
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Question 19  

The complex number ix y+  in the z  plane of an Argand diagram satisfies the inequality 

2 2 0x y x+ + > . 

a) Sketch the region represented by this inequality. 

A locus in the z  plane of an Argand diagram is given by the equation 

1
arg

4
z

z
p+� � =� �

	 

. 

b) Sketch the locus represented by this equation. 

sketch  

 

 

 

 

 

 

 

 



Created by T. Madas 
 

Created by T. Madas 

Question 20   

The complex number z  satisfies the relationship  

( ) ( )arg 2 arg 2
4

z z
p

- - + = . 

Show that the locus of z  is a circular arc, stating … 

·  … the coordinates of its endpoints. 

·  … the coordinates of its centre. 

·  … the length of its radius. 

( ) ( )2,0 , 2,0- , ( )0,2 , 2 2r =  
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Question 1   

A transformation from the z  plane to the w  plane is defined by the complex function 

3
, 1

1
z

w z
z
-

= ¹ -
+

. 

The locus of the points represented by the complex number iz x y= +  is transformed to 

the circle with equation 1w =  in the w  plane. 

Find, in Cartesian form, an equation of the locus of the points represented by the 
complex number z . 

1x =  

 

 

Question 2   

Find an equation of the locus of the points which lie on the half line with equation 

arg
4

z
p

= , 0z ¹  

after it has been transformed by the complex function 

1
w

z
= . 

arg
4

w
p

= -  
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Question 3  

The complex function 

1
, 1

1
w z

z
= ¹

-
, zÎ � , 1z ¹  

transforms the point represented by iz x y= +  in the z  plane into the point represented 
by iw u v= +  in the w  plane.  

Given that z  satisfies the equation 1z = , find a Cartesian locus for w . 

1
2u = -  
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Question 4   

The complex function ( )w f z= is given by 

3
1
z

w
z
-

=
+

  where , 1z zÎ ¹ -� . 

A point P  in the z  plane gets mapped onto a point Q  in the w  plane. 

The point Q  traces the circle with equation 3w = . 

Show that the locus of P  in the z  plane is also a circle, stating its centre and its radius. 

( )3 3centre ,0 , radius =2 2-  
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Question 5    

The general point ( ),P x y  which is represent by the complex number iz x y= +  in the 

z  plane, lies on the locus of 

1z = . 

A transformation from the z  plane to the w  plane is defined by 

3
, 1

1
z

w z
z
+

= ¹ -
+

, 

and maps the point ( ),P x y onto the point ( ),Q u v . 

Find, in Cartesian form, the equation of the locus of the point Q  in the w  plane. 

2u =  
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Question 6   

The point P  represented by iz x y= +  in the z  plane is transformed into the point Q  
represented by iw u v= +  in the w  plane, by the complex transformation 

2
, 1

1
z

w z
z

= ¹
-

. 

The point P  traces a circle of radius 2 , centred at the origin O . 

Find a Cartesian equation of the locus of the point Q . 

( )2 28 16
3 9u v- + =  
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Question 7   

The complex numbers iz x y= +  and iw u v= +  are represented by the points P  and Q , 
respectively, in separate Argand diagrams. 

The two numbers are related by the equation 

1
, 1

1
w z

z
= ¹ -

+
. 

If P  is moving along the circle with equation 

( )2 21 4x y+ + = , 

find in Cartesian form an equation of the locus of the point Q . 

2 2 1
4u v+ =  
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Question 8   

A transformation from the z  plane to the w  plane is defined by the equation 

2i
, 2

2
z

w z
z
+

= ¹
-

. 

Find in the w  plane, in Cartesian form, the equation of the image of the circle with 
equation 1z = , zÎ � .  

( ) ( )2 2 81 4
3 3 9u v+ + + =  

 

 

Question 9    

A transformation from the z  plane to the w  plane is given by the equation 

1 2
, 3

3
z

w z
z

+
= ¹

-
. 

Show that the in the w  plane, the image of the circle with equation 1z = , zÎ � , is 

another circle, stating its centre and its radius . 

( )2 25 49
8 64u v- + = , ( )5centre ,08 , 7

8r =  
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Question 10   

The complex numbers iz x y= +  and iw u v= +  are represented by the points P  and Q , 
respectively, in separate Argand diagrams. 

The two numbers are related by the equation 

1
, 0w z

z
= ¹ . 

If P  is moving along the circle with equation 

2 2 2x y+ = , 

find in Cartesian form an equation for the locus of the point Q . 

2 2 1
2u v+ =  
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Question 11  

The complex numbers iz x y= +  and iw u v= +  are represented by the points P  and Q  
on separate Argand diagrams. 

In the z  plane, the point P  is tracing the line with equationy x= . 

The complex numbers z  and w  are related by 

2w z z= - . 

a) Find, in Cartesian form, the equation of the locus of Q  in the w  plane. 

b) Sketch the locus traced by Q . 

2 22 or  2v u u y x x= - = -  
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Question 12    

The complex numbers iz x y= +  and iw u v= +  are represented by the points P  and Q  
on separate Argand diagrams. 

In the z  plane, the point P  is tracing the line with equation 2y x= .  

Given that he complex numbers z  and w  are related by 

2 1w z= +  

find, in Cartesian form, the locus of Q  in the w  plane. 

4 3 4 or  4 3 4u v x y+ = + =  
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Question 13   

A transformation of the z  plane to the w  plane is given by 

1 3
1

z
w

z
+

=
-

, zÎ � , 1z ¹ , 

where iz x y= +  and iw u v= + . 

The set of points that lie on the y  axis of the z  plane, are mapped in the w  plane onto a 
curve C . 

Show that a Cartesian equation of C  is 

( )2 21 4u v+ + = . 

proof  
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Question 14   

The complex function ( )w f z=  is given by 

1
w

z
= , zÎ � , 0z ¹ . 

This function maps a general point ( ),P x y  in the z  plane onto the point ( ),Q u v  in the 

w  plane. 

Given that P  lies on the line with Cartesian equation 1y = , show that the locus of Q  is 
given by  

1 1
i

2 2
w+ = . 

proof  
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Question 15  

A transformation of the z  plane onto the w  plane is given by 

az b
w

z c
+

=
+

, zÎ � , z c¹ -  

where a , b  and c  are real constants. 

Under this transformation the point represented by the number 1 2i+  gets mapped to its 
complex conjugate and the origin remains invariant. 

a) Find the value of a , the value of b  and the value of c . 

b) Find the number, other than the number represented by the origin, which remains 
invariant under this transformation. 

5
2a = , 0b = , 5

2c = - , 5z =  
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Question 16   

A transformation of the z  plane to the w  plane is given by 

1
2

w
z

=
-

, zÎ � , 2z ¹  

where iz x y= +  and iw u v= + . 

The line with equation 

2 3x y+ =  

is mapped in the w  plane onto a curve C . 

a) Show that C  represents a circle and determine the coordinates of its centre and 
the size of its radius. 

The points of a region R  in the z  plane are mapped onto the points which lie inside C  
in the w  plane. 

b) Sketch and shade R  in a suitable labelled Argand diagram, fully justifying the 
choice of region. 

( ) 51centre at 1, , radius2 2- =  
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Question 17   

A transformation of the z  plane to the w  plane is given by 

2w z= , zÎ � , 

where iz x y= +  and iw u v= + . 

The line with equation 1y =  is mapped in the w  plane onto a curve C . 

Sketch the graph of C , marking clearly the coordinates of all points where the graph of 
C  meets the coordinate axes. 

sketch  
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Question 18   

A transformation of points from the z  plane onto points in the w  plane is given by the 
complex relationship 

2w z= ,  zÎ � , 

where iz x y= +  and iw u v= + . 

Show that if the point P  in the z  plane lies on the line with equation 

1y x= - , 

the locus of this point in the w  plane satisfies the equation 

( )21
1

2
v u= - . 

proof  
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Question 19   

A complex transformation from the z  plane to the w  plane is defined by 

i
3 i
z

w
z

+
=

+
, zÎ � , 3iz ¹ . 

The point ( ),P x y  is mapped by this transformation into the point ( ),Q u v . 

It is further given that Q  lies on the real axis for all the possible positions of P . 

Show that the P  traces the curve with equation  

i 2z- = . 

proof  
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Question 20   

A transformation of the z  plane to the w  plane is given by 

2 1z
w

z
+

= , zÎ � , 0z ¹  

where iz x y= +  and iw u v= + . 

The circle 1C  with centre at ( )11, 2-  and radius 52   in the z  plane is mapped in the w  

plane onto another curve 2C . 

a) Show that 2C  is also a circle and determine the coordinates of its centre and the 
size of its radius. 

The points inside 1C  in the z  plane are mapped onto points of a region R  in the w  
plane. 

b) Sketch and shade R  in a suitably labelled Argand diagram, fully justifying the 
choice of the region. 

( )3 1centre at ,0 , radius2 2
=  
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Question 21  

A transformation of the z  plane to the w  plane is given by 

1
w z

z
= + , zÎ � , 0z ¹ , 

where iz x y= +  and iw u v= + . 

The locus of the points in the z  plane that satisfy the equation 2z =  are mapped in the 

w  plane onto a curve C . 

By considering the equation of the locus 2z =  in exponential form, or otherwise, show 

that a Cartesian equation of C  is 

2 236 100 225u v+ = . 

proof  
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Question 22   

A transformation from the z  plane to the w  plane is defined by the equation 

i 1w z= - , zÎ � . 

Sketch in the w  plane, in Cartesian form, the equation of the image of the half line with 
equation 

( )arg 2
4

z
p

+ = , zÎ � . 

graph  
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Question 23   

A transformation from the z  plane to the w  plane is defined by the equation 

( ) i
i

z
f z

z
=

-
, zÎ � . 

Find, in Cartesian form, the equation of the image of straight line with equation 

i 2z z- = - , zÎ � . 

( ) ( )2 22 4 1
5 5 5u v+ + - =  
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Question 24   

The complex function ( )w f z= is given by 

1
1

w
z

=
-

 , 1z ¹ . 

The point ( ),P x y  in the z  plane traces the line with Cartesian equation 

1y x+ = . 

Show that the locus of the image of P   in the w  plane traces the line with equation 

v u= . 

proof  
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Question 25  

The complex function ( )w f z=  satisfies 

1
w

z
= , zÎ � , 0z ¹ . 

This function maps the point ( ),P x y  in the z  plane onto the point ( ),Q u v  in the w  

plane. 

It is further given that P  traces the curve with equation  

1 1
i

2 2
z+ = . 

Find, in Cartesian form, the equation of the locus of Q . 

1v =  
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Question 26   

cos isinz q q= + , p q p- < £ . 

a) Show clearly that  

2
1 i tan

1 2z
q

= -
+

. 

The complex function ( )w f z=  is defined by 

2
1

w
z

=
+

, zÎ � , 1z ¹ - . 

The circular arc 1z = , for which0 arg
2

z
p

£ < , is transformed by this function. 

b) Sketch the image of this circular arc in a suitably labelled Argand diagram. 

proof/sketch 
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Question 27  

The complex function with equation 

( ) 2
1

f z
z

= , zÎ � , 0z ¹  

maps the complex number ix y+  from the z  plane onto the complex number iu v+  in 
the w  plane. 

The line with equation 

y mx= , 0x ¹ , 

is mapped onto the line with equation 

v Mu= , 

where m  and M  are the respective gradients of the two lines. 

Given that m M= , determine the three possible values of m . 

0, 3m= ±  

 

 

 

 



Created by T. Madas 
 

Created by T. Madas 

Question 28   

A complex transformation of points from the z  plane onto points in the w  plane is 
defined by the equation  

2w z= , zÎ � . 

The point represented by iz x y= +  is mapped onto the point represented by iw u v= + . 

Show that if z  traces the curve with Cartesian equation 

2 22 1y x= - , 

the locus of w  satisfies  the equation 

( )( )2 4 1 2 1v u u= - - . 

proof  
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Question 29  

The complex function ( )w f z=  is defined by 

1
1

w
z

=
-

, zÎ � , 1z ¹ . 

The half line with equation arg
4

z
p

=  is transformed by this function. 

a) Find a Cartesian equation of the locus of the image of the half line. 

b) Sketch the image of the locus in an Argand diagram. 

( ) ( )2 2 2 21 1 1, 0, 02 2 2u v v u v u+ + + = < + + >  

 

 

 

 

 

 

 

 

 



Created by T. Madas 
 

Created by T. Madas 

Question 30  

The complex function ( )w f z=  is defined by 

3 i
1
z

w
z

+
=

-
, zÎ � , 1z ¹ . 

The half line with equation 
3

arg
4

z
p

=  is transformed by this function. 

a) Find a Cartesian equation of the locus of the image of the half line. 

b) Sketch the image of the locus in an Argand diagram. 

( ) ( )2 2 11 1 5, 13u v v u+ + + = > +  
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COMPLEX SERIES 
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Question 1   

The following convergent series C  and S  are given by 

 

 

a) Show clearly that  

i

2
i

2 e
C S q+ =

-
. 

b) Hence show further that 

4 2cos
5 4cos

C
q
q

-
=

-
, 

and find a similar expression for S . 

2sin
5 4cos

S
q

q
=

-
 

 

 

 

 

 

1 1 1
1 cos cos 2 cos3 ...

2 4 8
1 1 1

sin sin 2 sin3 ...
2 4 8

C

S

q q q

q q q

= + + +

= + +
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Question 2   

The following finite sums, C  and S , are given by 

 
 

 

By considering the binomial expansion of ( )51 A+ , show clearly that  

532cos cos5C q q= , 

and find a similar expression for S  

532cos sin5S q q=  

 

 

 

 

 

 

 

 

1 5cos2 10cos4 10cos6 5cos8 cos10

5sin 2 10sin 4 10sin 6 5sin8 sin10

C

S

q q q q q
q q q q q

= + + + + +

= + + + +
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Question 3   

The following convergent series S  is given below 

1 1 1sin sin 2 sin3 sin 4 ...3 9 27S q q q q= - + -  

By considering the sum to infinity of a suitable geometric series involving the complex 
exponential function, show that  

9sin
10 6cos

S
q

q
=

+
. 

proof  
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Question 4   

The sum C  is given below 

( )2 31 cos cos cos cos2 cos cos3 ... 1 cos cos
1 2 1

n nn n n
C nq q q q q q q q

� � � � � �
= - + - + + -� � � � � �

	 
 	 
 	 

 

Given that nÎ �  determine the 4  possible expressions for C . 

Give the answers in exact simplified form. 

4 , : cos sin  nn k k C nq q= Î =� , 4 1, : sin sin  nn k k C nq q= + Î =� , 

4 2, : cos sin  nn k k C nq q= + Î = -� , 4 3, : sin sin  nn k k C nq q= + Î = -�  
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Question 5   

The following convergent series S  is given below 

sin sin 2 sin3 sin 4
...

1! 2! 3! 4!
S

q q q q
= - + - +  

By considering the sum to infinity of a suitable series involving the complex exponential 
function, show that  

( )cose sin sinS q q-= . 

proof  

 


