Created by T. Madas

COMPLEX NUMBERS
PRACTICE
(part 2)

Created by T. Madas



Created by T. Madas

ROOTS
OF
COMPLEX
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Question 1

a) Solve the above equation, giving the answers iridira a+ bi, wherea andb

are real numbers.

b) Plot the roots of the equation as points in an Adgdiagram.
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Question 2

a) Solve the equation, giving the roots in the forel? ,r > 0,- pP< gt p.

b) Plot the roots of the equation as points in an Adgdiagram.
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Question 3
z=4+4i.

a) Find the fifth roots ofz.
Give the answers in the formeé? ,r > 0,- p< g£ p.

b) Plot the roots as points in an Argand diagram.
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Question 4
z=4- 4/3i.

a) Find the cube roots of .

Give the answers in polar form(cosg+ ising) 1 > 0,- p< g£ p.

b) Plot the roots as points in an Argand diagram.

z=2(cosg - isin%) , Z= ;(coég+ isiég) = (209% ,5@8)
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Question 5
The following complex number relationships are give

w=-2+ 2/3i, Z*=w.
a) Expressw inthe formr(cosq+ isinq),wherer >0 and-p< gf p.

b) Find the possible values af, giving the answers in the form+iy, wherex
and y are real numbers.

2p

w=2 cos? + isi

n P
3

Z:%(\/6+i\/§), z=—%(-«/_2+ i\/B), z=—%(«/?2 I\/_6) z —%( Je k/_Z)

Question 6

Find the cube roots of the imaginary unjtgiving the answers in the fore+ bi , where
a andb are real numbers.
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Question 7

Find the cube roots of the complex numbé&r, giving the answers in the foran+bi ,
wherea andb are real numbers.

z2=3-i, =-V3 i, & 2i

Question 8
z*=-8 8/3i, 71

Solve the above equation, giving the answers irffidima a+bi, wherea andb are real
numbers.

z=\/§- il z=1+\/§i, z=-\/§+ i\, |lz="-1- \/éi
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Question 9
5 =3 .
z =(1+|\/§) , ZI

Solve the above equation, giving the answers iridita a+bi , wherea andb are real
numbers.

Z=ii2\/§

Question 10
22 =32+32/3i, z1

a) Solve the above equation.

Give the answers in exponential forz re?,r>0,- pP< gt p.

b) Show that these roots satisfy the equation

w’+218=0,
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Question 11
z'-1= 0, Z1

One of the roots of the above equation is denoyed bwhere0< argW<% :

a) Find w in the formw=r€e?, r >0, 0<q£%.

b) Show clearly that

1+ w+ P +w +uw” +w’ + P =0.

c) Show further that
W+ WP = 2005(4%) .

d) Hence, using the results from the previous pantsice that
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Question 12
23:(1+i\/§)8(1- i)5, ydl

Find the three roots of the above equation, givimg answers in the forrk/2 €7,
where- p< g£ p, ki

i T
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TRIGONOMETRIC
IDENTITIES
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Question 1
If z=cosg + ising, show clearly that ...

a) ... e to 2cosng .
Zn

b) ... 1600§q° cosg+ 5cogB 10cq.

proof
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Question 2
Itis given that

sinyy° 165ir?q— ZOsiﬁcrr 5sig.

a) Use de Moivre’s theorem to prove the validity of tibove trigonometric
identity.

It is further given that
sinyy° 3sing- 4sifg.
b) Solve the equation
sintg=5sing for O£g<p,

giving the solutions correct t® decimal places.

g=0, 1.005 , 2.048

Created by T. Madas



Created by T. Madas

Question 3
The complex numbez is given by

z=€9, - p< gt p.

a) Show clearly that

1
z2"+-—° 2cosm.
Zn

b) Hence show further that

s 1 3
COoSs — COS 4+ — cosg+ —.
975 0034 5 costr g

c) Solve the equation

2cos4g+ 8cos@+ 5 ,0£g<2p.
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Question 4
The complex numbez is given by

z=€9, - p< gt p.

a) Show clearly that

1
z2"+-=—1°2cosm.
Zn

b) Hence show further that

16coSg° cosg+ 5cosB 10cg.
c) Use the results of part (a) and (b) to solve theaggn

cos@y+ 5cosd+ 6cag= , 0E£g<p.

IR
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Question 5
De Moivre's theorem asserts that

(cosg + ising)" © comg+ isimg, g1, ni
a) Use the theorem to prove the validity of the folilegvtrigonometric identity.

cos@° 32coSg- 48clgr  18cog

b) Use the result of part (a) to find, in exact fortme largest positive root of the
eguation

64x%- 96x*+ 3ex>- % (.

X=C0S —
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Question 6
Euler’s identity states

d?° cogp+ ising, gi

a) Use the identity to show that

e+¢e'" o 2co8q.

b) Hence show further that
3200§q° cosf+ 6cogiH 15cogP

c) Use the fact thatos % g ° sing to find a similar expression chQsineq.

d) Determine the exact value of

p

“sinfg+cof g dg.
0

32siPg=- cos@+ 6cos# 15cog? |, »
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Question 7
De Moivre's theorem asserts that

(cosg + ising)" © comg+ isimg, g1, ni
a) Use the theorem to prove validity of the followitnggonometric identity
sinyy = sinq( 16co‘§q- 12C337+ )

b) Hence, or otherwise, solve the equation

sinyy =10cog sing2- 11sig, 0<g<p.

Q
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Question 8
It'is given that

sin5y° sing( 16codg 12clsy )

a) Use de Moivre’s theorem to prove the validity of #ibove trigonometric
identity.

Consider the general solution of the trigonome#gaation
sinyy = Q.

b) Find exact simplified expressions for
co? 2 andcog 2 |
5 5

fully justifying each step in the workings.

cog P =3+\/§ co@ P 345
5 8 5 8
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Question 9

By considering the binomial expansion(m:bsq+ isinq)4 show that

4tang - 4taﬁq

tan4y ° .
Y 1- 6tar?q+ taﬁq

proof
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Question 10
By using de Moivre’'s theorem followed by a 'suitaltiigjonometric identity, show

clearly that ...

a) ... cos3y° 4cosg- 3cag.

b) ... cos&7°(2co§q- )]( 160613; 16c%q )
Consider the solutions of the equation.

cos@=C, OEqgEp.

c) By fully justifying each step in the workings, filde exact value of

cosl@2 CO%QZ co%% colsigz.
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Question 1
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By finding a suitable Cartesian locus in the compteplane, shade the regidR that

satisfies the inequality

|z- 3£ |z 3i.
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Question 2

lz- 1+ i 4, 2]

a) Sketch the locus of the points that satisfy thevabequation in a standard

Argand diagram.

b) Find the minimum and maximum values|r4ffor points that lie on this locus.

Ziin =4~ V2|, |20 = 4442
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Question 3

The complex number represents the poirR(x, y) in the Argand diagram.
Given that

2-1= 22 3,
show that the locus d? is given by

(x+3)°+y? =4.

proof

Question 4
The complex number = x+iy represents the poiR® in the complex plane.

Given that

determine a Cartesian equation for the locu® of

X+ y? =1
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Question 5

Sketch, on the same Argand diagram, the locus @fpihints satisfying each of the
following equations.

a) |z- 3+ i=3.
b) |7=|z-2i.
Give in each case a Cartesian equation for theslocu

c) Shade in the sketch the region that is satisfieddtly these inequalities

|z- 3+ £ 3

142 |z 2i
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Question 6

a) Sketch on the same Argand diagram the locus gboimes satisfying each of the
following equations.

i. |z-il=|z 2.
i. arg(z- 2= %

b) Shade in the sketch the region that is satisfieddil these inequalities

z-ilE |z 2| and %’Earg(z- 2L 2?'0
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Question 7

The complex number represents the poirR(x, y) in the Argand diagram.
Given that
|z- 1= 2z |,

show that the locus d® is a circle, stating its centre and radius.

(x+1)*+(y- 2)°= 4, [(-1,2) r= 2

Question 8
|z- 2i=1, zl

a) In the Argand diagram, sketch the locus of the fsothat satisfy the above
equation.

b) Find the minimum value and the maximum valu¢zb,fand the minimum value
and the maximum oérgz, for points that lie on this locus.

2
|Z|min =1, |Z|max=3 v |&r9Zmin = ’ argzmangp

Wl
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Question 9

The complex number represents the poirR(x, y) in the Argand diagram.
Given that
|z+1=2/z- 2i,

show that the locus dP is a circle and state its radius and the coordmaf its centre.

(9 %%
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Question 10

The complex numbez = x+iy satisfies the relationship
2£|z- 2 3k 3.

a) Shadeaccurately in an Argand diagram the region represented byatiave
relationship.

b) Determine algebraically whether the point that @spnts the numbet+i lies
inside or outside this region.

inside the regiof
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Question 11
Two sets of loci in the Argand diagram are givertliy following equations

1Z=|z+2 and |4=2, Zi
a) Sketch both these loci in the same Argand diagram.
The pointsP andQ in the Argand diagram satisfy both loci equations.

b) Write the complex numbers representedynd Q, in the forma+ib, where
a andb are real numbers.

¢) Find a quadratic equation with real coefficienthoae solutions are the complex
numbers represented by the poiRtsand Q.

z=-]i\/§, 7°+27+4=
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Question 12

a) Sketch in the same Argand diagram the locus optiets satisfying each of the
following equations

i. |z-3 2F 2.
i. |z-3 2F |z ¥ 2.

b) Show by ageometric calculation that no points lie on both loci.

proof

Created by T. Madas



Created by T. Madas

Question 13
The point A represents the complex number on thplane such that

|z- 6= 2|z g,
and the pointB represents the complex number on thplane such that

arg(z- 6)=- 37’0

a) Show that the locus oA as z varies is a circle, stating its radius and the
coordinates of its centre.

b) Sketch, on the same plane, the locus oA and B as z varies.

¢) Find the complex numbez, so that the poinAA coincides with the poinB .

C(4-9),r=+2q, |z=(4- V10)+ i(- 2 V10
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Question 14

|z- 2+ i|= 5.

3o
- =- =
arg(z )

a) Sketch each of the above complex loci in the sangaid diagram.

b) Determine, in the formx+iy, the complex numbeg, represented by the
intersection of the two loci of part (a).

Zy=-2- 4i
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Question 15
The locus of the poing in the Argand diagram, satisfy the equation

|z- 2+ i|= J3.
a) Sketch the locus represented by the above equation.

The half lineL with equation
y=mx-1, »®¥ 0, m Q,
touchesthe locus described in part (a) at the pdmt
b) Find the value oim.
c) Write the equation ofL , in the form
arg(z- )= q, 1 ,-p<qgEp.

d) Find the complex numbew, represented by the poift.

W
H
Py

m=4/3], arg(z+1i) =
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Question 16

The complex numberg, and z, are given by
21:1+i\/§ and 2z, =iz.
a) Label accurately the points representiagand z,, in an Argand diagram.
b) On the same Argand diagram, sketch the locus gboimes z satisfying ...
i .. |z- 2|z 2.
ii. .. arg(z- z)= arga.

c) Determine, in the fornx+iy, the complex numbez; represented by the
intersection of the two loci of pafth).

Z3 =(1- \/?3)+ i(1+ \/5)
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Question 17

The complex numbee lies in the regionR of an Argand diagram, defined by the
inequalities

%Earg(z- AE p and O£ arg(z- 12£ %0
a) Sketch the regiorR, indicating clearly all the relevant details.
The complex numbew lies in R, so thafw| is minimum.

b) Find |vv| , further givingw in the formu+iv, whereu andv are real numbers.

W =3, w=3+3/3i
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Question 18

The pointP represents the number= x+iy in an Argand diagram and further satisfies
the equation

arg —— =%, z1-j.
g1-z 4

Use an algebraic method to find an equation oflticels of P and sketch this locus
accurately in an Argand diagram.

X2 + y2 =1, suchthaty> x- [
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Question 19
The complex numbexk+iy in the z plane of an Argand diagram satisfies the inequalit

X2 + y2 +x>0.
a) Sketch the region represented by this inequality.

A locus in thez plane of an Argand diagram is given by the equatio

z+1 p
arg — =—.
J Z 4

b) Sketch the locus represented by this equation.
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Question 20
The complex number satisfies the relationship

arg(z- 2- ardz * %
Show that the locus af is a circular arc, stating ...
... the coordinates of its endpoints.
... the coordinates of its centre.

... the length of its radius.

(-2,0,(2,9|, [(0,2)], |[r =2V2
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COMPLEX FUNCTIONS
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Question 1
A transformation from the plane to thew plane is defined by the complex function

The locus of the points represented by the complerberz = x+iy is transformed to
the circle with equatiovlv\4 =1 in the w plane.

Find, in Cartesian form, an equation of the loctdisthe points represented by the
complex numberz.

X=1

Question 2
Find an equation of the locus of the points whietoh the half line with equation

_P 1
argz=—, z' 0
g 4

after it has been transformed by the complex function

argw = -

INJ RS
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Question 3
The complex function

Wzi, z11,z1 |, zt1
z-1

transforms the point represented by x+iy in the z plane into the point represented
by w=u+ivin thew plane.

Given thatz satisfies the equatio||z| =1, find a Cartesian locus fos.

c
I
1
N
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Question 4

The complex functioow= f(2) is given by

w=""% wherezl . %- 1.
z+1

A point P in the z plane gets mapped onto a poitin the w plane.
The pointQ traces the circle with equatigw| = 3.

Show that the locus d? in the z plane is also a circle, stating its centre andaitbus.

centre(-% () , radius%
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Question 5

The general poinP(x, y) which is represent by the complex numizer x+iy in the
z plane, lies on the locus of

14 =1.
A transformation from the plane to thew plane is defined by

+
W:Z—g, z1- 1,
z+1

and maps the poir®®(x, y) onto the pointQ(u, V).

Find, in Cartesian form, the equation of the loctithe pointQ in the w plane.
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Question 6

The pointP represented by = x+iy in the z plane is transformed into the poigt
represented byv=u+iv in the w plane, by the complex transformation

W:E, z11.
z-1

The pointP traces a circle of radiu®, centred at the origi®.

Find a Cartesian equation of the locus of the pQint
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Question 7

The complex numberg = x+iy andw=u+iv are represented by the poiRsand Q,
respectively, in separate Argand diagrams.

The two numbers are related by the equation

If P is moving along the circle with equation
2
(x+1)° +y* =4,

find in Cartesian form an equation of the locushaf pointQ.

u?+v2 =

N
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Question 8
A transformation from the plane to thew plane is defined by the equation
Z+2i

W= , 21 2.
z- 2

Find in thew plane, in Cartesian form, the equation of the ienaf the circle with
equation|Z =1, zi

(v+3) +{v+4) =

Question 9
A transformation from the plane to thew plane is given by the equation

w= 1 22, zt 3.
3- 2
Show that the in thev plane, the image of the circle with equat‘ahz 1, z1 |is

another circle, stating its centre and its radius .

=
1
ol

(u- 5)2+ V=49 centre(g ()
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Question 10

The complex numberg = x+iy andw=u+iv are represented by the poiRsand Q,
respectively, in separate Argand diagrams.

The two numbers are related by the equation
WZE, z1 0.
z
If P is moving along the circle with equation
X2+y2=2,

find in Cartesian form an equation for the locushe pointQ.
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Question 11

The complex numberg = x+iy andw=u+iv are represented by the poiRsand Q
on separate Argand diagrams.

In the z plane, the poinP is tracing the line with equation= x.
The complex numberg andw are related by
w=z- 7.
a) Find, in Cartesian form, the equation of the looti€ in the w plane.

b) Sketch the locus traced Y.

v=u- 20 or V= % 2%

Created by T. Madas



Created by T. Madas

Question 12

The complex numberg = x+iy andw=u+iv are represented by the poiRsand Q
on separate Argand diagrams.

In the z plane, the poinP is tracing the line with equatioy = 2x.
Given that he complex numbersand w are related by
w=Z+1

find, in Cartesian form, the locus & in the w plane.

Qu+3v=4 or 4+ 3y=
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Question 13
A transformation of thez plane to thew plane is given by

1+32, zl , z11,
1-z

wherez= x+iyandw=u+iv.

The set of points that lie on the axis of thez plane, are mapped in thve plane onto a
curveC.

Show that a Cartesian equation®fis
2
(u+2)"+V* =4,

proof
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Question 14

The complex functioow= f(2) is given by

oz, ztoO.

N |~

This function maps a general poiR(x, y) in the z plane onto the poin®(u, v) in the
w plane.

Given thatP lies on the line with Cartesian equatigr=1, show that the locus @ is
given by

1.] 1
w+=il ==,
2‘ 2

proof
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Question 15
A transformation of thez plane onto thewv plane is given by

_az+b _.

W , zl ,Z21- ¢
z+C

wherea, b andc are real constants.

Under this transformation the point representedh@ynumberl + 2i gets mapped to its
complex conjugate and the origin remains invariant.

a) Find the value ofa, the value ot and the value o€.

b) Find the number, other than the number represdntele origin, which remains
invariant under this transformation.

[b=0 |c

%}
1
Nolon

1
1
Nolon
N
1l
[&)]
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Question 16
A transformation of thez plane to thew plane is given by

W:i, zl ,z12
z- 2

wherez= x+iyandw=u+iv.
The line with equation

2x+y=3
is mapped in thev plane onto a curve.

a) Show thatC represents a circle and determine the coordirgtés centre and
the size of its radius.

The points of a regiofR in the z plane are mapped onto the points which lie in&de
in the w plane.

b) Sketch and shadR in a suitable labelled Argand diagram, fully jlgtig the
choice of region.

centre at(- ]%) ,radiusg
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Question 17
A transformation of thez plane to thew plane is given by

w=7,z1
wherez= x+iyandw=u+iv.
The line with equatiory =1 is mapped in thav plane onto a curv€.

Sketch the graph of , marking clearly the coordinates of all points whthe graph of
C meets the coordinate axes.
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Question 18
A transformation of points from the plane onto points in the/ plane is given by the
complex relationship
w=2, zI
wherez= x+iyandw=u+iv.
Show that if the poinP in the z plane lies on the line with equation

y=x-1,

the locus of this point in ther plane satisfies the equation
_1( 0
V—E(u - 1).

proof
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Question 19
A complex transformation from the plane to thew plane is defined by

_Z+i
3+iz’

zZl  , z1 3.

The pointP(x, y) is mapped by this transformation into the pa@ftu, v) .

It is further given thaQ lies on the real axis for all the possible posisiof P .
Show that theP traces the curve with equation
|z-i|= 2.

proof
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Question 20
A transformation of thez plane to thew plane is given by

+ A
22 1,zl , 210
Z

wherez= x+iyandw=u+iv.

The circleC; with centre a(l,- %) and radiusg in the z plane is mapped in the

plane onto another curve,.

a) Show thatC, is also a circle and determine the coordinatessatentre and the
size of its radius.

The points insideC; in the z plane are mapped onto points of a regknn the w
plane.

b) Sketch and shadR in a suitably labelled Argand diagram, fully jdigitng the
choice of the region.

3 e 1
centre a 5 9) , radlus&
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Question 21
A transformation of thez plane to thew plane is given by

1 -
w=z+—, zI , 210,
y4

wherez= x+iyandw=u+iv.

The locus of the points in the plane that satisfy the equati@z]c 2 are mapped in the
w plane onto a curve.

By considering the equation of the quuF 2 in exponential form, or otherwise, show
that a Cartesian equation 6f is

36u2 +100/2 = 228,

proof
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Question 22
A transformation from the plane to thew plane is defined by the equation

w=iz-1, zl

Sketch in thew plane, in Cartesian form, the equation of the ienafythe half line with
equation

arg(z+ 2):%, z1
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Question 23
A transformation from the plane to thew plane is defined by the equation

Find, in Cartesian form, the equation of the imafgstraight line with equation

z-i]= |z 2|, Z]
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Question 24

The complex functioow= f(2) is given by
W=i ,Z1 1.
1-z

The pointP(x, y) in the z plane traces the line with Cartesian equation
y+ x=1.
Show that the locus of themageof P in thew plane traces the line with equation
V=u.

proof
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Question 25

The complex functioow= f(z) satisfies

oz, ztoO.

N |~

This function maps the poirR(x, y) in the z plane onto the poin®(u,v) in the w
plane.

It is further given thatP traces the curve with equation

1.] 1
z+=i ==,
2‘ 2

Find, in Cartesian form, the equation of the loct§) .
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Question 26
z=cogg+ising, -p< gt p.

a) Show clearly that

i:1- itang.
1+z 2
The complex functioow= f(2) is defined by
W:i, zl ,zt-1
1+z

The circular arc12| =1, for whichO £ argz <%, is transformed by this function.

b) Sketch the image of this circular arc in a suitdabelled Argand diagram.

proof/sketc
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Question 27
The complex function with equation

f(z)=i2, zl ,z10
z

maps the complex number+iy from the z plane onto the complex numbe#-iv in
the w plane.

The line with equation
y=mx, x1 0,
is mapped onto the line with equation
v=Mu,
wherem and M are the respective gradients of the two lines.

Given thatm= M, determine the three possible valuesrof

m:O,i\/?B
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Question 28
A complex transformation of points from tleeplane onto points in the plane is
defined by the equation
w=72, z1
The point represented = x+iy is mapped onto the point representedwby u+iv.
Show that ifz traces the curve with Cartesian equation
y2 =2x?- 1,
the locus ofw satisfies the equation

vZ=4(u-J)(2uv J).

proof
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Question 29

The complex functioow= f(2) is defined by

The half line with equatiomargz :% is transformed by this function.

a) Find a Cartesian equation of the locus ofithage of the half line.

b) Sketch themage of the locus in an Argand diagram.

(u+l)2 +(v+i)2 =3, v<0, ¥ +V +u>0
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Question 30
The complex functioow= f(2) is defined by
3z+i -

w= , ZI , 211,
1- z

The half line with equatiomargz :37’0 is transformed by this function.

a) Find a Cartesian equation of the locus ofithage of the half line.

b) Sketch themage of the locus in an Argand diagram.

(u +1)2 +(v+1)2 =5, v>% u+1
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COMPLEX SERIES
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Question 1
The following convergent serigS and S are given by

1 1 1
C=1+>-cosy += cOSZ += CO
5 oSy +-, cosg + COSP

1. 1 . 1 .
S= =sing+-=sinZyy+—=siny ..
2 9 4 & 8 ¥

a) Show clearly that

- 2
C+iS= p
b) Hence show further that
C:4- 2c037’
5- 4cogyy

and find a similar expression f&.

_ 2sing
5- 4cogy
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Question 2
The following finite sumsC and S, are given by

C=1+5cos2 + 10cosdt+ 10cog6- 5cap8 cog

S=5sinZy+ 10sing + 10sing+ 5sinB+ sing0

By considering the binomial expansion(af-k A)5, show clearly that

C=32 coéq cos§,

and find a similar expression f&

S=32co$q sing
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Question 3
The following convergent seri€S is given below

S:sinq-%sinZﬁ%Sinz]- 717 sing .

By considering the sum to infinity of a suitableogeetric series involving the complex
exponential function, show that

__ 9sing
10+ 6cogy

proof
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Question 4
The sumC is given below

C=1- :cosq Cog+ 2 cosg cosP : cdg cap3 +4 )"1 bgs o

Given thatnl  determine thet possible expressions f@ .

Give the answers in exact simplified form.

n=4k, kI :G cosm siMg |, [n=4k+1, ki :G sinmsifg|,

n=4k+2, ki :G- cosm siflg |, [n=4k+3,kl :G- sinmsifg
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Question 5
The following convergent seri€S is given below

S_sinq_ sin217+ sing sing
IETEY 3l 4

By considering the sum to infinity of a suitableisg involving the complex exponential
function, show that

S=¢ “¥sin( sim).

proof
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