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Question 1 (*%)

The vectors a and b, are not parallel.

Simplify fully the following expression

(2a+b)A(a=2b).

Question 2 (*%)

The vectors a, b and ¢ are not parallel.

Simplify fully

a-[ba(c+a)].
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Question 3 (*%)

Find the area of the triangle with vertices at A(1,-1,2), B(=1,2,1) and C(2,-3,3).
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e

Question 4 - (%)
Referred to a fixed origin the coordinates of the following points are given

A(L11), B(5,-2,1), C(3,2,6) and D(1,5,6).

a) Find a Cartesian equation for the plane containing the points A, B and C.

b) Determine the volume of the tetrahedron ABCD .
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Question 5 (*%)

The position vectors of the points A, B and C are given below
OA=-i+2j+2k, OB=3i+4j—k and OC=i+4j+k.

a) Show that OA, OB and OC are linearly dependent.

b) Find the area of the triangle ABC .
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Question 6 (*%)

Find the equation of the straight line which is common to the planes

x=2y+4z=9 and 2x-3y+z=4.

[ L |r=(i+2k)+A(10i+7j+k) or [r—(i+2k)]a(10i+7j+k)=0
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Question 7 (**+)

The following vectors are given.
a=2i+3j-k
b=i+2j+k
c=j+3k

a) Show the three vectors are coplanar.

b) Express a interms of b and c.
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Question 8  (**+)

The vectors a and b are such so that
la|=+10, |b|=10 and a-b=30.

Find the value of |a /\b| .
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Question 9 (**+)

With respect to a fixed origin O, the points A and B have position vectors given by
a=3i-j+2k and b=2i+j-k.
a) Find a Cartesian equation of the plane that passes through O, A and B.
A straight line has a vector equation
[r—(4i+j+6k)|A(i+j+k)=0.

b) Determine the coordinates of the point C, where C is the intersection between
the straight line and the plane.
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Question 10 (**+)

The plane I1; passes through the point with coordinates (2,5,1) and is perpendicular to
the vector 5i—4j+20k .

a) Find a vector equation of II;,inthe formr.-n=d.

b) Calculate the exact value of the cosine of the acute angle between I1; and the

plane I1, with equation x+y+z=10.

r-(5i-4j+20k)=10|, [cos§=-L

Py
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Question 11 (**+)

The following three vectors are given

a=i+3j+2k
b=2i+3j+k
c=i+2j+ 1k

where A is a scalar constant.

a) If the three vectors given above are coplanar, find the value of 4.

b) Express a in terms of b and ¢.

L

a=3c—b|

A=1

b

a)

Created by T. Madas

IF THE UEOTORS ARG COR/MIAR ) THE CLosS popucT
OF AV Twb_ WU & SERPMIDIGIAL To_THE Tthen

23(2,\’2).9=o

=t

=0

2 0
3 2
3|

i

2

= "3 ZlAzll 2 +c\[4 3!:0
31 21 23

= G-6) -2(1-9) +2(3 %) ==

= -3+L -2)=0

= 3=20
Q=
o

SETING- 0P A €QuATIoN
4 =pb +qe

(83 +1C4

QUATE sa7 1 gk Cee ) sbous BAumce]

=0 o b =3
P%e(=z’5 > p=-l & 4




Created by T. Madas

Question 12 (¥%%)

The vectors a, b and ¢ are such so that

cara=1i and bac=2k.

Express (a+b)a(a+b+2¢) in terms of i and k .

Question 13 (*%%)

Relative to a fixed origin O, the position vectors of the points A, B and C are

1 2 4
OA=|-1|, OB=| 3| and OC=|-1]|.
-1 -1 5

a) Show that OA, OB and OC are linearly independent.
b) Evaluate OA-OB .

¢) Show that OB A OC = kOA , where k 1is a constant.
The points O, A, B and C are vertices of a solid.

d) Describe the solid geometrically and state its volume.

OA-0OB=0 , |k =14|, |cuboid, volume =42
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Question 14  (¥*%)

Relative to a fixed origin O, the plane II; passes through the points A, B and C with
position vectors i—j+ 2k, 6i—j+k and 3i—2j+ 2k, respectively.

a) Determine an equation of II; in the form r-n=c, where n is the normal to IT;
and c is a scalar constant.

b) Find, in exact surd form, the shortest distance of II; from the origin O.
The plane I1, passes through the point A and has normal 5i—2j+7k .

¢) Calculate, to the nearest degree, the acute angle between I1; and II,.
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Question 15 (**%)

Relative to a fixed origin O, the points A, B and C have position vectors

4 3 3-21
a=|1|, b=[2| and c=| A+5 |,
1 2 A+17

where A is a scalar parameter.

a) Find the b Ac interms of 4.
b) Show that a- (b ac) is independent of 4.

¢) Find the volume of the tetrahedron and OABC .

24i =(74+45)j+(7A+9)k/,

® b, 7 L, | = Lavaalelo, ey st 2 pis-614y ]

@ a-Coue) = (441 (2 -5 T49) = w4449 = @

® AN

Created by T. Madas



Created by T. Madas

Question 16 (**%)
With respect to a fixed origin O, the points A(0,1,2), B(2,3,1) and C(1,1,3) are all
contained by the plane II.

a) Calculate the area of the triangle ABC'.

b) Determine an equation of II, giving the answer in the form r-n =¢, where n is
anormal to Il and c¢ is a scalar constant.

¢) Find the distance of I1 from the origin O.

1
The distance of the point D(3,4,1) from the plane /7 is —.
p (3.4.1) p 75

d) Calculate, correct to one decimal place, the acute angle between AD and II.

area:%\/ﬁ , |r(2i-3j-2k)=-7|, distancez% 4
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Question 17  (*¥%%)

D(=3,8,6)

B(9,1,0) A(5,1,3)

The figure above shows a parallelepiped.

Relative to a fixed origin O, the vertices of the parallelepiped at A, B, C, D and E
have respective position vectors

a=5i+j+3k,
b=9i+]j,
c=i+8j+3k,
d=-3i+8j+06k
e=7i+2j+9k.

a) Calculate the area of the face ABCD .

b) Show that the volume of parallelepiped is 222 cubic units.

¢) Hence, find the distance between the faces ABCD and EFGH

, larea=37|, |distance = 6|
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Question 18 (**%)

Two non zero vectors a and b have respective magnitudes a and b, respectively.

, show that

Given that c=[a ab| and d =[ab

2 +d*=a’bh.

Question 19 (*#%)
Relative to a fixed origin O, the points A(-2,3,5), B(1,-3,1) and C(4,—6,-7) lie on
the plane II.

a) Find a Cartesian equation for IT.

The perpendicular from the point P(26,2,7) meets the IT at the point Q.

b) Determine the coordinates of Q.

.|0(2,-6.1)
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Question 20  (**%)
The points A(3,1,0), B(0,2,2) and C(3,3,1) form aplane IT.

a) Show that i—j+2k is anormal to II.
b) Find a Cartesian equation for IT.

The straight line L passes through the point P(3,1,3) and meets IT at right angles at
the point Q.

¢) Determine the distance PQ.
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Question 21  (¥*%)

The figure above shows a parallelepiped, whose vertices are located at the points
A(2,1,1), B(3,3,2), D(4,0,5) and E(1,-2,7), where 7 is a constant.

a) Calculate AB A AD ,in terms of 7.

b) Find the value of AB A AD . AE

The volume of the parallelepiped is 22 cubic units.

¢) Determine the possible values of 7.

(12=3¢)i+(-t-1)j=5k|, [11r—44|, [t =2,6
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Question 22  (¥*%)

Find in Cartesian form the equation of the intersection between the planes with the
following equations

2x+4y+z=0

3x+3y+2z=15.

Question 23 (*%%)

Two planes have Cartesian equations

3x+2y—6z=20 and 12x+ky =20,

where k 1s'a non zero constant.

The acute angle between the two planes is 4.

Given that cos@ =% , determine the value of k.
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Question 24  (**%)

The straight lines /; and /, have respective vector equations

r=2i—j+k+A(j+3k)
r, =i+2j+3k+ u(i+2k)

where A and u are scalar parameters.

Show that /; and [/, are skew and hence find the shortest distance between them.
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Question 25 (**%)
The points A(1,-3,1), B(=1,-2,0) and C(0,—1,—4) define a plane IT.

a) Show that i+3j+k is anormal to II.
b) Determine a Cartesian equation for IT.
The straight line L has equation
r=2i+k+A(5i+j+2k),
where A is a scalar parameter.

¢) Find the coordinates of the point of intersection between IT and L.

d) Calculate the size of the acute angle between IT and L.
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Question 26  (**%4)
A tetrahedron has its four vertices at the points A(-3,6,4),B(0,11,0), C(4,1,28) and
D(7.k,24), where k is a constant.

a) Calculate the area of the triangle ABC.
b) Find the volume of the tetrahedron ABCD , interms of k.
The volume of the tetrahedron is 150 cubic units.

¢) Determine the possible values of & .
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Question 27 (*¥*%4)

A triangular prism has vertices at A(3,3,3) , B(1,3,t) , C(5,1,5) and F(8,0,10) ,

where t is a constant.

The face ABC is parallel to the face DEF and the lines AD, BE and CF are parallel
to each other.

a) Calculate AB A AC , in terms of .
b) Find the value of AB A AC - AD , in terms of 7.

The value of ¢ is taken to be 6.
¢) Determine the volume of the prism for this value of ¢.

d) Explain the geometrical significance if r =—1.

(21-6)i+(2t-2)j+4k|, |41 +4|, |V =14 cubic units|,

|A,B,C ,D are coplanar, so no volume

H ®-z ‘ , V;v,‘mu Gus)e (e, 5)

@) Voluwts o prisin = L porallileniond
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Question 28 (***4)

Relative to a fixed origin O the point P has coordinates (1,2,1).
A plane IT has Cartesian equation
2x+y+3z=21.

The straight line L passes through the point P and it is perpendicular to T1.
a) Find the coordinates of the point M , where M is the intersection of II and L.

The point Q is the reflection of P about II.
b) Find the coordinates of Q.
¢) Find OM AOP.

d) Hence, or otherwise, find the shortest distance from the point P to the straight
line OM , giving the answer in exact form.

— . _ 35
M (3,3,4)|,10(5,4,7)|, |5i—j—3k|, |distance = 3
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Question 29 (***4)

The plane IT has an equation given by
r=4i+k+A(2j-k)+u(3i+2j+2k),
where A and u are scalar parameters.
a) Find a normal vector to this plane.

The straight line L passes through the point A(2, 2,2) and meets IT at the point
B(4,0,1).

b) Calculate, to the nearest degree, the acute angle between L and II.

¢) Hence, or otherwise, find the shortest distance from A to II.

n=-2i+j+2k|, [63°|, |distance =

w|co

L @

2
p
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Question 30 (¥**+)

With respect to a fixed origin O the points A, B and C, have respective coordinates
(6,10,10), (11,14,13) and (k,8,6), where k is a constant.

a) Given that all the three points lie on a plane which contains the origin, find the
value of k.

b) Given instead that OA, OB, OC are edges of a parallelepiped of volume 150
cubic units determine the possible values of & .

k=10,

k=-5, k=25

®
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Question 31 (***+)

The straight lines I; and L, have respective Cartesian equations

x—=25
9

:z+13 and x+26:y—7:z—13.

Y
702 —6 7 8

a) Show that L; and L, intersect at some point and find its coordinates.
The plane IT contains both ; and L, .

b) Find a Cartesian equation for II.

(-2,-21,-19)|,

2x=4y+5z+15=0

@

()
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Question 32 (***+)

The figure below shows a parallelepiped.

0(0,0,0) C(2,2,-1)

Relative to an origin O the points A, B, C and D have respective position vectors
a=4i—-j+7k, b=6i+j+6k, c¢=2i+2j—-k and d=i+3j-2k.
a) Find an equation of the plane ABDG in the form ...
i ...r=u+Av+uw.
il. ... ax+by+cz+d=0.

b) Hence determine the direction cosines of the straight line through O and F .

r=4i—j+7k+A(20+2j—k)+u(3i—4j+9K)|,

2x=-3y—-2z+3=0|,
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Question 33 (**%4)

The planes II; and II, have the following Cartesian equations.

2x+2y—z=9
x=2y=17

a) Find, to the nearest degree, the acute angle between II; and II,.

The two planes intersect along the straight line L.

b) Determine an equation of L in the form r na=b, where a and b are vectors
with integer components.

73°], [r A (2i+ j+6k)=—5i—32j+7k
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Question 34 (*¥**4)

The straight line / has Cartesian equation

x=2 y-3 z-4
2 3 2

a) Show that the point P with coordinates (16, 24,18) lieson /.

The point A has coordinates (8,19,6) and the direction vector of [ is denoted by d.

b) Calculate ATTTd .

¢) Hence show that the shortest distance of A from [/ is exactly 6 units.

(20i —4j—14k)

J17
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Question 35  (***4)

The three vertices of the parallelogram ABCD have coordinates
A(7,1,-6), B(4,0,7) and D(-2,6,1).
The diagonals of the parallelogram meet at the point M .
a) Determine in any order the coordinates of M and the coordinates of C.
b) Calculate in exact simplified surd form, the area of ABCD .

The straight line [ passes through C and is perpendicular to ABCD .

¢) Find an equation of /, giving the answer in the form (r—a)Ab=0, where a

and b are constant vectors to be found.

The plane IT is parallel to ABCD and passes through the point with coordinates
(10,10,1).

d) Determine the coordinates of the point of intersection between IT and /.

The parallelogram ABCD is one of the six faces of a parallelepiped whose opposite
face lies in IT.

e) Calculate the volume of this parallelepiped.

M (1,3,4)[, |C(=5.5,14)|, |area = 2426,

a=-5i+5j+14k

b=3i+4j+k

b b

(1,13,6)|, [volume =1248|
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Question 36  (***+)

Three planes have the following Cartesian equations.

x=3y—-2z=2
2x—-2y+3z=1
Sx=Ty+4z=k

where k is a constant.

Determine the intersection of the three planes, stating any restrictions in the value of k.

[ ] |r=3i+j-k+r(13i+7j-4k)
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Question 37 (**%4)

The planes II; and II, have respective Cartesian equations
x+2y—z=1 and x+3y+2z7=6.
a) Find the acute angle between I1; and II,.
b) Show that II; and II, intersect along the straight line with equation
r=(54-9)i+(5-24)j+4k,

where A is a scalar parameter.
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Question 38 (***+)

It is given that the vectors a, b and ¢ satisfy

bac=2i and anc=/Uj,

where 4 is a scalar constant.
It is further given that the vector expression defined as

(a+2b—-3c)A(a+2b+kc),

where k is a scalar constant, is parallel to the vector i—j.

Determine the condition that # and k& must satisfy.
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Question 39  (***4)

The position vector r of a variable point traces the plane Il with equation
r=(4+A+5u)i+(8+24—-4u)j+(-5+A+7u)k,
where A and g are parameters.
a) Express the equation of II in the form
rn=c,
where n and c is a vector and scalar constant, respectively.
The point P(12,=1,44) is reflected about IT onto the point P’.

b) Determine the coordinates of P’.

[ ] [r(9i-j=7k)=63|, | P"(48,~5.16)
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Z=-SHA nr N
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Question 40 (x**¥)

The plane IT has a vector equation
r=(1+4A43u)i+(3+A+2u)j+(4+21- 1)k,
where A and u are scalar parameters.
The straight line L has a vector equation
r=(2+42)i+(1+3r)j+(-3—-41)k,
where ¢ is a scalar parameter.

a) Show that L is parallel to IT.

b) Find the shortest distance between L and IT.

2.6

@ =«

(&)
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Question 41  (G¢*%%¥)

Relative to a fixed origin O, the following points are given.
A(4,2,0), B(-17,-1) and C(2,0,1).

a) Determine a vector, with integer components, which is perpendicular to both
AB and AC:.

You may NOT use the vector (cross) product for this part.

b) Deduce a Cartesian equation of the plane, which passes through A, B and C.

:

3i+7j+20k

3x+7y+20z=26

b
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Question 42 (**¥)
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The straight lines 1; and L, have respective Cartesian equations

X—

2

y-3
4 2

and

=2z
11

x+2_4y _z+10

3

a) Show that L; and L, intersect at some point P and find its coordinates.

b) Show further that the Cartesian vector 37i—16j—10k is perpendicular to both

Ly and L,.

The plane IT is defined by L; and L,.

The point Q(2,5,-2) does not lie on IT-

The straight line L; passes through Q and P.

¢) Calculate the acute angle formed between L5 and II.
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Question 43  (G¥*¥%¥)

Relative to a fixed origin O, the following points are given.
A(7,2,6), B(9,10,4) and C(-3,-2,-2).

a) Determine a vector, with integer components, which is perpendicular to both
AB and AC, and hence deduce a Cartesian equation of the plane I, which
passes through A, B and C.

You may NOT use the vector (cross) product for this part.

The straight line / is perpendicular to IT and passes through the point P(11,3,—4).

The point Q is the intersection of / and II.
b) Find the coordinates of Q.

¢) Calculate the distance PQ.

[ . 0(5.6,2)|. ||PQ|=3

2i—j+2k

2x—y—-2z=0

b

CTSAS

YN A i
CALe)  Bapd o) D Honce AN co0dTIoN of THE Digupr Puane QTN o 680 THE DUANCE
¢ ! f ; —— et
Ko AR AN A A A A -

21 -y-22 = Gt s
= Rz T
(\) ST B foone AL 4 A2 USING- THe 2007 ACT2,6 QGe2) J
= B a
B - (o) -Cn2¢ = (28-2) ~ Qu-) G Gontbnert
¢ 8 )
K= G- (e = Gopgee) ~ ()
T e Reauigrd veown Be Cpiar) G A-y-=2z=o /
S — >

;(?\q\r‘,-(\,trv‘/:o g R E pAUg-T =0 §
gy« (s2m) =0 S0 ‘)) THE REQUIORO UNE S Dipscuon Ve (2-12)

CATUBNATIE o oy

L=t N R A5ve Ruino = T = (Fres Fony) + 1 (dresction viacz) % ~ - o 3 %
- Since | biekction veote| = [ 2,-1,-2) = 3
g P¥aq i x 2o = 0= (U 34) + 2Ge2) S A,
R R y = C AN N=-3y THE Regquieed DETANCE
ph2 + 4 =0 = GH2) = 2t 33 <3-) S ) >
J . G w3 3x|xl= g
-Sp ~2q S =0 - 1
P =g & - SOUING S MUCANCOYY WOnH 2 4 R T B 5 0 N 0 B S A Y
g swa{w:eg i ‘[‘3‘{ *i=o BOING S NUTANEOSY W04 214 ~28 = &
o> |t — 2(2h)-
= 94=4
= — Alepi-iinss oo
= tlq-1=0 = UN=a7
= pi2-l=o = %:.3
= p=~

Hewe A PESNSILLAL vtaop ™ A AR a A 1

(ae) = k) ~  Gi-2)

Created by T. Madas



Created by T. Madas

Question 44 (¥**¥)

The straight line L and the plane IT have equations
L: r=-3i-2j+3k+A(2i—3j+4k)
I7T: 3x-2y+z=5
a) Find the size of the acute angle between L and IT.

b) Use a method involving the cross product to show that the shortest distance of
the point (0,—6,13) from L is 3 units.
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Question 45  (¥*%%¥)

The equations of two planes are given below
r(6i—3j+2k)=42 and r(17i+2j+k)=-7.
The straight line [ is the intersection of the two planes.

a) Find an equation for /, in the form r=a+ Ab, where a and b are constant
vectors and A is a scalar parameter.

A third plane II5 contains / and the point with position vector 30i+7j+30k .

b) Find an equation for I15, in the form r =u+av+ fw, where u, v and w are

constant vectors and & and £ are scalar parameters.

r=-8j+9k +A(-i+4j+9k)|, [r=(-8j+9k)+a(—i+4j+9k)+ A(10i+5j+7k)

®
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Question 46  (***%¥)

A triangle has vertices at A(=2,-2,0), B(6,8,6) and C(-6,8,12).

a) Find the area of the triangle ABC .

The plane II; contains the point B and is perpendicular to AB .
b) Show that an equation of II; is
4x+5y+3z=82.
The plane I1, contains the point C and is perpendicular to AC.
¢) Find the size of the acute angle between II; and II,.
d) Show that the intersection of II; and II, is

(A-6)i+(20-21)j+(24+2)k.

larea = 90), [52.1°]

9

Created by T. Madas



Created by T. Madas

Question 47  (¥*¥%F)

The plane quadrilateral ABCD is the base of a pyramid with vertex V .

The coordinates of the points A, B and C are (5,1,9), (8,-2,0) and (4,-1,6),

respectively.

If the equation of the face CDV is 2x—3y—16z+85=0 determine the vector

equation of the line CD .

Féth

r=(4i—j+6k)+A(35i+18j+k) or [r—(4i—j+6k)|A(35i+18j+k)=0
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Question 48  (**¥%¥)

A straight line L and a plane I1 have respective cartesian equations
L: x-3=2-y=2(2z-5) and TI: 2x+ky+z=13,
where k is a constant.

Given that the acute angle between L and IT is 30°, find the possible values of k.

:

k=1 U k=-17|
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Question 49 (F**¥)

With respect to a fixed origin O the point A has position vector OA = —4i+ J-2k.
The straight line L has vector equation
r AOA=5i—10k.

a) Find, in terms of a scalar parameter A, a vector equation of L.

Give the answer in the form r=p+ Aq, where p and q are constant vectors.

b) Verify that the point B, with position vector OB =2i-3 j+k,lieson L.

¢) Find the exact area of the triangle OAB .

r:—%j+/1(4i—j+2k) : area=%\/§

<) ©
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Question 50 (F**¥)

The planes I1; and II, have respective Cartesian equations
6x+2y+9z=5 and 10x—-y-11z=4.
a) Find the acute angle between II; and II,.
b) Show that II; and II, intersect along the straight line with equation
r=i-5j+k+r(i—12j+2k),
where ¢ is a scalar parameter.
The plane IT; has Cartesian equation
Sx+3y+11z=28.

¢) Find the coordinates of the point of intersection of all three planes.

d) Determine an equation of the plane that passes through the point (2,1,8) and is
perpendicular to both IT; and II,.

’ (_2’317_5) )

x—12y+2z=6|
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Question 51 (¥**¥)

The points P(2,2,1) and Q(6,=7,—1) lie on the plane IT with Cartesian equation

cx+4y-12z=k,

where ¢ and k are constants.

a) Determine an equation of the straight line L, which is perpendicular to IT and

passing through P.

The points A and B are both located on L and each of these points is at a distance of

26 units from IT.

b) Show that the area of the triangle ABQ is approximately 261 square units.

[ L lr=(34+2)i+(44+2)j+(1-12A)k
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Question 52 (F**¥)

The plane I1; contains the origin O and the points A(2,0,~1) and B(4,3,1).
a) Find a Cartesian equation of II;.

The plane IT, contains the point B and has normal vector n=3i+j—k.
b) Determine an equation of the plane in the form rrn=4d .

The straight line L is the intersection of II; and II,.

The point P lies on L so that OP is perpendicularto L.

¢) Find a vector equation of L.

d) Determine the coordinates of P .

JAr(3i+j-k)=14|, [r=4i+3j+k + A(j+Kk)|, |P(4.1,-1)

[x—2y+2z=0

@ ShGR=]i Lk

| &)
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Question 53 (FHEE)

The following vectors are given

a=3i+4j+k
b=2i-5j+2k
c=7i+2j-3k

a) Show that the vectors are linearly independent.

b) Express the vector 9i+20j—5k interms of a, b and c.

91+20j—5k =2a—-2b+c
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Question 54 (F**¥)

The points A(0,2,1), B(8,6,0) and C(—4,1,1) forma plane IT;.
a) Find a Cartesian equation for II;.
The point T'(1,2,¢) lies outside IT,.

b) Show that the shortest distance of 7 from II; 1s

4(5-9)).

The plane II, has Cartesian equation
2x+y-2z+47=0.

¢) Given that the T is equidistant from II; and II, find the possible values of .

—x+4y+8z=16

t=-12,3

b
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Question 55  (¥*%%¥)

With respect to a fixed origin O, the points A(3,0,0), B(0,2,—1) and C(2,0,1) have

position vectors a, b and ¢, respectively.

a) Calculate AC A OB .
The plane IT contains the point C and the straight line L with vector equation
(r—a)Ab=0,
where a and b are constant vectors to be found.
b) Find a Cartesian equation of II.
¢) Calculate the shortest distance of IT from O.
The point D is the reflection of O about II.

d) Determine the coordinates of D .

—2i—i—2k|,

, |distance = 2|, D(%,%

2x+y+2z=6

@

®)

G
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Question 56  (**¥%¥)

Relative to a fixed origin O, the point A has position vector a=i+2j+k.
The plane IT has vector equation
r=a+4b+ uc,
where b=2i—k and c¢=3j-k.
a) Find a Cartesian equation of II.
The point P has position vector i+5j—3k .

b) Calculate, to the nearest degree, the acute angle between AP and II.

131

3x+2y+6z=13

§ = ()R TR
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Question 57

(****)
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The system of equations below has a unique solution.

S5x+ y+6z=9
3x+6y+2z=8
4x+2y—-9z=175

a) Show that z=-5 and find the values of x and y.

The straight line L and the plane IT have respective vector equations

I'l =

29 —6 -38
-9 |+t 2| and  r,=|-17 |+
46 9 -29

where ¢, A and u are scalar parameters.

b) Show that L is perpendicular to IT.

S 1
Al 3 |+ul 6|,
4 2

¢) Show further that L meets II at the point with coordinates (1,1,1).
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Question 58 (***¥)

The straight line L has vector equation

3 -2
r=|7|+4] 2],
0 -3

where A is a scalar parameter.

The plane IT passes through the points A(l 1,13,5) and B(15,12,5) .

It is further given that IT is parallel to L.

a) Find a Cartesian equation for Il and hence calculate the distance between L
and IT.

The straight line M is the reflection of L about II.

b) Determine a vector equation for M .

x+4y+27=73], |distance = 24/21], |r = 7i+ 23j+ 8Kk + 2(2i — 2j+ 3k )

L

A8 = boa= (9)-(ugs) Pt - /
f < i o 1
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Question 59  (¥*%%¥)

The point P(1,3,8) lies on the plane IT;.
The straight line L, whose Cartesian equation is given below also lies on II;.
4= 2=
3 4
a) Find a Cartesian equation of II;.

You may not use the vector product (cross product) in part (a).

The point R (—2,—2,k) , where k 1s a constant, lies on another plane II,, which is
parallel to IT;.

b) Given that the distance between II; and II, is 3 units determine, in exact
fractional form, the possible values of k.

You may not use the standard formula which finds the distance between two parallel
planes in part (b).

,

6x+2y+37=36|, k=L, k=3l
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Question 60  (**%%¥)
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With respect to a fixed origin O, four points have the following coordinates

A(-1,3,-1), B(1,2,-2), C(1,2,2) and D(k.k.k),

where k is a constant.

a) Determine the shortest distance between the straight lines AB and CD.

b) Find, in terms of k , the volume of the tetrahedron ABCD .
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Question 61  (***%4)

The straight line L has Cartesian equation

z—1
7 s
where a and b are non zero constants.
The plane IT has Cartesian equation

x+y-—-2z=12.

a) If L iscontained by IT, determine the value of a and the value of b .

b) Given instead that L meets II at the point where x =0, and is inclined at an

angle arcsin% to I, determine the value of a.

[ ] |a=5, bz%, 4 =50
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Question 62  (*¥**4)

The figure above shows an irregular hollow shape, consisting of two non-congruent,
non-parallel triangular faces ABC and DEF , and two non-congruent quadrilateral
faces ABED and BCFE .

The respective equations of the straight lines AD and DE are
r,=-5i+6j+k+A(2i+3j) and r,=—i+12j+k+u(-2i+7j-7k),
where A and g are scalar parameters.

a) If the plane face BCFE has equation 21x—14y+20z =111, determine an
equation of the straight line BE .

The straight line BC has equation
r; =—i—-8j+k+v(-2i+7j+7k),
where v 1is a scalar parameter.

b) Given further that the point G has position vector 5i+ 7j, determine the acute
angle between the plane face BCFE and the straight line BG .

[ 1 [r=i+5j+8k+r(2i+3j)|.

[solutions overleaf]
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Question 63

(kg

Created by T. Madas

The skew straight lines I; and L, have vector equations

r, =(-13j+k)+A(=3i+4j-7k),

ry = (5i+25j) + u(2i-2j+3k),

where A and u are scalar parameters.

a) Find a vector which mutually perpendicular to ; and L, .

You may not use the vector (cross) product in answering part (a).

The point A lies on L; and the point B lieson L, .

b) Given that the distance AB is least, determine the coordinates of A and B .

L,

A(-3,-9-6)|, [B(9,21,6)

Q) ETA el el To oS g CuyR)

(29,2 bl “3 k-T2 =0
(ay,2)- ( o 5:> 2 24+3=0

T 2o

“Baly 720 9 -3y =

P S Berly = T
2 -3 +3=0 da-@y=-6
=1
y-5
4=3

o

" .
& Ao veop ww e (5 0) ee (252)

s

Y Cons e vaen T A T
g Tl
O Ut d=a AT A T\ , %
- ¢\ —y
e y=b Ac 8 \,— g
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—8
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Question 64  (Gk*FEF)

The points A, B and C have respective position vectors a, b and ¢, relative to a
fixed origin O.

Show that the equation of the plane through A, B and C can be written as

(xi+yj+zk)-(aab+bac+ena)=a-bac

= @\ (o) = oe[ab + b vc,a]

= seb vabe
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Question 65  (Fk#¥EF)

An irregular pyramid with a triangular base ABC has vertex at the point V .

The equation of the straight line VC is
r=2i+4k+A(i-j+4k)
where A is a scalar parameter.

The plane face ABV has equation 2x—-3y—z=1.

If the point D lies on the plane face VBC and has position vector 1054

3 j+ 5k, show

1
3
that the equation of the line VB can be written as

r=3i—j+8k + 4(2i+3j-5k),

where 4 is a scalar parameter.

ST \
SO Wy k Diser N0 WHSETINE e Pt ARY 6 VO o A V
TE e VR W e DLSEToN
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D -y-ze ] 4 (u ]_ <H1 \
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B ey
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[Ly v
-1 13 s
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Question 66  (¥**%F)

The straight line L; has vector equation
r=4i-3j+7k+ A(3i—-4j+5k),
where A is a scalar parameter.
The plane IT has vector equation
r-(4i+3j+5k)=17.
The point P is the intersection of  L; and II.
The acute angle @ is formed between L; and II.

The straight line L, lies on II, passes through P so that the acute angle between L
and L, is also 6.

Determine the value of @ and find a vector equation for L, .

6 =30°

2

o |t =i+ j+2K+p(2i-11j+5k)

S B NG THE o opDINAGS o P & measme & ® 2 & Mmaw PrepedAe © g n

ity @ o 15 W Te dection (7,-)

Guu2) (h3g)~ 7 @ 21§ T Dipsanion of L, A% Al Presbiwore
Lty »Sz= 17

@ Th DiekCuon O BY SO B (2-11,s)

© SuRTion oF L,

OF THE UnE Lo
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Question 67  (G¥¥*¥EF)
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With respect to a fixed origin O, the points A, B and C have respective position

vectors

a=3i+3j+3k, b=6i+2k

so that the plane IT contains A, B and C.

and c¢=3j+5k,

The straight line L is parallel to IT and has vector equation

r=(13i-9j)+A(-7i+5j+3k),

where 4 is a scalar parameter.

The point P lies outside the plane so that PC is perpendicular to IT.

The point Q lies on L so that PQ is perpendicular to L.

Given further that P is equidistant from II and L, find the position vector of P and

the position vector of Q.

:

p = —6i -4k

q=-i+j+6k

9
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Question 68  (F¥**EF)

The figure above shows an irregular hollow shape, consisting of two non-congruent,
non-parallel triangular faces ABC and DEF , and two non-congruent quadrilateral
faces ABED and BCFE .

The respective equations of the straight lines AD, DE and BC are

r =-5i+6j+k+4(2i+3j)
r, =—i+12j+k+ u(-2i+7j-7k)
r; =—i-8j+k+v(=2i+7j+7k)

where A, g and v are scalar parameters.
If the plane face BCFE has equation 21x—14y+4+20z=111 and the point G has

position vector 5i+7j, show that the acute angle between the plane face BCFE and
the straight line BG is

z—arccos 13
2 NESEIR

, |proof

[solutions overleaf]
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