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MATRICES

EXAM QUESTIONS
(Part Two)
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Question 1 (**)
Find the eigenvalues and the corresponding eigéorgeof the following2™ 2 matrix.

2
/ =-2,u=a 3| / =11u=b

Question 2 (**)

A transformation in three dimensional space israfiby the following3” 3matrix,
where X is a scalar constant.

2 -2 4
C= 5 x-2 2.
-1 3 X

Show thatC is non singular for all values of.
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Question 3 (**)
The 2° 2 matrix A is given below.

1 8
8 -11

a) Find the eigenvalues ok .
b) Determine an eigenvector for each of the corresjpgneigenvalues oA .
c) Find a2” 2 matrix P, so that

/, O
0 /,

PTAP=

where/, and/, are the eigenvalues &f, with /; </ ».

1
7 — _ Y Py? _ 5 5
1=-18/ =9, ju= . v= [Pz 7
5 5
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Question 4 (**)
Describe fully the transformation given by the doling 3° 3 matrix.

0.28 -096 O
096 0.28 O.
0 0 1

rotation in thez axis, anticlockwise, lycsin( 0.9()|

Question5  (*¥)

A transformation in three dimensional space israfiby the following3”™ 3matrix,
wherek is a scalar constant.

1 -2 k
A=k 2 0
 PCT

Show that the transformation defined By can be inverted for all values &f.
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Question 6 (**)
The 3" 3 matrix A is given below.

2 1 -1
A=0 2 -2
3 4 -1

a) Find the inverse oA .

The pointP has been mapped by onto the pointQ(6,0,17 .

b) Determine the coordinates &X.

6 -3 0
A-1:1_12 -6 1 4/[,[P(31)
-6 -5 4
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Question 7 (**)
The 3" 3 matrix A is given below.

>

1
w NP
AW N
N PR

a) Find the inverse oA .

b) Hence, or otherwise, solve the system of equations

X+2y+ z=1
2x+3y+ z=4
3X+4y+ 2z=4
-2-.0 1
Al= 1 1 -1 [x=2 y=1 z=-
1-2 1
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Question 8  (**)
The 3° 3 matrix A is given below.

-4 -4 4
A= -1 0 1.
-7 -67

Given thatl is the3" 3 identity matrix, determine the values of the canst , so
that A +/1 is singular.
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Question9  (**)
The 3" 3 matrix A is defined in terms of the scalar constinby

2 -1 3
A= Kk 2 4
k-2 3 k+7

Given that/A| =8, find the possible values &f.

k=-2, k=-
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Question 10 (**)

Find the eigenvalues and the corresponding equatmmn invariant lines of the
following 2~ 2 matrix

4 -5
6 -9

~N
I
P
<
I
ol
x
S~
I
1
o
<
I
N
X

Question 11 (**)

A transformation in three dimensional space israfiby the following3”™ 3matrix,
wherey is a scalar constant.

y-3 -2 0
M= 1 y -2
-1 y-1 vy 1

If |M|=0, find the possible values of.

Lly=-1 y=0, y=

© CHLTNO. T seremnndl i TS oF ) - St &Y (T

| y=2 2 o |
M=

@
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Question 12 (**)
The 3" 3 matrix M is given below.

<
Il
=)
w Rk, N
(R S Y

a) Find the inverse oM .

The pointA has been transformed By into the pointB(5,2,- 1).

b) Determine the coordinates @.

2 -144
M'lzé -1 -4 5|, |A(L-2,9
1 13 -5
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Question 13 (**)

A non invertible transformation in three dimensiosiace is defined by the following
3" 3 matrix, wherea is a scalar constant.

>

11
w N o
DV =
A QO N

Determine the possible values af
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Question 14 (**)
The 3" 3 matrix M is given below.

3.2 1
M=1-2-1
1 0 3

a) Find the inverse oM .

b) Hence, or otherwise, solve the following systenegdations.

3xX+2y+z=7
X-2y z 1
X +3z=11
3 3 0
11
yIMTT=— 2 -4 - 2|,|x=2, y=-1, z=
12
-1 -1 4
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Question 15  (*¥)
A 3" 3 matrix T represents the linear transformation

X X
T y: Y
z Z
so that
1 3 1 6 2 1
TO 4, T 1: 1, T 1 1
0 2 0 5 -4 -1

Find the elements of .

3 32
L T=4 -3 1
2 32
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Question 16 (**+)
Find the eigenvalues of the followirg) 3 matrix.

3-1 1
A= 2 0 2
-11 1
/ =0, 2
Question 17 (**+)
The 3" 3 matrix A is given below.
310
A=2 4 0
1 01

a) Given that/ =1 is an eigenvalue oA find the corresponding eigenvector.

b) Find the other two eigenvalues Af.
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Question 18  (**+)
A transformation in three dimensional space isrdEfiby the following3” 3matrix.

a) Find the value ofietA .

A cone with a volume o026 cm?® is transformed by the matrix compositié{Bz.

b) Given thatdetB :1_13 , calculate the volume of the transformed cone.

|detA = 39, |volume= §
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Question 19 (**+)
The 3° 3 matrix A is given below.

>

I
P w
= B O
w B O

a) Show thatA only has two eigenvalues.

b) Find the eigenvectors associated with each of tegmavalues.

0 1
/=2/ =2 =3,ju= 1| |v= 4
i 7
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Question 20 (**+)
The 3" 3 matricesA andB are defined in terms of a scalar constarty

k 9 2 1-3 2
A=1 k O and B=k 2 -1.
5 -1 1 4 1 1

a) Find an expression faletA , in terms ofk.

b) Find the possible values &f given thatAB is singular.

detA =k?- 1Ck- 11, |[k=-1, 11,%

Question 21 (**+)

Itis given thatA andB are 3" 3 matrices that satisfy

det(AB)=2C and def{A™)=-4

A solid S, of volume5 cm?, is transformed by to produce an imagé.

Find the volume ofSd.

400 cn?
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Question 22 (***)

X+3y+2z=14
2x +y +z=7
3X+2y -z 7

Solve the above system of simultaneous equationsidnyipulating their augmented
matrix into reduced row echelon form.

No credit will be given for alternative solution theds.

x=1 y=3, z=

Question 23 (***)
A 2" 2 matrix M has eigenvalues =-2 and/ =7, with respective eigenvectors

-] and 4i+§5.

Find the elements d¥1 .
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Question 24 (***)
The 3" 3 matrix A is given in terms of a constaktbelow.

k 3 6
A=1 k 1
0 4 1

a) Show thatA has an inverse for all values bf

b) Find A"Yin terms ofk.

k-4 21 3 &
A=+ -1k 6k
(k- 2)7+ 17 )

4 -4k k> 3

@ A:={t & |
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Question 25 (***)
The 2° 2 matrix M has eigenvalues2 and 7.

1 4
The respective eigenvectors & are P and -

Find the entries oM .

Question 26  (***)

2X+5y+3z= 2
X+2y+2z=4
X+ y+4z=11

Solve the above simultaneous equations by manipglaiheir augmented matrix into
reduced row echelon form.

No credit will be given for alternative solution theds.

x=12, y=-5, z=
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Question 27  (***)
The 3" 3 matricesA and B are given below.

3 4 2 -10 - 14 16
A=1 1 4 and B= 10 14 -6 .
4 5 7 5 6 6
Show clearly that
A+A1+B =kA |

stating the value of the scalar constint
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Question 28 (***)

The 3" 3 matrix A below, represents a transformation such that

3

2 -1 1
A= 4 -3 :
-3 3.1
a) Find the entries of\3.
b) Determine the entries of L.
10
A= 0 1
0 0

A-

19

-3 4 3
-4 5 4
3-3-2

Question 29 (***)
Factorize fully the following3” 3 determinant.

1 x y+

2 “5F A
3 z x+
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Question 30 (***)

Solve the following simultaneous equations by malapng their augmented matrix
into reduced row echelon form.

111 x 5
2 4 2 y =8
122 z 8

No credit will be given for alternative solution mehods.

Xx=2, y=-1, z=
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Question 31 (***)
The 3° 3 matrix D is given below in terms of the constamatsb, ¢ andd .

O

I
w o 9
RPN
N OO

It is further given that
u=i+3xk and u= B+ @Ak
are eigenvectors dD with corresponding eigenvalués and /.

Determine‘in any order the valueaf b, c ,d, / andm.

la=6|, b=-1,|c=0], |d=-1], |/ =3, [m=7],
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Question 32 (***)
The 2° 2 matrix A and the3” 3 matrix B are given below.

2
A= and B=
4

o R N
N PR
=

The straight linel, with equation
y=Xx+K,
wherek is a constant, is transformed By.
a) Find an equation for the image bf underA .
The straight linel, with Cartesian equation

xX-1_

i y-_3:2_2,
2 2

is transformed byB .

b) Find a Cartesian equation for the imagd-¢funderB .

2x+ 3y =16k,
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Question 33  (***)
The 3° 3 matrix A is given in terms of the scalar const&nby

a) Find, in terms ofk, the inverse ofA .
b) State the condition th& must satisfy, so that the inverse matrix exists.

Now suppose that =4.

The pointP has been transformed by the mat#ixinto the pointQ(Z,SQ .

c) Determine the coordinates &X.

k-1-4 k 3
A'lzk—lg 2 -1k 6|, k9, |[P(12]
T2 1 -3

® s

®
© (Ay=q
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Question 34 (***)
The 3" 3 matrix M is given below, in terms of a scalar constlant

<

I
N oA X
B W O
o NN

a) Show that/; =1 is an eigenvalue d¥1 for all values ofk .

2
b) Given that -2 is an eigenvector dfl with corresponding eigenvalug * 1,
1
find the values of/ , and the value ok.

c) Find the value of the third eigenvalue ldf.

/2='2, k='3, /3=1

) B o
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Question 35  (***)

The 3" 3 matricesA and B are given below.

and B

>
Il
o o P
L O O
O O
Il
o o P
1
O r O
B O O

a) Describe geometrically the transformations givereagh of the two matrices.

The matrixC is defined as the transformation defined by therisnaA , followed by
the transformation defined by the matix

b) ‘Describe geometrically the transformation represeinly C .

|, | A reflection in the plang = |, B reflection in thexz plarjs,

|C:rotation in thex axis, 90°, anticlockse

Eﬂ (OMPORING- THE 2GoURED MATRIK I\ DRDE2 Fo DEQRIRE
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Question 36 (***)

X +3y +5z2= 6
6x - 8y+ 4z= - 3
3X+11ly+13z = 17

Solve the above system of simultaneous equationsidnyipulating their augmented
matrix into reduced row echelon form.

B |1 rfe

Y& To R0 OP@ATINS —

| ¥, swmmw g2 |
| T3 = Momey pawd & L |

Gh)= HOCTRy Ras 2 8f 2 A AW T e 2oy 3|
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Question 37 (***)

The matrixA: 2 2 andthe matribg: 3 3 are defined as
1 0 0
1 0 )

A= 3 1 and: B= 0 cos48 - sin45-.

0 sin43 cos45

Describe geometrically the transformations givereagh of these matrices.
State in each case the equation of the line ofriamapoints.

|, |A:shear parallel ty axi§, 0 ( $|

B :rotation in thex axis, 45°, anticlockse, [A:x=0], [B:y=2z=0, i.e. x axi$

B- wfrsfi =

(Mo Be N
N0 Befsmon )

D= 18 " e Scmon’ 1S A SOagh) emml
b 4S° ANTadone ARDTL O, 0F THE U2
e

Wad funiod Y =2 o -
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Question 38 (***)
Find the eigenvalues and the corresponding eigéorgeof the following2™ 2 matrix.

3
[/ =-1 u=a 5 |/ =4, u=b
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Question 39  (***)
A transformation of thex-y plane is represented by the followi@§ 2 matrix.

-5 9
D= :
-4 .7

The straight line with equation of the foryn= ax, wherea is the gradient, is in the
direction of the eigenvector d@ .

a) Find the equation of this straight line, statingetiter this line is an invariant
line or a line of invariant points.

b) Show that all the straight lines of the folyn= ax+ ¢, wherec is a constant,
remain invariant under the transformation represgbiy D .

y=%x
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Question 40  (***)

Solve the following simultaneous equations by malapng their augmented matrix
into reduced row echelon form.

Question 41 (***)
The 3" 3 matrix M is given below.

<

1
O O w

1
o W o
w O O

M describes two consecutive linear transformation3 dimensional space, which can
be carried out in any order.

Describe geometrically each these two transformatio

|rotation abour _axis, 18(, |uniform enlargement, S.E.
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Question 42 (***)
The system of simultaneous equations

X+ y+2z=2
X+2y+ z=2
2x+ay+5z=1h
wherea andb are constants, doest have a unique solution, but itesnsistent

a) Determine the value ofr and the value ob .

b) Show that the general solution of the system canriiten as

wheret is a parameter.
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Question 43 (***)
The 3" 3 matrix A is given below.

2 -5 0
=-5-1 3.
0O 3 -6

As Ais a symmetric matrix, find the orthogoril 3 matrix P and a diagona®” 3
matrix D such thatPT AP =D.

5 1 1
p= -—— - 2 | Ib=0 -3 0
V2 T3 i s o
-ty )
2 3 T
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Question 44 (**¥)
Find the eigenvalues and the corresponding eigeéorgeof the following3™ 3 matrix.

110
A=1 2 1.
011
1 1 1
/,=0, u= -11,|/5=1 v 0|,1/3=3, w= 2
1 -1 1
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Question 45  (***)

A linear transformatio in the x- y plane consists of a reflection about the straight
line with equation

y =xtana®,
followed by an anticlockwise rotation about thegoriO, by an angle of b°.

By considering matrix compositions, or otherwisesctibeT geometrically.

o

reflection in the ling/ = tana°+%

Question 46 (***)

X+3y+2z=13
3X+2y - z= 4
2x +y +z=7

Solve the above system of simultaneous equationsiédnyipulating their augmented
matrix into reduced row echelon form.

No credit will be given for alternative solution theds.

x=1, y=2, z=3
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Question 47 (***)
The 3" 3 matrix A is given below.

3 1 -3
A= 2 4 3
-4 2 -1
The matrix A is non singular.
a) EvaluateA?- A .
b) Show clearly that
1_1
At =55lA 1]
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Question 48 (***)
The 2° 2 matrix P is defined in terms ok, wherex? 1.

a) Find in its simplest form the matriRP' - P' P.

b) Show clearly thatJIet(PPT - P’ P)< 0.
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Question 49  (***)

2 53 x 2
122 vy= 4.
113 z 10

Show that the above system of simultaneous equgtion

a) ... doesnot have a unique solution.

b) ... isconsistentand the general solution can be written as

X 16- 4/
y = /-6 ,
z /

where/ is a scalar parameter.
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Question 50  (***)
The 3" 3 matrix A is given below, in terms of a scalar constlant

k 0 1
= -11 k- 3 9.
-11 0 Kk

a) Given thatA is singular, find the value d€.

b) Given instead that =2 is an eigenvalue of, determine the value & on
this occasion.

k=3, [k=5]
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Question 51 (***)
Three planes, the equations of which are given baltersect along a straight life.

X+2y+3z=2
2x+3y +z=3
3x+4y - z= k

Show, by reducing an augmented matrix into row kechform, that the equation df
can be written in the form

r=j+t(7 -5+ ),
wheret is a scalar parameter.

proof
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Question 52 (***)

Solve the following simultaneous equations by malaifing their augmented matrix
into reduced row echelon form.

121 x 1
113 y-=2
3532z 4

No credit will be given for alternative solutiorethods.

Xx=3, y=-1 z=

Question 53  (***)

3x- 2y 18z 6
2x +y - 5z= 25

Show, by reducing the system into row echelon fdimat the solution can be written
in the form

r=8+9 +/(4-B+k )
where/ is a scalar parameter.

proof
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Question 54 (***)
The 3" 3 matrix R is defined by

py)

1
o O -
o O
O O

The image of the straight linke, when transformed bR, is the straight line with
Cartesian equation

x+2 y-1 =z1
3 2 4

Find a Cartesian equation far.
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Question 55  (***)
The 3" 3 matricesA andB are given below.

10 O 1 0 0
A=0 0 -1 and B=0-1 0
01 O 0O 0 1

a) Describe geometrically the transformations givereagh of the two matrices.

The matrixC is defined as the transformation defined by thérima , followed by
the transformation defined by the matix

b) Describe geometrically the transformation represeily C .

| .+ |A:rotation abouk axis, 90° anticlockwy, |B : reflection in thexz plarjy,

|C:reflection in the plang = 7
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Question 56 (***)
The vectorsu, v andw are defined as

1 10 -2
u=2, v=5, w= 1,
8 a 2

wherea is a scalar constant.

Given thatu, v andw are linearly dependent, determine the value @nd hence
expressuin terms ofv andw .

|, la=2§],

c

I
A=

<

+
IN(oV)

=
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Question 57  (***)

The 3" 3 matricesA andB, are given in terms of the constaktsand h below.

1 2 1 15 -4 -1
A= 2 k 4 and B= h 4 2.
3 2 -1 17 -4 -3

a) Find the matrix compositio®B , in terms ofk andh.
It is further given thatAB = /1 for some values ok andh.

b) Find the value of each of the constahtsk andh.

c) DeduceA™!, for the values of , k andh, found in par{(b).

2h+ 32 0 0

[ ],|AB= hk+98 4k- 24 2 14|,[/ =4, h=14 k=

2h+ 28 0 4

15 -4 -1

A'lz%1 -14 4 2

17 -4 - 3
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Question 58  (***)
. . 7 6 . .
The 2° 2 matrix A = is given.
6 2
Use the Caley- Hamilton theorem to show that
AY=/A +mil

wherel is 2° 2 identity matrix.

' IA*=1125A + 2266
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Question 59  (***+)
A system of equation is given in matrix form below

t 2 3 X a
2 3 -t y= b,
3 5 t+1 z (o

wheret is an integer constant, arad b andc are real constants.
The system of equations does not have a uniqué@alibut it is consistent.
Show clearly that

a+b=c.

proof
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Question 60 (***+)
Express the followin@®” 3 determinant as the product of three linear factors

E = B
N < X
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Question 61 (***+)
Find the eigenvalues and the corresponding eig¢onrgeof the following3” 3 matrix.

1 2 4
A=2 1 4.
2 3 2
-3 4 1
/1,=-1, u= 1|, |/[,=-2, v= 4|, |/3=7, w=1
1 -5 1
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Question 62 (***+)
The 3 3 matrix A is defined in terms of a scalar constanas

2-1 1
A=0 3 1
1 1 k

a) Find A1 in terms ofk.
b) Hence solve the following simultaneous equations

2x-y+ z=1
3y +z=2
X +y+2z=2

k-1 k+l -4
1 &k-1-2]1,
-3 -3 6

I

Il
Nl

I
Nl

Nl
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Question 63 (***+)
The 3 3 matrix A is defined in terms of a scalar constéanby

1 -2 2
A=k 1 k-1.
2 %k-1 2 k

a) Show thatdetA is independent ok .
b) Determine, with full justification, whether the \tecs
i+2j+X, -2i+j+ X and 2+
are linearly dependent or linearly independent.
The equations of three planes are given below.

X- 2y 27= 2
-2x+ y- 5z 3
2x- 3+ 4= 6

c) Determine, with full justification, the geometriaanfiguration of these three
planes.

linearly independen, |all 3 planes meet at a single pg
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Question 64  (***+)

By using elementary row and column operations,tbemvise, factorize the following
determinant completely.

[ 1. |(a+b+g(a- B(& 9( e 3
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Question 65  (***+)
The 3" 3 matricesA and AB are given below.

1 21 -8 11 9
A=2 1 1 and AB= -7 10 8.
1 4 2 -13 18 15
a) Find the inverse ofAB .
b) Hence determine the inverse Bf.
-6 3 2 2 -1 1
(AB)'= -1 3-1/,|Bt= 4 -3
-4-1 3 -3 31
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Question 66 (***+)
The 3" 3 matrix A is defined by

>

I
P O O
o r O
o O P

a) Describe geometrically the transformation givenfy

The 3" 3 matrix B represents a rotation &80° about the linex=z, y=0.

b) Determine the elements & .

The 3" 3 matrix C is represents the transformation definedBby followed by the
transformation defined b .

c) Describe geometrically the transformation represeity C .

0 0 1
, |A:rotation abouy axis, 90° clockwis, [ B= 0 -1 0|,
1 0 O

C:rotation abougz axis, 18
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Question 67  (***+)
The 3° 3 matrix A is given below.

>

I
o w P

1
w w
N B O

a) Show that
13A- A3= 15 .
b) Hence find an expression féx ! in terms of other matrices.

c) Use this expression to find~ 1

A'1=1—15(13 -A2) |ai=

2 -1
-2 1
3 6
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Question 68  (***+)
The 3° 3 matrix A is given below.

1 0 4
A=0 5 4
4 4 3
1
a) Verify that 2 is an eigenvector oA and state the corresponding eigenvalue.
2

b) Show that- 3 is an eigenvalue oA and find the corresponding eigenvector.

2
c) Given further that-2 is another eigenvector &, find 3° 3 matricesP
1
and D such that
D=PTAP.

2 9 0 O 1 2 2

/=9, 1 |,|Ib=0 -3 O,P:?lgz 1 -2

-2 0O 0 3 2-2 1
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Question 69  (***+)
A system of equations is given below in terms ef$halar parametetsand s.

2X +y +3z=1+1
5x - 2y+ (t+ ) z= 3
tx +2y +4z=75s

a) Showthatift=-5 ort =2, the system does not have a unique solution.
b) Determine the value o is the system is to have infinite solutions with 2.

s=4
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Question 70 (***+)
The 3 3 matrix A is defined in terms of a scalar constéanby

>
1
w = X
A R 0
N

The straight linel is a line of invariant points undeX .
Determine, in any order, ...
a) ... thevalue ofk.

b) ... the Cartesian equation &f, giving the answer in the form
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Question 71 (***+)
The three planes defined by the equations

X+2y+ z=2
2x+ay+ z=1
X+ y+2z=k

wherea andk are constants, intersect along a straight line

Determine an equation df.

[ Lr=(6-3)i + (t- 2+ «
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Question 72 (***+)
The 3" 3 matricesA and B are given below.

5 2 4 -1
A=7 3 2 and = -13
4 5 3 23

14 - 8
-1 18
-17 1

Find an expression foAB and use it to solve the following system of equagi

5x + 2y + 4z = 10
7X + 3y + 2z =21
4 + by + 3z= 5

| i |x=4 y=-1 z=- 2
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Question 73 (***+)
The 3" 3 matricesA and B, are defined in terms of the scalar constantss follows.

N

X x 1 x 0 2
A= 1 1 1 and B= 0 x 9.
4 2 1 0 1 x

a) Find an expression foAB , in terms ofX.

b) By considering the properties of the determinaotsptherwise, finddet(AB)
in fully factorized form.

X x2+1 2x°+10x

[ 1 |AB= x x+1  x+11 |,[-x(*x 1)(x 2)(x IFx 3

4x 2x+1 X+ 26
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Question 74 (***+)
Factorize fully the following3” 3 determinant.

1 1 1
X y zl.
yz zX X
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Question 75 (***+)
The 3" 3 matrix A is given below.

4 -1 1
=-1 6-1.
1 -1 4

a) Show that/ =7 is an eigenvalue oA and find the other two eigenvalues.
b) Find the eigenvector associated with the eigenvaluer .
The other two eigenvectors &f are
u=i-k and v=i+j+,
where the eigenvalue of is greater than the eigenvaluelof

¢) Find a3" 3matrix P and a3" 3diagonal matrixD such thatD =PTAP.

d) Show thatP is an orthogonal matrix.

o &lr

~
Il
»
Q
1
P N -
-
I
1
O
Il
o O w
o O
~N O O

S
Gln Gl Gl
&
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Question 76 (***+)

X+y-27=2
3X - y+ 6= 2
6x+5y - 92= k

a) Show that the system of equations does not havégai@ solution.
b) Show that there exists a valueloffor which the system is consistent.

c) Show, by reducing the system into row echelon fothat the consistent
solution of the system can be written as

x=1-t, y=3t+1, z=t

wheret is a scalar parameter.
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Question 77 (***+)

4x +2y+7z= 2
10x - 4y- 5z 50
4x +3y+9z=- 2

Solve the above system of simultaneous equationsidnyipulating their augmented
matrix into reduced row echelon form.

[x=4,y=0,z=-1
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Question 78  (***+)
Factorize fully the following3” 3 determinant.

1 1 1

a® pb? 7.

bc ca a

(a- b)(b g(e 9(ea b ¢
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Question 79  (***+)
The 3" 3 matricesA andB are given below.

2 2 -4 9 -3 -10
A=0 6 -2 and B=1 1 -2 .
1 0 -3 3 -1 -6

a) Find the matrix compositior\B .

The pointP has been transformed By into the pointQ(30,18,29.

b) Determine the coordinates &X.

>

™

I
o O ™
O ® O

0 O O

,|P(2,1- 6
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Question 80  (***+)

2

The 2° 2 matrix A maps 2 and is given by

4 3

A= .
-3 -2

a) Determine an equation of an invariant straight linderA .

b) Find an equation of a straight line of invarianir® underA .

ly=-x+d,[y=-X
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Question 81  (***+)
The 2° 2 matrix A is defined below in terms of the scalar constamisq andr .

It is further given thatA represents a shear under which the p(ﬁ‘mﬂ) is invariant.

Show that all straight lines of the form
y=X+c,
wherec is a constant, are invariant under the shear septed byA .

proof
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Question 82  (***+)
The 3" 3 matrix A is given below.

-1 k O
A= k 0 2
0 21

a) If one of the eigenvalues & is 3, find the possible values d.
b) Determine the other two eigenvalues/f given thatk >0.

¢) Find an eigenvector corresponding to the eigenvalue

| L, k=22,[/ =0,/ =-3,|v=a(i+2j +X)
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Question 83  (***+)
Consider the following matrix equation

k 1 0 X a
3 -2 k3 y= b,
1k 3 -2 z 15

where a, b andk are scalar constants.

a) Find the values ok for which the equation has a unique solution.
It is further asserted that=2.

b) Expressa in terms ofb if the matrix equation is to be consistent.

c) Show that ifa=1 andb =4, the solution of the matrix equation is

X t+1
y = -2t- 1,
z 7t+1

wheret is a scalar parameter.

[ Tjkt2 Kk 3| [2a+7b=15

~lw
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Question 84  (***+)
The 3 3 matrix A is defined as

>

I
o N W
o T o
B O O

wherea, b and c are scalar constants.

a) If A =A%, find the value ofa,b andc,
b) Evaluate the determinant &f.

c) Determine an equation of a plane of invariant goumider the transformation
described byA .

la=-4|,|b=-3[, [c=0|, |detA =- 1, |[planex= %
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Question 85  (***+)

X +5y+7z=41
5X - 4y 6= 2
7x+9y- 3z= Kk

Find the solution of the system of simultaneousatigns above, giving the answers in
terms of the constark.

k- 27 kt 77 105 K
[ 1 |x= ,y= . z=

13 26 26
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Question 86  (***+)

The matricesA and B, wherek is a scalar constant, are given below.

1 2 -1 -k 2 k 4
A= 4 k -2 and B= 4 -1 -2
0O 0 -1 0 O k-8

a) Find AB in its simplest form.

b) Hence, or otherwise, find the inverse A&fin terms ofk, stating the condition
for its existence.

c) Use the inverse oA to solve the equatioAx =c where

X 0
X=y and c= 46 .
z -11

27

11
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Question 87  (****)
A 3" 3 matrix A has characteristic equation

2/3-7 24 +10= C.
a) Show that/ =2 is an eigenvalue oA and find the other two eigenvalues.
b) Show further that
2A%+ 7102 = 2A 3+ 10D.

An eigenvector corresponding fo=2 is u.

2 0.4 X
It is further giventhau= -4 , v= -08 and x= vy .
-5 -1 z

c) Evaluate each of the following expressions.

i. Au.

i. A,

d) Solve the equatiodx =v .

4 1.6 0.2
1 =-17 :%, Au= -8 | |AAv= -32, Ix= -0.4
-10 -4 0.5
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Question 88  (****)

X -2y + az=>5
(a+1)x +3y =a
2x +y +(a-1)z=3

a) Determine the two values of the constantor which the above system of
equations doesot have a unique solution.

b) Show clearly that the system is consistent for afethese values and
inconsistent for the other.
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Question 89  (****)
Find in Cartesian form the image of the straighé With equation

X-2 W2 1 z

3 4 2

under the transformation represented by3h& matrix A, shown below.

1 01
A=2 11
0 01
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Question 90  (****)

The 3" 3 matrix C represents a geometric transformation 3 3
-1
C= -1 3
1

a) Find the eigenvalues and the corresponding eig¢orgeof C .

b) Describe the geometrical significance of the eigetors ofC in relation toT .

1 0 1
/=La 1|,|/=4, b 1,9 -1]|,
-1 1 0

|/ =10 invariant line of points through theigin|,

|/ =40 invariant plane through the orig
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Question 91  (***¥)
A 3" 3 determinantD, is given below.

n(n+l) n+1 -1
D= 0 1 ni.
1 -1 1
a) Show that

D :(an2 +bn+c)2,

wherea, b andc are constants.

b) Show further that

D= n(n+1) 2 4P +(n+1)2.

c) Hence or otherwise expre24649 as the sum of three square numbers.

D :(n2 +n +1)2

Created by T. Madas

. 124649= 156 + 13+ 13




Created by T. Madas

Question 92 (****)

3X- y+5z5
2x+y-5z10
X+y+kz=7

wherek is a constant.
a) Given thatk*- 5 find the unique solution of the system of equagion

b) Given instead thak = -5 show, by reducing the system into row echelon form
that the consistent solution of the system cawiiten as

Xx=3, y=5t+4, z=t.

X=3, y=4, z=
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Question 93 (****)
The 3" 3 matrix A, wherea is a scalar constant, is given below.

a-1 1
A=1 0 -
3-2 1

a) Find the elements oA, in terms ofawhere appropriate.

The straight linel; was mapped onto another straight lineby the following3™ 3
matrix .

-1 1
1 0 -1
3-2 1

b) Given thatL, has vector equation
r-(4+j+ %) u(#+ +B)=0

find a vector equation folk; .

-2 -1 1
A'lzﬁ 4 a3 a l|,|r=i-3+/(8+4+R)
-2 223 1
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Question 94 (*¥***)
The 2° 2 matrix D shown below, represents a linear transformatidhérnx-y plane.

-2 -1
D= .
0 1

The straight line with equatiog = mx is rotated by90° about the origin under the
transformation represented Iby.

Determine the possible values rof.

m=-1 nrE 2
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Question 95  (****)
The 2° 2 matrix C is given below.

a) Find the eigenvalues & and their corresponding eigenvectors.

b) Find a2 2matrix P such thatP” Icpis a diagonal” 2 matrix and evaluate
p-lcp explicitly.

c) Hence show that

;349526 349525
699050 699051

1 1 11
/1=1, u= =1 v= ,|P= , |D
1 2

[EY
o
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Question 96 (****)

Consider the system of simultaneous equations

kx+ky - z=-1
ky+2z= 2k
Xx+2y +z=1

where the constark canonly take the value®, 1 and2.

Determine for each of the possible valuekoivhether the system ...
I. ... has a unique solution
ii. ... has no unique solution, but it is consistent.

iii. ...isinconsistent.

la=0 _incosistent, [a=1 no unique solution/consiste,

a=2 unique solutiof
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(****)

Question 97
The 2° 2 matrix A is given below.

A straight line with equatiory = mx, wherem is a constant, remains invariant under
the transformation represented By.

a) Show that

7+6m=/
6+2m=/m

where/ is a constant.

b) Hence find the two possible equations of this gtraline.

<
I
wino

X
<
I

1

Nolw

pod
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Question 98 (****)
A plane P is defined parametrically by

r=i+k +/( 4 -8 )+mi{ § & ),
where/ and /i are a scalar parameters.

Determine a Cartesian equation for the transfoomatf P under the matrix

N O R
e
o ok

[, |4x+3y- z= 6|
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Question 99  (****)
The 3" 3 matrix C is defined by

@]

I
N
kL ON
=)

Find, in Cartesian form, the image of the planénv@artesian equation
2x+y- z=12

under the transformation defined K.

¥ |3x+4y- 5z= 12*
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Question 100 (****)
A linear transformatiorT , acting in thex-y plane, consists of ...

... areflection about the ling = - X,
followed by ....
... a translation such thk, y)  (x+2, y+2).

a) Show that the matrix that represeiitds given by the matrix

b) Determine the invariant line under.

|yt Xx=2
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Question 101 (****)
The matricesA and B are defined as

A= -1 1 and B-= ,
2

wherek is a scalar constant.
a) Without calculatingAB , show thatAB is singular for all values of .
b) Show thatBA is non singular for all values df.

Whenk =-2 the matrixBA represents a combination of a uniform enlargemsittt
linear scale factok/a and another transformatich.

c) Find the value ofa and describ& geometrically.

| |, [a=8], |rotation abouD , clockwise, by %!
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Question 102 (****)
The equation of a plané is given by

1 2 1
r=2+/ 1 4m 0O,
1 0 2

where/ and /m are parameters.

The planeP is transformed to the plarfe¢ by the matrix

>

1
N
N R O
R O N

Find a Cartesian equation Bfc.

, [5x+14y- 132+ 2E 0
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Question 103 (****)
The Cartesian equation of a plaReis given by

X+2y+z=2.

The planeP is transformed to the plarfe¢ by the matrix

>

]
N
N R O
A ODN

Find a Cartesian equation Bf¢.

L x-2y # &£ (
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Question 104 (****)
A linear transformatiorT , acting in thex-y plane, consists of ...

... areflection about the ling = - X,
followed by ...
... atranslation such thgk,y) (x+a y+ 1.

The transformatio is represented by the matrix.

a) Given the poin{1,1) is mapped td2,4), find the matrixT .

b) Determine the equation of the image of the curvih wguationy = 2, under
the transformation represented by

0-1 3
[ 1.IT= -1 0 5/, |y?-10y x 22= (
0 0 1
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Question 105  (****)
The 3 3 matrix A, is defined in terms of a scalar const&ntoelow.

3 25
A= 3 3 4.
k 4 3

a) If k=3, verify that A maps every point of the three dimensional spad¢e on
the plane with Cartesian equation

X- 2y z= 0.

b) If kt 3, determine the valuk so that the transformation representedAoy
has a line of invariant points, and state the Gateequation of this line.

1 k=12, [x=-

~l-

y= 37
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Question 106 (****)

The 2° 2 matrix M satisfiesM =PDP~! where

-1 4 1 0
P= and D= :
31 0 27

a) Determine the elements ™ .
b) State the eigenvalues, and the corresponding egéorg ofM .

c) Find an equation of the straight line of invaripotnts under the transformation
described byM .

It is further given that

ho1 43 4 3N g
13 gl g Py oqp

d) Deduce thaB>""2 + 4 is divisible by13, for all positive integers.

ERE 265 2 =17 ,=27, uy=4+j,u,=4+ B[, [y=-34
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Question 107  (****)
Factorize fully the following3” 3 determinant.

X y z
NGV
yz zX X

-9y 3(2z Hxy yz 9

~
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Question 108  (****)
A system of equations is given below

3x+2y - z= 10
5x - y- 4z 17
X+3y + pz=q
where p and g are constants.
a) Find the value ofp so that the above system does not have a uniduioso
b) Show that for this value op the system is consistentaf= 3.
c) Show that the general solution of the system canriiten as

r=2+-k+/(9- y+ 18),

where/ is a scalar parameter.
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Question 109  (****)
The following three vectors are given.

2 -1 1
u= -1, v= 1, = -1
1 2 -1

a) Show thatu, v andw are linearly dependent.

b) Find a linear relationship, with integer coeffidignbetweeru, v andw .
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Question 110  (****)
The 2° 2 matrix A is defined in terms of a constakt

1
a) Given that 1 is an eigenvector oA , find ...

I. ... the corresponding eigenvalue to the eigenvector.

ii. ...the value ofk

b) Find another eigenvector and the correspondinghealae of A .

It is further given thatA = PDP" 1 whereD is a diagonal matrix an® is another

matrix.

c) Write down possible forms for the matricBsand P.

d) Hence show clearly that

7 1739180 304378¢
1739308 3043661
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Question 111  (****)
The 3" 3 matrix A is given below.

1 -11
A=3 -3 1.
3 -5 3
1
a) Giventhatu= 1 is an eigenvector of\, find the corresponding eigenvalue.
2

b) Given that/ =-2 is an eigenvalue oA , find a corresponding eigenvectot

The vectorw is defined asv =u +v.

c) Determine the vectoA’w .

0 128
| |,/ =2, lv=1]|,|A'w= 0
1 128
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Question 112 (****)
The following four vectors are given.

-1 1 1
u= -1, v= 1, =-1, p=1.
1 2 -1 1

a) Show thatu, v andw are linearly independent.

b) Expressp interms ofu, v andw.

p=2u-4v- W
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Question 113 (****)
A plane P has Cartesian equation

2x+3y+4z= 24

Determine a Cartesian equation for the transfoionatf P under the matrix

=
o O w
N

,x+3y:2ﬂ
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Question 114  (****+)
A linear transformatiorT , acting in thex-y plane, consists of ...

... atranslation such thfk,y) (x+2, y+4),

followed by ...

... an anticlockwise rotation about the origin%y.

Determine the coordinates of the invariant poirdernT .
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Question 115  (****+)

A linear transformatiorT , acting in thex-y plane, consists of ...

... an anticlockwise rotation about the origin%y
followed by ...

. 1
... a translation by the vector2

Determine the coordinates of the invariant poirderT .
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Question 116 (****+)
The 3" 3 matrix A is given below.

Find in Cartesian and parametric form the equatérthe invariant line and the
equation of the invariant plane under the transétiom represented iy .

r=/iHjtk, x=y=2,|r=(/+m)i +(/ +)j +k , x - y+ z=0
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Question 117  (****+)
The following four vectors are given.

1 3 1 1

1 0 -1 -1
u= , V= , W= , p=

0 0

1 -1 -1 0

a) Show that these four vectors are linearly dependent

b) Expressp interms ofu, v andw.
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Question 118  (****+)
A linear transformatiorT , acting in thex-y plane, consists of ...

... atranslation such thfk, y) (x+2,y- 3,
followed by ...

... a rotation about the origin, b%p , anticlockwise.

Show that undeT , the curve with equation
X2 - y?= 4,
is mapped onto the curve with equation

X2- y- 6% 4y & Q.

Created by T. Madas



Question 119  (****+)

Created by T. Madas

The 2° 2 matrix C is defined as

wherea andb are constants.

a b+a
b-a - a

a) Determine the eigenvalues d@ and their corresponding eigenvectors, giving
the answers in terms o andb where appropriate.

It is further given thaC =PDP !, whereD is a diagonal matrix an@ is another

2" 2 matrix.

b) Write down the possible form dd and the possible form d® and hence

show that

c®=blc.

u= ' oru-b+a / =-b, v=
—_b-a Cp-a |'| T -1l
b+a

b O b+a 1
P_
b-a -1

Created by T. Madas



Created by T. Madas

Question 120 (****+)
A system of equation is given below

3x- 2y 18z 6
2x +y - 5z= 25

a) Show, by reducing the system into row echelon fdimf the solution of the
system can be written as

r=8+9 +/(ﬂ-j34k )
where/ is a scalar parameter.

A new system is now given

3x- 2y 18z 6
2x +y - 5z= 25
7xX+Kky +2z=20

wherek is a constant.

b) Determine if the system has solutions for diffeneaities ofk .

k110 unique, otherwise incosisté
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Question 121 (****+)
The following vectors, given in terms of a scalanstantn, are linearly dependent.

a=ni+2n +(n- 1)k ,
b=(n2+n-1)i+(2n2+ n)j+( - 1)k ,

c=-i j+ (n? 1) .

Determine possible values of.

|, [n==1]
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Question 122  (****+)
A linear transformatiorT , acting in thex-y plane, consists of ...

... atranslation such thdk,y) (x+h y+ K,

followed by

... areflection about the ling = x.

a) Determine, in terms ok andh, the equations of the two straight lines which
map onto each other undér.

b) Find, in terms ofk andh, the equation of the invariant line under

c) Give a full geometrical description fdr, in the case wherb+k=0, by
considering the single transformation that is egl@nt toT applied twice in
succession.

[ Ty=x-h "y »x K |y=x+3(k- ],

Reflection about the ling = x- K
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Question 123 (****+)
The 2 2 matrix A is defined as

wherea and 6 are positive constants.

You may not use proof by induction in this question
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Question 124  (****+)
A linear transformatiorT , acting in thex-y plane, consists of ...

... areflection about the ling = X,
followed by
... a translation such thk,y)  (x+1,y- 1),

followed by
... a clockwise rotation about the origin by 90°.

Find, underT , the equation of the image of the straight linthveiquationy = 3x- 1.

, | 3X+ y+3:q
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Question 125  (****+)
A linear transformatiorT , acting in thex-y plane, consists of ...

... areflection about the ling = X,
followed by ...
... atranslation such thgk,y) (x- 2, ¥ 2),

followed by ...
... a reflection about the ling =0,

The pointP is invariant undeft .

Determine the coordinates 6.

P(-2,4)
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Question 126 (****+)
The 3" 3 matrix T is given below.

-1 0-1
T= 01 -2.
00 1

The matrixT describes a composite transformation in xhg plane.

a) Verify that T consists of ...
... areflection in the liney = - x,
followed by ...
... a translation by the vectoi 2j ,

followed by ...

... a clockwise rotation b%p , about the origirO.

b) Determine the inverse of the matfx.

The straight line with equatioBx+ y+1=0 is transformed byl .

c) Find a Cartesian equation of the image of thediiter the transformation.

T1=

-1 0-1
01 2
00 1

|
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Question 127  (****+)
A linear transformatiorT , acting in thex-y plane, consists of ...

... an anticlockwise rotation about the orighhby a non zero angle,

... followed by ...

... atranslation such thk, y)  (x+h y+ K

Under this transformatio0,1) (1,2 and(3,0) (4.,3.

Find the value of each of the constagtsk andh.

= 3 h=8 k=6
|:|, q—arctanz,h—S,k 5
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Question 128  (*****)
An equation inx is summarized by the following determinant.

1 a-1 (x b)(x
-1 b+ 1 (% a)(*
1 x-1 (& b)(a

e o
I
o

Give the solutions in terms o& and/orb where appropriate.

[ ljx=a x=-b
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Question 129 (****¥)
An equation inx is summarized by the following determinant.

a X x+b
x a a+b| =0
x+a 2¥ b

Give the solutions in terms o& and/orb where appropriate.

. |Ix=0 X=a x=-a b x%a
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Question 130  (*¥****)
A transformation is defined by th& 2 matrix

-a b a
a+b a

wherea andb are scalar constants.

If n is anodd integer prove that

T"=b"'T.
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Question 131  (*****)
A rotation R, acting in thex - y plane is given by the followin§" 3 matrix.

O
2 2 2
=33 1
R > 5 2
0 0 1
Find the centre and angle of this rotation.
l centre( 134 \/_;3 , g= %p
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Question 132 (*****)

A rotation R, acting in thex - y plane is given by the followin§" 3 matrix.

Py
I
o r O
o ok
PR ow

Find centre and angle of this rotation.

centrd- 2, ) ¢

P
2
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Question 133 (*¥****)

The pointP(x, y) is mapped onto the poi( X, Y) by the rotation described by the
matrix transformation

X _ cosg - sig X

Y sing cosyy y

The above transformation is used to rotate the itioghe with equation
4% - Adxy 29y= 12(

onto the hyperbola with equation

2 2
x__ Y_: 1’
a b

wherea andb are positive constants.

a) Given that the rotation is by anglg such thatg is acute, find the exact value
of tang .

b) Determine the value oi and the value ob .

1, [tang =

N
O
"
w
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Question 134  (*¥****)
A parabola has the following equation

y? = AX, x3 0, A>0.
The parabola is rotated aboDtonto a new parabola with equation
16X°- 24xy+ 9yP+ 30¢ 40y= |,

Use algebra to determine the valueAof

., [A

2
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Question 135 (*****)

Use the properties of determinants to express dlewing determinant in fully
factorized form.

-bc b+ bc &+ b
8.2+ac - ac 8+ a

a2+ab B+ab - ab

l: ) (ab+ bc+ 03)3

Created by T. Madas



