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Question 1
Evaluate the following.

d(.6 d(-.6)_
a) &(5x ) &(5x )—30)(5
3 3 1
b) i 2x2 i 2x2 =3x2
dx dx
c) i(6x4- x3) i(6x"’- x3): 243 3%
dx dx
d) i(3X2+5X+:I_) £(3x2+5x+1):6x+5
dx dx
d 1 d 1 4
e) — 4x2-2x 7 — 4X2- 2% 7= 2x % 4
dx dx
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Question 2
Evaluate the following.

5 (o S or) e

b) %((7x5) %((7x5):35x4

c) %((4x2+3x4) %((4x2+3x4):8x+12x3

d) %((x2+7x+5) %((x2+7x+5):2x+7

e) %( 8x2 + 2 2 %( 8x2+2x2 =4X 2- 4%
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Question 3
Differentiate the following expressions with respecx

a) y=x- 4 B ox- 240
dx
3 1
b) y=5% - 6x2 152 o2
dx
c) y=9x3+7x?2 W ot 1ax
dx
d) y:5-5x'l ﬂ/:5x'2
dx
1
e) y=7x+x ﬂ/:7+1x 2
dx 2
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Question 4
Differentiate the following expressions with respecx

a) y=x-7x %:6x5-14x
b) y=1- GX% g—izlmg

C) y:2x+8x'2 g—i:Z+16x'3
d) y=(2x-1)(4x 3 %(/=16x+2

e) y=4x*(2- 3x %:24%- 48¢
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Question 5

Find f{x) for each of the following functions.

a) f(x)=4x-9x 2 fx)=12x*- 9

b) 1 (x)=6x 2 +2x ((x)=-3¢ 24 2

c) f(x)=x4+2x% f¢(x):4x3+5x%

d) f(X)z%X2'4X-% f((x):x+6x-%
1 A

e) f(x)z%x3 +5X f¢(x):%x 345
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Question 6
Differentiate each of the following functions withspect tox .

a) f(x)=6x'%+4x+1 fG(x):-gx'%+4

b) g(x)=x"- x* gy x)=4x3+x 2

c) h(x):9x2-%x4 h({ x) =18x- 2%

d) p(x):4x%-6x%>+%>i711 pq(x):z)(%_z)(% :—éx%
_ 1\? .

e) v(x)—(8x+§) v x) =128x+ §
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Question 7

Carry out the following differentiations.

a) E(4t2-7t+ 5) i(4t2-7t+ 5): & 7
dt dt
d I 5.1 d 1 o, 1 1.1 4.3
b)d—yy2'§y2 d—yyz'gyz——zyz*‘@yz
d{,2 ,:1 di,2 4:1,)_ 2
) d—z(zz-3z+% d—z(22-3z+%—4132+1
.3 .3 25
d)iwz-w2 i\/\/2-W2:2W+§W2
dw dw 2
e) i(ax2-3><2) i(ax2-3><2): 2ax 6
dx dx
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Question 8

Carry out the following differentiations.

a) (%(4y3 +6y+ 2)

1
b) 9 2y
dt
C) i(ax2+bx+g
dx
d) da EZZ_}
dz 4 z
4
e) i EWS +L
dw 4

1 ”
9 22 4% = 14. 272
dt
i(ax2+ bx+ c) =2ax+ b
dx
d 1, 1 1 1
__Z__=_Z+_
dz 4 z 2 A
d 14k 1.1
dw 4 w2 5 we
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Question 9
a) If A:px2 - 20x, find the rate of change oA with respect tox.
b) If V=x- 2px3, find the rate of change & with respect tox.
c) If P= at? - bt, find the rate of change ¢t with respect td.
d If W= 6kh% - h, find the rate of change &% with respect tch.

e) If N=(at+ b)2, find the rate of change df with respect td .

dA dv o |dP dw -1
— =2px- 20, |—=1- 6px°|, |—=2at- b|, |—=3kh 2 - 1],
dx 2P dx % dt dh

dN

— =2a%t+2ab
dt
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Question 1
Differentiate the following expressions with respecx

a) y=4/x- Ix %:ZX-%-%X_%
b) y=2Jx- &4/% %:x'%-w%

d) Y=x\/7<-x—12 %=%x%+2x'3
e) y:4\/7<+4—j; %ZZX-%-%X-%
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Question 2
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Find f{x) for each of the following functions.

b) f(x)=8x4-

d) f(x)=H¢- =
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Question 3
Differentiate the following expressions with respecx

a) y:%_?,_iz %{:%’X'S-lzx4

°) _4i2 lej} %’:30X'2-%X-3

c) y_3_1>(+2;<j§1 %{l=-%x‘2+§3xg-—%x'g
d) yz2&(7x- ><2) %(’=21x%- Bx?

e) y:(3+2\/§)2 %:GX-%+4

@) y=2& (=
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Question 4
Evaluate the following.

d 4 5 l §
T T 8x3 - 5x2
dx
3
’ T x4+ 1y
dx x \/; 2
2
dx X 3
| 85
a 4 3\/7<3 2 e
dx 2
_5 3
e)ii_Z_S 0
dx 3& X 2
@ 2w
®) L= L]-gfs

Q) o | n). bl oF ] \{‘,, e
@ sl¥wl-al

) ~ B ‘ \
d L3 2 B
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Question 5

Evaluate the following.

a)

b)

d)

i X+ %2
dx /X

d 4x+\/7<
dx  2x2

d x°+2
dx 3

d 1- Jx

dx 4x°

d §/¥ 2X\/_X
dx 3x
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Question 6
Differentiate the following expressions with respecx

4+ X dy 4,3
a = —=-6X"- X

2

X<+ 3x dy_3.-3.3.3
b = —Z =9y 2 49¥2
)y N < 4 4

7

).y = XX B geh 0

2X X

Vx(2x- 4) dy s S
d) y=—-31=" 7/ =_1y240x2
) Yy 3X2 X 3
e) y:(X+2)(2X- 3) ﬂl:-gx"l_ X 5-|- 1_55(6
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Question 7

Find f{x) for each of the following functions.

a) f(x)=x(x/§<+x'4) f(I(x):%x%-Sx'4
_1.2 3 __AGaab
b) f(x)=-r - fx)=-3x2+10%2
) )=k 22 {x)=-3¢ 3+ 35 %
6 5 1
f(x)=4x2 —- = f 4 x) =36x2 - 60X
O f(=ad 52 1
5 3 3
d) f(x)=2Vx ;+x2 f¢x)=-5x 2+ 5x2
2 3-5x2 1 iF 3
e) f(x)—g o f(I(x):%x2+%x2
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Question 8
Differentiate the following expressions with respecx

(2x- (3% 2

dy_3, 34753353
a) y= —Z=2x2+Lx2-23x2
ng dx 2 4 2
2
b) y:M ﬂ:_gx-%_ gx'z
4x adx 2 4
Ax3 +4/x° dy _1..5.3
C) y=—7+F —— ==X+32X2
d) y=(4x+&)(x2- 3) B - 25+10,3 ax 2
3V dx 3~ 3
1 1 3 1
2X2+6X 2 6x2- 2x 2 dy 4
- 3 ;3
e) y= —=2X 748X " +4
)y 3x dx 3
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Question 1 (non calculator)

For each of the following curves find an equatidrtle tangent to the curve at the
point whosex coordinate is given.

a) y:x2-9x+13,wherex:6 y =3x- 23
b) y:x4+x+1,wherex=1 y=5x- 2
C) y:2x2+6x+7,wherex=-1 =2X+

d) y=2x- 4x+ 5 wherex=1
e) y:2x3- 4%%- 3, wherex=2 y =8x- 19

f) y=33- 17+ 24% ¢ wherex=2 y=-8x+1
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Question 2  (non calculator)

For each of the following curves find an equatidrthe tangent to the curve at the
point whosex coordinate is given.

a) f(x)=x-4xX+ 2% 1, wherex=2 y==2%
b) f(x)=3+x°-8% 5 wherex=1 y =3x- 12
c) f(x)=2x- 5%+ 2% 1, wherex=2 y=6X- 13
d) f(x)=x*- %%~ 3x 2, wherex=1
e) f(x)=2x3+x%-2x 2, wherex=1 y=6x-7

®) A Pt 2ol § (] K0)s 20 12— {Q;/.x;,;) n-2

B fo-mau @);uu pia |
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Question 3  (non calculator)

For each of the following curves find an equatidrile tangent to the curve at the
point whosex coordinate is given.

a) y:x2-§- %,wherex:-z 113x+ 4y + 6= (
X
8
b) y:x3-6x+—+1,wherex:2 y=4x-7
X
5
C) y:4x2+—-1,wherex:1 y=3x+5
X
6
d =2/x- —, wherex =4 7x- 8y- 26&
)y N |7x- 8y- 26 g
3 32
e =3x2 - —,wherex=4 =11x- 28
) y=ad-2

O) 9=t bngong L (@ yodi+ £
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Question 4 (non calculator)

For each of the following curves find an equatidrnthee normal to the curve at the
point whosex coordinate is given.

a) f(x)=x-4xX+ 1, wherex=2 4y = x- 30

b) f(x)=x-7xX+ 11x, wherex=3 4y=x-1

C) f(x)=3x4- 752+ 5 wherex=2 112y +x+34=(
d) f(x)=%x5-18x+ 11 wherex=2 2y+x+32=(
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Question 5 (non calculator)

For each of the following curves find an equatidrnthee normal to the curve at the
point whosex coordinate is given.

a) f(x)=2x-3x- 10% 1¢ wherex=2 X+2y=6
b) f(x)=x-4xX+ 6% 1, wherex=1

c) f(x)=4x+2x*- 18% 1Cwherex=-2 22y + X = 42
d) f(x)=-2x3+ 4%~ 1, wherex=2

cl] SRS INI) @) 46y-Gh_p

©) 16)= ¥itrar

G} @) = —22 4gat-l
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Question 6 (non calculator)

For each of the following curves find an equatidrnthee normal to the curve at the
point whosex coordinate is given.

a) y=x(x- 6)+§- 1, wherex =1 x-14y 15 (

316
b =2x2 - — wherex=4 X+7y=88
) y=ad X

.3
C) y:4x2+x 2, wherex =1 2x+13y=6

3
d) y=2x°- 4x2- 8 1, wherex =4 |2x+ 9y +19= ()
X
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Question 1 (non calculator)

For each of the following cubic equations find tdm®rdinates of their stationary points
and determine their nature.

a) y=x-3x- 9% 3
b) y=x+12x%+ 45x+ 5C
C) y=2x- 6x°+ 12

d) y=25- 24x+ 9- X

min(3;- 24 ,max L8, |min(- 3; 4),maxX 5,9)| min(2,4) ,max 0,17

min(2,5) , max 4,§)|

@j J:xlf,‘ ;n;L;"‘:{ :Zi\ ) ) .
B -2 ) 2], TUTeeY
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Question 2

For each of the following equations find the conedes of their stationary points and
determine their nature.

a) y:x+f, x10
X

b) y:x2+1—6, x10
X

C) y:x-4x/7<, x> 0

d) y=4x2+1, X1 0
X

N

min(2,4) ,max- 2, ){ min(2,12)|, |min(4,- 4)|, min(

3)

@)““ru—l’ = :.\,\‘{
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Question 3

For each of the following equations find the conedes of their stationary points and
determine their nature.

3
a) y:12\/;<- X2, x> 0
3 1
b) y=x2-6x2, x» 0
1
C) y=6x2-4x 2, %

7
d) y=x2- 14+ 100, x> C

max( 4,16, min(2,- 4J_2) , |[max

, [min(4,4)

5 ©
QTN
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Question 4

For each of the following equations find the conedes of their stationary points and
determine their nature.

3
a) y=x-16x+ 60, x> C
5
b) y=5x%-6x3+ 10, x> C
4
c) y=6x3- X~ 20, ® O

d) y=5%- 2x- 10, ® C

min(4,- 4)|, [min(1,9)|, |max(8,13|, |max( 4,6
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Question 5

For each of the following equations find the conedes of their stationary points and
determine their nature.

1

a) y= X x>0

X | =

3

x>0

b) y=

Nlw

c) y=3x+g, x>0
X

-3,x 0

min(4,- l), max(L3|, {min(27,4)|, Imin 2,
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INCREASING
and
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Question 1
For each of the following equations find the ramgehe values ofx, for which vy is
increasing or decreasing.

a) y= 253~ 3% 12% 2, increasing

b) y= - 6%+ 12, decreasing

c) y= X2 - 3x+ 8, increasing

d) y=1- 3x*- X, decreasing

Ix<-lorx> 2, [0<x<4], [x<-1lorx>1,|x<-2o0rx> 0

G y=oGre @ 9-1-2s
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Question 2

Find the range of the values &f for which f (x) Is‘increasing or decreasing.
a) f(x)=x-3x* 9% 10, increasing
b) f(x)=-x+9x% 15x 15, increasing
c) f(x)=4x-3x- 6x, decreasing

d) f(x)=4x- 3x, decreasing

x<-1orx> g, [1<x<§, -%< x<1 |- 1< x<%
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DIFFERENTIATION
PRACTICE
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Question 1
The curveC has equation

f(x)=3x* - 8x+ 2.

a) Find the gradient at the point @&, wherex=-1.

The point A lies onC and the gradient at that point4s

b) Find the coordinates oA.

A(2,-2)
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Question 2
The curveC has equation

y=x - 11% 1.
a) Find the gradient at the point @&, wherex = 3.

The pointP lies onC and the gradient at that pointlis

b) Find the possible coordinates Bf.

16], |P(2-19 orP( 2,13
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Question 3
The curveC has equation

y= 2% - 4% 1.
a) Find the gradient at the point &, wherex=2.

The pointP lies onC and the gradient at that point2s

b) Find the coordinates d? .

Nl

Nolon
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Question 4
The curveC has equation

1
f =x+=, x1 0.
(x) x+X X

a) Find the gradient at the point @&, where x :%.

The point A lies onC and the gradient at that point%.

b) Find the possible coordinates 4.

-3, A(Z,%) or A(- 2. 5

Created by T. Madas



Created by T. Madas

Question 5
The curveC has equation

y=x3- - 5% 2.

Find the x coordinates of the points db with gradient3.

Question 6
The curveC has equation

y=xX-6x- 3% 25.

Find an equation of the tangent@oat the point wherex=2.

x:-%,z
y=5Xx-7
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Question 7
The curveC has equation

y=-x(x1), xi

The curve meets the coordinate axes at the o@@gend at the poiniA.

a) Sketch the graph o, indicating clearly the coordinates é¥.
b) Show that the straight line with equation
X+y+1=0,

is atangent t&C at A.

A(-1,0)
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Question 8
The curveC has equation
6 5x

=—+2.4, x10.
Y="2+*7

a) Find an expression fO-glLy.
X

b) Determine an equation of the normal to the cunib@point wherex=2.

dy_5 12
dx 4 ¥

,
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Question 9
The curveC has equation

25x2
f =4 -————, x30.
(x) = 4%/ x 6 x3 0

a) Find a simplified expression fdi{x).

b) Determine an equation of the tangenCiaat the point wherex=4, giving the
answer in the formax+ by= ¢, wherea, b andc are integers.

f(I(x)=6x2-%5x,
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Question 10
A curve has the following equation

(2x- 3)(x+ 2)

f(x)= Ix

, X>0.

1
2

31
a) Express f(x) in the form Ax2+Bx2+Cx 2, where A, B and C are

constants to be found.

b) Show that the tangent to the curve at the pointrevixe=1 is parallel to the line
with equation

2y =13x+ 2.

|A=2], |B=1], |C=-6|
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Question 11
A cubic curve has equation

f(x)=2x- 75+ 6% 1
The pointP(2,1) lies on the curve.

a) Find an equation of the tangent to the curv® at

The pointQ lies on the curve so that the tangent to the cat¥@ is parallel to the
tangent to the curve & .

b) Determine thex coordinate ofQ.

wl—
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Question 12
The curveC has equation

y=2x3- 9%+ 12% 1C.
a) Find the coordinates of the two points on the cuviaere the gradient is zero.
The pointP lies onC and itsx coordinate is- 1.
b) Determine the gradient &@ at the pointP .

The pointQ lies onC so that the gradient & is the same as the gradientrat

c) Find the coordinates d.

-9( 9.8, Q{29
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Question 13
The curveC has equation

y=ax + bx - 10,
wherea andb are constants.
The pointA(2,2) lies onC.

Given that the gradient & is 4, determine the value @ and the value ob.

la=-2|, [b=7|
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Question 14
The curveC has equation

y=X - 4X+ 6% 3,
The pointP(2,1) lies onC and the straight ling, is the tangent t€ at P.
a) Find an equation ok .
The straight linel, is a tangent t&€ at the pointQ.
b) Given thatL, is parallel toL;, determine ...
i. ... the exact coordinates .

ii. ... an equation otL,.

y=2X-3, Q(%%—?;) 27y = 54x- 49
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Question 15
A curve C and a straight lind. have respective equations

y=2x2 -6x+ 5 and 2y+x=4.
a) Find the coordinates of the points of intersechetween C and L .
b) Show thatL is a normal toC.

The tangent t€C at the pointP is parallel toL .

c) Determine thex coordinate ofP .

—~
N
N
—_—
Al
00
ol
<
2
I
[ NN
o2
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Question 16
The curveC has equation

y=2x- 65°+ 3x+ b.
The pointP(2,3) lies onC and the straight ling, is the tangent t€ at P.
a) Find an equation ok .

The straight lined, and L are parallel to;, and they are the respective normals to
C at the pointQ and R.

b) Determine thex coordinate ofQ and thex coordinate ofR.

v _1
y=3x- 3, |X 3

wlot
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Question 17

(x2 -12x+ 35)

N

y:

The figure above shows the curve with equation
y:%(xz- 1% 35).
The curve crosses the axis at the pointd(x,0) andQ(%,0), wherex, > x,.
The tangent to the curve & is the straight lind,;.
a) Find an equation ok, .

The tangent to the curve at the poiditis denoted by, . It is further given that.,
meetsLl, at right angles, at the poil&.

b) Find an equation ok, .

c) Determine the exact coordinates 9f

[ ]y

[ayre=at[s(3-3)

I
N
=
1
NI~
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Question 18
The pointP(1,0) lies on the curveS with equation

y=x- x, xi

a) Find an equation of the tangent @ at P, giving the answer in the form
y = mx+ ¢, wherem andc are constants.

The tangent taC at P meetsC again at the poin®.

b) Determine the coordinates f.
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Question 19
A curve C with equation

y=4x + 75 + x+11, x1
The pointP lies onC, wherex=-1.
a) Find an equation of the tangent@oat P .

The tangent t&C at P meetsC again at the poin@.

b) Determine thexcoordinate ofQ.

y=12- x|,

N
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Question 20

Lo

The figure above shows the cur@ewith equation
y=2x%- xt+ 3.
C crosses they axis at the poinP . The normal toC at P is the straight lind., .
a) Find an equation of;.
L, meets the curve again at the paiht
b) Determine the coordinates &f.
The tangent taC at Q is the straight line., .
L, meets they axis at the poinR.

c) Show that the area of the triangR®QR is one square unit.

y=x+3, |Q(L4)
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Question 21
Y y=2+3x- 11x €
© X
P Q R
The figure above shows the cur@ewith equation
y=2x +3%- 11 €.
The curve crosses the axis at the point®, Q and R(2,0).
The tangent taC at R is the straight line.
a) Find an equation of;.
The normal toC at P is the straight line_, .
The straight lined; and L, meet at the poin§&.
b) Show that PSR=90°.
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Question 22
A curve has equation

y=63¢ - 15¥x- sox 16 xi , x30.

Find the coordinates of the stationary point of ¢theve and determine whether it is a
local maximum, a local minimum or a point of infiex.

local minimum at{ 16, 28@4]
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Question 23
A curve has equation

y=x>-6xIx+2, xI , x30.

Find the coordinates of the stationary points & turve and classify them as local
maxima, local minima or a points of inflexion.

local minimum at( 8, 3J), |local maximum a{ O,
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Question 24
A curve has equation

y:x(><2-128J_><), xI , x>0.

The curve has a single stationary point with comtb's(za, - 2"), wherea and b

are positive integers.

Find the value of b and justify that the stationary point is a locahimum.

b=12
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Question 25
The pointP, whosex coordinate is%f, lies on the curve with equation
+ -
y= k4—X\/;( , X1 , X> 0 ,
X

wherek is a non zero constant.
a) Determine, in terms ok, the gradient of the curve &.
The tangent to the curve Bt is parallel to the straight line with equation
44x+7y- 5= C

b) Find an equation of the tangent to the curv® at

d_y , |44x+ 7y = 25

I
N
1
N
o)
=
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Question 26

X
x|

The figure above shows the cur@ewith equation

2
Xs 4
=—-—, x10.

y 2 X

The curve crosses the axis at the poinP .
The straight linel is the normal taC at P.
a) Find ...
I. ... the coordinates oP.
ii. ... anequation ot .

b) Show thatL does not mee€ again.

P(2,0)|, [x+3y=2
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Question 27
The curveC has equation

y:(x-l)(x2+ 4 xt 5), x1

a) Show thatC meets thex axis at only one point.
The pointA, wherex=-1, lies onC.
b) Find an equation of the normal @ at A.

The normal toC at A meets the coordinate axes at the poltand Q.

c) Show further that the area of the trian@®Q, whereO is the origin, ile%

square units.
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Question 28
A curve has equation

y=x-8/x, xI , x30.
The curve meets the coordinate axes at the originaaithe pointP .

a) Determine the coordinates &f.

The pointQ, wherex =4, lies on the curve.
b) Find an equation of the normal to curve(at

c) Show clearly that the normal to the curveatoes not meet the curve again.

(60,
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Question 29
The curveC has equation

y=xX - 9%+ 24% 19, xi

a) Show that the tangent © at the pointP, wherex =1, has gradien®.

b) Find the coordinates of another pof@ton C at which the tangent also has
gradient9.

The normal toC at Q meets the coordinate axes at the poistand B .

c) Show further that thapproximate area of the triangl©AB, whereO is the
origin, is 11 square units.

Q(5.,1)
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Question 30

The pointA(2,1) lies on the curve with equation

(x-2)(x2) 2), xI ,xt0,
2X

a) Find the gradient of the curve &t.
b) Show that the tangent to the curvefahas equation
3x- 4y Z Q.
The tangent to the curve at the pobhtis parallel to the tangent to the curveat

c) Determine the coordinates &f.

gradient ad=3|, |B(- 2,0)

IN[N
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Question 31
The curveC has equatiory = f(x) given by

f (x) =2(x- 2)3, x1
a) Sketch the graph of (x).
b) Find an expression fof {x).
The pointP(3,2) lies onC and the straight ling is the tangent t€ at P.
¢) Find an equation ofl; .
The straight lind, is another tangent at a different pofpton C.

d) Given thatl; is parallel tol, show that an equation ¢f is

y=6x- 8.

F§(x)=6x"- 24x+ 24, [y=6x- 16
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Question 32
The pointP(2,9) lies on the curveC with equation

y=x-3%+2x 9, xI , x31.

a) Find an equation of the tangent @ at P, giving the answer in the form
y = mx+ ¢, wherem andc are constants.

The pointQ also lies onC so that the tangent t6 at Q is perpendicular to the
tangent toC at P.

b) Show that thex coordinate ofQ is

6+/6

5

y=2x+5
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Question 33

The volumeV cm®, of a soap bubble is modelled by the formula
_ 2
V=(p-qt), t30,

where p and q are positive constants, amds the time in seconds, measured after a
certain instant.

Whent =1 the volume of a soap bubble gcm® and at that instant its volume is
decreasing at the rate 6fcm® per second.

Determine the value op and the value of.
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Question 34
A curve C has equation

y=2x2- 5%+ a, xI

wherea is a constant.

The tangent taC at the point wherex=2 and the normal t& at the point where
x=1, meet at the poind.

Given thatQ lies on thex axis, determine in any order ...

a) ... the value ofa.

b) ... the coordinates o).

<))
I

wloo
Q

—_—

wiN
o

N —
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Question 35
The curveC has equation

d)

x3(5x&- 128)

= , xI, x>0.
Y X
. . dy d?y  d3y
Determine expressions ferz, —2 and—=-.
P ax o e

Show that they coordinate of the stationary point Gf is - kY4, wherek is
a positive integer.

d?y

Evaluate d_xz at the stationary point o .
Give the answer in terms &f2 .
°y d®y

Find the value ofd— at the point orC, where—-=0.

d® dx?

2 3
1| =20¢- 320¢|, |92 =60x2- 480¢|, [9Y =120¢- 240¢ 3],
dx dx® d®

[k=3074, |960¥'2], [360
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