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Question 1 (***)

24cm

<X>

<X>

64cm

An open box is to be made out of a rectangular piece ol caeasuringg4 cm by

24 cm. Figurel shows how a square of side lengtiem is to be cut out of each corner
so that the box can be made by folding, as shoviigume 2.

a) Show that the volume of the bo¥, cm’, is given by

V =453 - 176x°+ 1536

b) Show further that the stationary points\dbccur when

3x? - 88x+ 384 (.

¢) Find the value ofx for whichV is stationary.
(You may find the fack4” 16= 38< useful.)

d) Find, to the nearestm®, the maximum value fov |, justifying that it is indeed
the maximum value.

x=18/, [Vnay » 8793
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Question 2 (***)

<X—> 7

The figure above shows the design of a fruit jagon with capacity 01000 cm®.

The design of the carton is that of a closed culwitbse base measur@gscm by
2x cm, and its height id1 cm.

a) Show that the surface area of the cartargm?, is given by

3000

X

A=4x2 +

b) Find the value ofx for which A is stationary.

c) Calculate the minimum value fé, justifying fully the fact that it is indeed the
minimum value ofA.

X =%375» 7.2
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Question 3 (***)

5x

The figure above shows solid brick, in the shape of a cuboid, measurthgcm by
x cm by h cm. The total surface area of the brick7i20 cm?.

a) Show that the volume of the brick, cm?, is given by

v=300x-2—65x3.

b) Find the value ofx for whichV is stationary.

c) Calculate the maximum value fof, fully justifying the fact that it is indeed the
maximum value.

X = 236 » 4.90, [V,,ax = 400/ 6» 980
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Question 4 (***)

<—T—>

The figure above shows a box in the shape of aidukith a rectangular basecm by
4x cm andno top. The height of the box iB cm.

It is given that the surface area of the bo% 788 cnf .
a) Show clearly that

_864- X2
5x

h

b) Use paria) to show that the volume of the boX ,cm®, is given by

V= (432x- x?')

olloo

¢) Find the value ofx for whichV  is stationary.

d) Find the maximum value fov , fully justifying the fact that it is the maximum

x =12], [V = 5529.6
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Question 5 (***)

%
<>

The figure above shows the design of a large watde in the shape of a cuboid with a
square base amb top.

The square base is of lengthmetres and its height is metres.
It is given that the volume of the tank360 m?>.

a) Show that the surface area of the taAkm?, is given by

A= @ +2000
X

b) Find the value ofx for which A is stationary.

¢) Find the minimum value fok, fully justifying the fact that it is the minimum.
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Question 6 (***)

10x

The figure above shows a pentagdABCDE whose measurements, @m, are given in
terms ofx and y.

a) If the perimeter of the pentagonig20cm, show clearly that its ared cm?, is
given by

A=600x- 96xX.

b) Use a method based on differentiation to calcul@enaximum value foh,
fully justifying the fact that it is indeed the mmum value.
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Question 7 (***)

The figure above shows a clothes design consistirtgyo identical rectangles attached
to each of the straight sides of a circular sestoadius x cm.

The rectangles measurecm by y cm and the circular sector subtends an angle of one
radian at the centre.

The perimeter of the design 40 cm.
a) Show that the area of the desighpmz, Is given by

A=20x- X.
b) Determineby differentiation the value ofx for which A is stationary.
c) Show that the value at found in par{b) gives the maximum value foh.

d) Find the maximum area of the design.

X=10], |Anax =100
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Question 8 (***+)

==

~_

The figure above showsctéosedcylindrical can of radiug cm and heighth cm.

a) Given that the surface area of the cah98o cm?, show that the volume of the

can,V cm®, is given by
V =96pr - pr3.
b) Find the value of for whichV is stationary.

c) Justify that the value of found in parib) gives the maximum value fof .

d) Calculate the maximum value Wf.

~

r =42 5.68, [V, = 2560+ 2» 113]
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Question 9 (***+)

A pencil holder is in the shape of a right circutstinder, which isopen at one of its
circular ends.

The cylinder has radius cm and heighth cm and the total surface area of the cylinder,
including its base, i860cm?.

a) Show that the volume/ cm®, of the cylinder is given by

V =180r - %pr?’.
b) Determine by differentiation the value offor whichV has a stationary value.
c) Show that the value af found in part (b) gives the maximum value ¥or

d) Calculate, to the nearesim®, the maximum volume of the pencil holder.

r= @»6.18, Vinax » 742
\ p
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Question 10 (***+)

The figure above shows a solid triangular prism \&itbtal surface area 03600 cm?.

The triangular faces of the prism are right anglét & base o20x cm and a height of
15x cm. The length of the prism ig cm.

a) Show that the volume of the prisM,cms, is given by

V. =9000x- 750¢.
b) Find the value ofx for which V is stationary.
c) Show that the value at found in part (b) gives the maximum value ¥o6r

d) Determine the value of whenV becomes maximum.
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Question 11  (***+)

-

~_

The figure above showscéosedcylindrical can, of radius cm and heighth cm.

a) If the volume of the can i830cm®, show that surface area of the céncm?, is
given by

A=2pr? + 560
r

b) Find the value of for which A is stationary.
c) Justify that the value of found in‘pari(b) gives the minimum value foA.

d) Hence calculate the minimum value At

r» 3.745, Anin » 26
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Question 12 (***+)

(-2

The figure above showk2 rigid rods, joined together to form the framewak a
storage container, which in the shape of a cuboid.

Each of the four upright rods has heighim. Each of the longer horizontal rods has
lengthl m and each of the shorter horizontal rods have te(lgt 2) m.

a) Given that the total length of tH& rods is36 m show that the volumeé/ m3,
of the container satisfies

V=-21°18% 22,
b) Find, correct to3 decimal places, the value bfwhich makeV stationary.

c) Justify that the value df found in part (b) maximizes the value\éf, and find
this maximum value oY , correct to the nearest®.

d) State the three measurements of the container igheolume is maximum.

| =4.107, |V, » 24, |4.17 2.11 2.7F
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Question 13 (***+)

A hollow container, made of thin sheet metal, ishe shape of a right circular cylinder,
which isopenat one of its circular ends.

The container has radiuscm, heighth cm and a capacity d500cm>.

a) Show that the surface area,cm?, of the container is given by

A= pr? +3000'
r

b) Determine the value aof for which A has a stationary value.

c) Show that the value af found in pari{b) gives the minimum value foA.

d) Calculate, to the nearesm?, the minimum surface area of the container.

r»7.816, Ay, » 57
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Question 14 (***+)

A circular sector of radiugx cm subtends an angle gf radians at the centre.

The area of the sector i86 cm? and its perimeter i$ cm.

a) Show clearly that

P=2x+7—2.
X

b) Find the minimum value oP, fully justifying the fact that it is a minimum.

c) Deduce the value of whenP is minimum.

3V
>
1
N
N
1N
1
N
O

q = 2- 2
5/ ¥ \a - R e
A= S5 %= T2
{ e = At
Lot =% o al= 4G 4 THE OMOCOF O MMMz
L 20 -T2 o mARINIEES P
) =2 Tﬁ)%n&&&ar‘w?m&j%
W % 5 ‘
= P- L | i~ EL L NEIE -
= Pz ap+nm | o 8 - .25,
datlasg 3
=P 2 % "__‘“_‘*J INDEED T MINMIRES
Pz
/&mlm To 0 THe Mo vhuk of T /
P:Exé%»E)‘sz:zL//
Y DRaSUNR q s b g0, ? 7
P ooyl ‘9 ASNG: THe CASTEY] QORI Wit A= 4
25
L AEPE S Eu s i 5
Y = %0 =T e:zC/

Created by T. Madas



Created by T. Madas

Question 15 (***+)

The figure below shows a large tank in the shapa ofiboid with aectangular base
andno top.

Two of the vertical opposite faces of the cuboid square and the height of the cuboid
is X metres.

e

a) Given that the surface area of the tank4sm?, show that the capacity of the
tank,V m?3, is given by

- _2
V =18x 3><3.

b) Find the maximum value fov , fully justifying the fact that it is indeed the
maximum value.

Vinax = 36

(CPEY
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Question 16  (***+)

A wire of total length60 cm is to be cut into two pieces. The first piece entito form
an equilateral triangle of side lengthcm and the second piece is bent to form a
circular sector of radiug cm. The circular sector subtends an angleyabdians at the
centre.
a) Show that
Xq =60- 5X.

Thetotal area of théwo shapes isA cm?.

b) Show clearly that
A=%(\/§- 10) %+ 30x.

c) Use differentiation to find the value of for which A is stationary.

d) Find, correct to three significant figures, the imaxm value of A, justifying the
fact that it is indeed the maximum value Af

X»7.26, | Aqay » 10

‘ S o s N
q ¢ \:1 S A== 4 = &= L0E -0 r 3
% 2 = \ =y A = s
{ A © \\ D A= LEC-52F r3m S A = O f*k@u )
- < > A= L(Ble)a® + 302 J ;i
/ = = 109 ca” i
CONSTEANT O THE O OF THE UN0E 4 e 7 sh)
- T=2® X AND EnALY JOSNRYING:
. FRODSIATE § Sowe o 2ou0. —_—t
= 3+ 20 +a0 = 9 i_ﬁD____i___t______ :
= 20 +s1=60 — dk L LGE-0)x + 30 - . L0E-0) % + 30
S -G = ool T2 dx
= W=0-0 e e :
= — 6= L(To)a + 20 - %A < 1060
o T A ® g
b) =‘L\*¢L ek & Gued By — 0 = (B-w)x+ & d?\]
2 2 OA = Ll <)
4 sw% + iifﬁc . %f&“ —_ ko = (W-1e)x = |21 il =
= A= 12T 4 L) Al = DK & M
= A= %v?af—kfl(&:—ix) 3 E 77 T T

Created by T. Madas



Created by T. Madas

Question 17  (****)

2X

The figure above shows the design of a theatreestdgch is the shape of a semicircle
attached to rectangle. The diameter of the senecisc2x mand is attached to one side

of the rectangle also measuri@g m. The other side of the rectangleyian.

The perimeter of the stage6® m.
a) Show that the total area of the stagem?, is given by

A=60x- 2%~ %pxz.

b) Show further, by using differentiation method, that the maximum area of the

stage is
1800
m-.
pta
proof
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Question 18  (****)

The figure above shows the design of an athletazskktinside a stadium.

The track consists of two semicircles, each ofusdim, joined up to a rectangular
section of lengthx metres.

The total length of the track KO0 m and encloses an area Afm?.

a) By obtaining and manipulating expressions for titaltlength of the track and
the area enclosed by the track, show that

A=400r - prz.

In order to hold field events safely, it is reqdir®r the area enclosed by the track to be
as large as possible.

b) Determine bydifferentiation an exact value of for which A is stationary.
c) Show that the value af found in parib) gives the maximum value fok.
d) Show further that the maximum area the area entlogéhe track is

40000 ,
— m-.
Jo,

[continues overleaf]

Created by T. Madas



Created by T. Madas

[continued from overleaf]

The calculations for maximizing the area of thddfiwithin the track are shown to a
mathematician. The mathematician agrees that tloellaions are correct but he feels
the resulting shape of the track might not be blgta

e) Explain, by calculations, the mathematician’s reasg.
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L e
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Question 19  (****)

<y>

< R

<<>

x>

The figure above shows the design for an earringisting of a quarter circle with two
identical rectangles attached to either straiglgeedf the quarter circle. The quarter
circle has radiux cm and the each of the rectangles measucen by y cm.

The earring is assumed to have negligible thickesktreated as a two dimensional
object with ared 2.25 cm?.

a) Show that the perimeter?> cm, of the earring is given by

P=2x+4—9.

2X

b) Find the value ofx that makes the perimeter of the earring minimuatly f
justifying that this value ok produces a minimum perimeter.

c) Show that for the value of found in parib), the corresponding value of is
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Question 20  (****)

The figure below shows the design of an animal feadech in the shape of a hollow,
open topped half cylinder, made of thin sheet mdta¢ radius of the semicircular ends
is r cm and the length of the feederliem.

The metal used in the construction of the feed@&0ig cm?.

a) Show that the capacity] cm’, of the feeder is given by
- 1,.3
V =30Qor - 5P

The design of the feeder is such so its capacityasimum.
b) Determine the exact value offor which'V .is stationary.
c) Show that the value af found in part (b) gives the maximum value Yor

d) Find, in exact form, the capacity and the lengtkheffeeder.

r=10J2» 14.14, |L =20J2» 28.28, [V,ax = 200Qo/ 2» 888
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Question 21 (****)

2X

The figure above shows the design of a window whsclthe shape of a semicircle
attached to rectangle. The diameter of the seméciscx m and is attached to one side
of the rectangle also measuri@g m. The other side of the rectangleyan.

Theperimeter of the window is6 m.
a) Show that the total area of the window,m?, is given by
A=6x- 5(4+ p) 2.

b) Given that the measurements of the window are sadhatA is maximum,
show by a method involving differentiation thatstimaximum value ofA is

18
4+p

proof
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Question 22 (****)

The figure below shows the design of a hazard wgrtego which consists of three
identical sectors of radius cm, joined together at the centre.

Each sector subtends an angleadians at the centre and the sectors are ecgplyed
so that the logo has rotational symmetry of or8ler

The area of the logo i85cny.
a) Show that the perimetd? cm of the logo is given by

P=6r+@.
r

b) Determine by differentiation the value pffor which P is stationary.
c) Show that the value af found in part (b) gives the minimum value fer.

d) Find the minimum perimeter of the feeder.
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Question 23 (****)

The figure above shows a triangular prism with aiged 0f 960 cm’.

The triangular faces of the prism are right anglét & baseBx cm and a height of
6x cm. The length of the prism ik cm.

a) Show that the surface area of the pris@mmz, is given by

A= a8 +200,
X

b) Determine an exact value af for which A is stationary and show that this
value of x minimizes A.

c) Show further that the minimum surface area of ttinpis 1443 10C cm?.

X=\/1_0» 2.15
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Question 24  (****)

/ N
4I’/ )
,
/o
.
@) \\é,)\
3r \\\\
C
B

The figure above shows a circular sec@AB of radius4r subtending an angleg
radians at the centr®. Another circular secto©CD of radius3r also subtending an

angle g radians at the cent® is removed from the first sector leaving the sldade
region R.

It is given thatR has an area &0 square units.
a) Show that the perimetd?, of the regionR, is given by

P:2r+@.
r

b) Given that the value af can vary, ...
i. ... find an exact value aof for which P is stationary.

il. ... show that the value af found above gives the minimum value fer.

c) Calculate the minimum value & .

r =5J2» 7.07, | Py, = 2002 » 28.28
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Question 25  (*¥***)

The figure above shows a triangular prism whoseduéar faces are parallel to each
other and are in the shapeegfuilateral triangles of side lengtlk cm.

The length of the prism iy .

a) Given that total surface area of the prism is éya@@\/@ cm?, show clearly that
the volume of the prismy cm’, is given by

b) Find the maximum value of , fully justifying the fact that it is indeed the
maximum value.

c) Determine the value of whenV takes this maximum value.

Vi = 27, |y =24/3
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Question 26 (****)

The figure above shows solid right prism of heightm.

The cross section of the prism is a circular seatoadiusr cm, subtending an angle of
2 radians at the centre.

a) Given that the volume of the prism]iQOOcm3, show clearly that

S=9p2 +4000’
r

where S cm? is the total surface area of the prism.

b) Hence determine the value ofand the value oh which makeS least fully
justifying your answer.

Ir =10/, |h=10|
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Question 27 (****)
A tank is in the shape of a closed right circuidmzler of radiusr m and heighth m.

The tank has a volume abp m3and is made of thin sheet metal.

Given the surface area of the tank is a minimurterdane the value ofr and the value
of h.

r=2(,lh=4
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Question 28 (****+)

12x

The figure above shows the design of a baking waly a horizontal rectangular base
ABCD, measuringlOx cm by y cm.

The facesABFE and DCGH are isosceles trapeziums, parallel to each other.
The lengths of the edgdsF and HG arel12x cm.
The facesADHE and BCGF are identical rectangles.

The height of the tray ix cm.
The capacity of the tray 5980cm®.

a) Show that the surface areA, cm?, of the tray is given by

A=22¢ +22(5+/2).
X

b) Determine the value ok for which A is stationary, showing that this value of
X minimizes the value foA.

c) Calculate the minimum surface area of the tray.

X » 3.744 v | Apin » 92

[solution overleaf]
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Question 29  (****+)

The figure above shows the design of a horse feetiesh in the shape of a hollow,
open topped triangular prism.

The triangular faces at the two ends of the feadersosceles and right angled, so that
AB= BC= DE= EF and ABC= DEF=90°.

The triangular faces are vertical, and the ed§Bs BE andCF are horizontal.
The capacity of the feeder Bsm3.

a) Show that the surface areA, m?, of the feeder is given by

A=£X2 +16\/_2'
2 X

where x is the length ofAC.

b) Determine by differentiation the value &ffor which A is stationary, giving the
answer in the formk~/2, wherek is an integer.

c) Show that the value at found in par{b) gives the minimum value foA.

[continues overleaf]
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[continued from overleaf]

d) Show, by exact calculations, that the minimum swgfarea of the feeder is
12 m?.

e) Show further that the lengtBD is equal to the lengtkB.

x=22» 282, [ED=EB=2
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Question 30 (****+)

The figure below shows the design of a window whsgcthe shape of a semicircle
attached to rectangle.

2X

The diameter of the semicircle & metres and is attached to one side of the re@ang|
also measurin@xmeters. The other side of the rectanglg isnetres.

The total area of the window & m?.

a) Show that perimete? m, is given by
1 2
P=—(4+p)x+—.
2( ,0) X

b) Determine by differentiation an exact valuexofor which P is stationary.

[continues overleaf]
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[continued from overleaf]

c) Show that the value at found in part (b) gives the minimum value fer.

d) Show that wherP takes a minimum valug=y.

» 0.748
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Question 31 (****+)

The figure above shows a hollow container congisbh a right circular cylinder of
radiusr cm and of heighth cm joined to a hemisphere of radinsm.

The cylinder is open on one of the circular ends tre hemisphere is also open on its
circular base. The cylinder is joined to the hemesp at their open ends so that the
resulting object is completely sealed.

a) Given that volume of the container is exac2§8Qp cm®, show clearly that the
total surface area of the contain&em?, is given by

s=5—p(r3+3456).
3r

b) Show further than whe® is minimum,r =h.

proof
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Question 32 (****+)

<Xem>
I —————

The figure above shows the design of coffee jahwitpush on” lid.

The jar is in the shape of a right circular cylindéradiusx cm. It is fitted with a lid of
width 2 cm, which fits tightly on the top of the jar, so itajmbe assumed that it has the
same radius as the jar.

The jar and its lid is made of sheet metal andetieno wastage.

The total metal used to make the jar and its litG§o cm?.
(This figure does not include the handle of thedidch is made of different materipl

a) Show that volume of the ja¥, cm®, is given by
v:p(95x- 238- x3)

b) Determine by differentiation the value &ffor whichV is stationary.

[continues overleaf]
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[continued from overleaf]

c) Show that the value at found in pari{b) gives the maximum value f&f .

d) Hence determine the maximum volume of the jar.

X=5cm|,

Vinax = 3000 » 942 cm
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Question 33  (****+)

The profit of a small businessPEis modelled by the equation

(54x+ 6y- xy 324°
3x ’

where x and y are positive variables associated with the runoiniipe company.
It is further known thatx and y constrained by the relation
3X+y=54,
a) Show clearly that
P=108x- 36X+ 3¢.
b) Hence show that the stationary valuePofproduces a maximum value 696.

The owner is very concerned about the very smalitpaind shows the calculations to a
mathematician. The mathematician agrees that tlcelations are correct but he asserts
that the profit is substantially higher.

c) Explain, by calculations, the mathematician’s reasg.

proof
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Question 34 (****+)

The figure above shows a solid prism, which is e shape a right semi-circular
cylinder.

The total surface area of tlaces of the prism i§/27p .

Given that the measurements of the prism are swutihas its volume is maximized, find
in exact simplified form the volume of the prism.
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Question 35 (*¥***¥)

L Y Q(8,5)

O

The straight lineL has equatior3x+ 2y = 8.

The pointP(x, y) lies onL and the poinQ(8,5) lies outsideL . The pointR lies on
L so thatQR is perpendicular td. . The lengthPQ is denoted byd .

a) Show clearly that

d?=65- 13« 13,
_ 1
Let f(x)=65- 13+ TSXZ

b) Usedifferentiation to find the stationary value df(x) , fully justifying that this
value of x minimizes the value of (x).

c) State the coordinates & and find, as an exact surd, the shortest distahttee
point Q from L

x=2], [R(2,1)], |\/52
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Question 36 (*****)

An openbox is to be made of thin sheet metal, in the sled@ cuboid with a square
base of lengthx and heighth.

The box is to have fixed volume.

Determine the value of, in terms ofh, when the surface area of the box is minimum.

proof
Question 37 (*****)
A solid right circular cylinder of fixed volume haadiusr and heighth.
Show clearly that when the surface area of thendegli is minimumh:r=2:1.

proof
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Question 38  (*****)

A solid right circular cylinder is to be cut out afsolid right circular cone, whose radius
is 1.5m and its height i8S m.

The axis of symmetry of the cone coincides with éxes of symmetry of the cylinder
which passes though its circular ends. The circoemige of one end of the cylinder is in
contact with the curved surface of the cone andbther end of the cylinder lies on the
base of the cone.

Show that the maximum volume of the cylinder tacbheout isp m?3.

proof
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Question 39  (*¥***¥)

The pointP lies on the curve with equation= X%, so that its distance from the point
A(10,2) isleast

Determine the coordinates d® and the distanc@P.

P(2,4)|, |dmin =217
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Question 40  (*¥****)

The figure above shows an isosceles triad@€, where|AB =|Ad and a rectangle
PQRS drawn inside the triangle.

The pointsP and S lie on BC, the pointQ lies on AB and the poiniR lies on AC.

Given that the base of the triangBC is equal in length to its height, show clearlyttha
the largest area that the rectan§i®RS can achieve i% the area of the triangleBC.

proof
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Question 41  (*****)
A right circular cone of radius and heighth is to be cut out of a sphere of radiids

It is a requirement that the circumference of thsebof the cone and its vertex lie on the
surface of the sphere.

Determine, in exact form in terms &, and with full justification, the maximum
volume of the cone that can be cut out of this sphe

_ 3R
Vmax - 81
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Question 42  (*****)

A mobile phone wholesaler buys a certain brandhaine for£35 a unit and sells it to
shops for£100a unit.

In a typical week the wholesaler expects to 560 of these phones.

Research however showed that on a typical weelevery £1 reduced of the selling
price of this phone, an ext20 sales can be achieved.

Determine theselling price for this phone if the weekly profit is to beaximized, and
find this maximum weekly profit.

£80, maximum profit £405
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Question 43  (*****)

The figure above shows a hollow container congisbh a right circular cylinder of
radius R and of heightH joined to a hemisphere of radibs.

The cylinder is open on one of the circular ends @@ hemisphere is also open on its
circular base. The cylinder is joined to the hermép at their open ends so that the
resulting object is completely sealed.

Given that volume of the container Vs, show the surface area of the container is
minimised whenR = H, and hence show further that this minimum surtaea is

Jaspv? .

proof
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Question 44 (*****)
A rectangleABCD is such so thatDC| =6 and|DA|=4.

The sideDA is extended to the poirE and the sideDC is extended to the poirt so
that EBF is a straight line.

Determine, with full justification, the minimum aef the triangleEDF .

Anin =48
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