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Question 2 (*¥)

YA

o

y=x - 4% 10

The figure above shows the curve with equation

y=3%- 4%+ 10, X1

> X

Find the area of the region, bounded by the cureecbordinate axes and the straight

line with equationx =3.

| |, larea= 21
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Question 3 (*¥)

v=(3- %)(x 1)

/ ’ \ "
The figure above shows the curve with equation

y=(3- x)( %+ 1), xi

Find the exact area of the region, bounded by d@ineecand thex axis, shown shaded
in the figure above.
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Question 4 (**)
6
y=2x"- —+ 8%, x1 0,
X

Find a fully simplified expression for

y dx.

A, %X3+3X'2+2X4+C

Question5 (**)
f(x)=2x- 7x+ 1, xI

Find the coordinates of the point on the curve \eijlnationy = f(x) , whose gradient
is5.

G2
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Question 6 (**)

y=C- 652+ 12, xi

Find the range of values of for which y is.decreasing.

Question 7 (*¥)

y=(x+1)(x-2)(x 4

The figure above shows the curve with equation

y=(x+1)(x-2)(*x 4),

x1

a) Write the equation of the curve in the foryr= 2 + a + bx+ ¢, wherea, b

and c are constants.

b) Find the exact area the shaded region.

1.

y=X-5X%+ 2% 8

-16
area= <3
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Question 8  (**)
The curveC has equation

y=x- ¥- 5% 2.

Find the x coordinates of the points b with gradient3.
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Question 9  (*¥)

A y = - 8x%+ 16X

> X
The figure above shows the cubic curve with equatio
y = - 8x%+ 16X, X1

The curve meets thg axis at the origirO and at the poiniA.

a) Show clearly thatx=4 at A.
The finite regionR is bounded by the curve and tkeaxis.

b) Find the exact area dR.

1.
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Question 10  (**)

The pointP(1,3) lies on the curve with equation="f (x) , whose gradient function is
given by

f 4(x) =6 - 4x, xI

Find an equation forf ().

[ 1 [f(x)=2¢- 258+ 3

Question 11 (**)
The curveC has equation

y=xX-6x- 3% 25.

Find an equation of the tangent@oat the point wherex=2.
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Question 12 (**)
=38 - 6/x —+ 4, x>0
X

Find a fully simplified expression for

y dx.

3
Nax+ - 42+ XM O

Question 13 (**)
f(x)=-%+9x- 15x 13 x|
a) Find the coordinates of the stationary pointsfi) .

b) Determine the nature of each of the two statiopaints found in part (a).

c) Hence find the range of values »ffor which f (x) IS decreasing.

[ 1, [minat(1: 29 , max af 53k

@) ¢kR)= Ayal-isx-n ) &V o

Created by T. Madas



Created by T. Madas

Question 14 (**)

rY y=x - 4x

The figure above shows the cubic curve with equatio

y= X3 - 4x, X3 0.
The curve meets thr axis at the origirO and at the point wherg=2.
The finite regionR; is bounded by the curve and theaxis, forO£ x £ 2.
The regionR, is bounded by the curve and tkeaxis, for 2£ x£+/8.

Show that the area d& is equal to the area @3, .

|:| , |proof
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Question 15  (**)
The curveC has equation

6 5x
=—+—-4, x10.
y 2 4

a) Find an expression fozl.
X

b) Determine an equation of the normal to the cunib@point wherex=2.

dy 5 12 —

Question 16 (**)
4
f(x)=6x+9x- —, x>0,
X

Find a fully simplified expression for

3
3P+ +4x 1+ C
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Question 17  (**)

The pointP(3,- 1) lies on the curve with equation= f (), whose gradient function
is given by

fqx)=1- X2, x1

Find an equation forf ().

[ 1 f(x)=5+x-%x°’
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Question 18  (**)

v A y =X - 12X%+ 45% 3¢

The figure above shows the curve with equation
y=xX - 12X+ 45% 3.
The pointsA and B lie on the curve, wherg =1 and x=4, respectively.

The finite regionR is:bounded by the curve and the straight line segmént

Show that the area d®, shown shaded in the figure, is exat%}r.

, |proof
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Question 19  (**)

y=§+3\/;(, x>0.
X

Find the value ot‘j—y at the point wherex=4-.
X

e
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Question 20  (**+)
The curveC has equation

y=-x(x1), xi
The curve meets the coordinate axes at the ofgand at the poiniA.
a) Sketch the graph o, indicating clearly the coordinates éf.
b) Show that the straight line with equation
Xx+y+1=0,

is atangent t&C at A.

A(-1,0)
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Question 21  (**+)

A fish logo is generated by the cur@ with equation

x(x- 5)°, 0EX£ 6,

<
|\>I|—\

and its reflection in thex axis.

The curveC meets thex axis at the origirD and at the poin(5,0).

The finite regionR is bounded byC, its reflection in thex axis and the straight line
with equationx=6.

Show that the area d®, shown shaded in the figure,54 square units.

Created by T. Madas



Created by T. Madas

Question 22 (**+)
A curve C has equation

y=x-3x%- 24x 1, xi

Find the range of values of, for which y is increasing.

Ix<-2E x 4

Question 23 (**+)
y=4/x, xI , x>0.
Show clearly that

2
M+£$’:O_
d  y?dx

I:l , |proof
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Question 24  (**+)
y:x(6x- 5\/_x) x3 0.
By showing all steps in the workings, find an exgsien for

y dx.

5
2x3- 2x2+ C

Question 25  (**+)
Find the value of the constaatif

a- 2x dxe-5.

13

Created by T. Madas



Created by T. Madas

Question 26 (**+)

The figure above shows the cur@ewith equation

y=18- x X
The curve crosses the axis atB(2,0) and the pointA(- 1,18) lies onC.

The shaded regioR is bounded by the curve and the straight line ssjrAB .

Find the area of the shaded region.

| |, |area= 18.¢
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Question 27  (**+)

L T ,x>0.

\/;,X

X | =

y:

2
Show that the value OM wherex=4,is i
dx? 128

proof

Question 28  (**+)
Find the value of the constahktif

3
6x° +kx dx=8.
1

I‘ POcEO By WIECPATING: THE Uk CF THE ésupmmon)
[ 51 |
| = g Grlke & =/8
= [uuyx]z =8

L 1
o (8 ) = (e dea™) < 8
it -2 L kb=8
S M =8

o A-Lw

i
kl= =0 ~

- L
///
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Question 29  (**+)

. [N

The figure above shows a quadratic curve and aybtrane with respective equations

y=4- x 2 and y=2u

The pointsA and B are the points of intersection between the quadcatrve and the

straight line.

a) Find the coordinates oA andB.

b) Determine the exact area of the finite region begnhtdy the quadratic curve
and the straight line, shown shaded in the abauedi

1,

A(-2,2), B(1,9)|, |area=2
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Question 30  (**+)
f(x)2 - 5x% 3% 1, xi

Find the range of values of, for which f (x) is decreasing.

Question 31  (**+)

y:«/7<+2—7, xI , x>0,
X

2
Show clearly that the value gfl wherex =27, is 4 .
dx? 2187

proof
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Question 32 (**+)
The curveC has equation

3
y:3x2- 6X2+ x 5, x3 0.

Find an equation of the normal @ at the point wherex=4.

Question 33  (**+)

f(x)° x+10+2—5, x1 0.
X

Find the coordinates of the two stationary poirits ¢x) and usef ¢x) to determine
their nature.

[ 1, |min(5,20

max(- 5,0
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Question 34  (**+)

y=Xx+3

The figure above shows the graph of the cutvevith equation
y=9+2x- 2,
and the straight line. with equation
y=Xx+3.
The curve meets the straight line at the poitand B .

The finite regionR, shown shaded in the figure, is bounded by therecr, the
straight lineL and the coordinate axes.

Show that the area d® is 13.5 square units.
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Question 35  (**+)
A curve has equation

y=x-10x 2, xI
The pointP(2,- 10) lies on the curve.

The straight lined; and |, are the tangent and the normal to the curveP at
respectively.

a) Find an equation fol; and an equation fd,.
|, crosses thex axis atA andl, crosses they axis atB.

b) Find the area of the triangl@AB whereO is the origin.

,[y=2x-14, [2y+x+18=0, [area= 3Lk
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Question 36 (**+)
By showing clear workings, find the value of

o 6
BvX - —= dx.
1 X

Ix

I

Question 37  (**+)
Find the value of the constakt k >1, given that

k

4x- 3 dx= 28.
1

,\_
I
Nl
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Question 38 (**+)

The figure above shows a quadratic curve and agktrne with respective equations
y=x-5x%9 and y=5.

The pointsA and B are the points of intersection between the sttdigle and the
guadratic curve.

a) Find the coordinates oA andB.

b) Calculate the exact area of the finite region ba&ahioy the quadratic curve and
the straight line, shown shaded in the above figure

[ 1 |A@L5).B(49, area:%
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Question 39  (**+)

The curveC with equationy = f(x) has gradient function

d—y=9x2+l, x1 0.
dx X2

The pointA(- 1; 1) lies onC.

Find an equation foC .

Question 40  (**+)

y=2x+%, x1 0.
X

Find the coordinates of the stationary pointyond determine its nature.

[ 1, |min(2,6)
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Question 41 (***)

24cm

<X>

<X>

64cm

An open box is to be made out of a rectangular piece of caeasuringg4 cm by
24 cm. Figurel shows how a square of side lengtlem is to be cut out of each
corner so that the box can be made by foldinghaws in figure2.

a) Show that the volume of the bo¥, cm’, is given by

V =42 - 176x°+ 1536x.

b) Show further that the stationary points\obccur when

3x° - 88x+ 384 (.

c) Find the value ofx for whichV is stationary.
(You may find the fack4” 16= 38< useful.)

d) Find, to the nearestm®, the maximum value fov |, justifying that it is indeed
the maximum value.

Vinax » 3793
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Question 42 (***)
A curve C has the following equation

25X2
f =4y x- =22 %3 0.
(X) XV X , X3 0

a) Find a simplified expression fdi{x).

b) Determine an equation of the tangent to the cutvihe point wherex=4,
giving the answer in the forrax+ by= c, wherea, b andc are integers.

, | FEx :GX%-Z—SX, x+2y=18
8

Question 43 (***)
The curveC has equation

y=x- 6x%+ 12% &.

Find the coordinates of the stationary point®fand use a clear method to determine
its nature.

[ ]

point of inflexion at ( 2, B
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Question 44 (***)

Show clearly that
5
f(x) dx= R/ x+ Q% + C,

where P andQ are integers to be found, ad@is an arbitrary constant.

P=-20,[0=6

Question 45  (***)

The pointP(S,O) lies on the curveC whose gradient function is given by

Y _ 302 14w+ 12
dx

a) Find an equation of the tangent@oat the pointP .

The pointQ lies onC, so that the tangent & is parallel to the tangent &.

b) Find thex coordinate ofQ.

wlon

y=9- 3x|, [X
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Question 46 (***)

y y=-4x2+ 24% 2C

y=x2-6x+5

The figure above shows the graph of the curves eqtmtions
y=-4x+ 24x 2C and y=x - 6% 5.
The two curves intersect each other at the poiend B .

The finite regionR bounded by the two curves is shown shaded inigied.

Find the exact area d®.

¢
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Question 47  (***)

The figure above shows the design of a fruit jagon with capacity 01000 cm®.

The design of the carton is that of a closed culwdbse base measurgsm by
2x cm, and its height i1 cm.

a) Show that the surface area of the cartargm?, is given by

A= 4x2 +3990
X

b) Find the value ofx for which A is stationary.

c) Calculate the minimum value fé, justifying fully the fact that it is indeed the
minimum value ofA.

[ 1 |x=%375» 7.2

-

Anin » 62
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Question 48  (***)
The pointP , wherex =3, lies on the curv&€ whose equation is

y=%x3-3x2+ 3% 2.

a) Find an equation of the tangent@oat the pointP .

b) Show that there is no other point @where the gradient is the same as the
gradient atP .

Question 49  (***)

Show clearly that
2.1
y dx=ae +5 X + G,

wherea is a rational constant to be found, ads an arbitrary constant.

@
I

wino
o
-

Nl
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Question 50  (***)
The cubic equatiol© passes through the origid and its gradient function is

9 _6x2- 6x 20.
dx

a) Show clearly that the equation 6f can be written as
y=x(2x+ 3 x+ B,
wherea andb are constants.

b) Sketch the graph of, indicating clearly the coordinates of the poimisere
the graph meets the coordinate axes.

| |, [a=5], [b=-4
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Question 51 (***)

The figure above shows a quadratic curve and gybktrine with respective equations
y=10- 4% e and y= 6Xx.

The pointsA and B, are the points of intersection between the quadcarve and the
straight line.

Calculate the exact area of the finite region bedhtdy the quadratic curve and the
straight line, shown shaded in the above figure.
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Question 52 (***)
The gradient function of the curve with equation

y=2(x+ a)z,
wherea is a non zero constant, is given by

ﬂ =4x+10.
dx

Determine the value odi.

QD
Il
NloT

Question 53 (***)

The pointP(4,9) lies on the curve with equation= f(x), whose gradient function
is given by

fG(x)=1+%, x>0.

Find an equation forf (x).

f(x):x+4\/7<-3
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Question 54 (***)

A
<>

X

The figure above showssmlid brick, in the shape of a cuboid, measurthgcm by
x cm by h cm. The total surface area of the brick7i20 cm?.

a) Show that the volume of the brick, cm?, is given by

V =300x-%5x°’.

b) Find the value ofx for whichV is stationary.

c) Calculate the maximum value fdt, fully justifying the fact that it is indeed
the maximum value.

[ ], [x=2/6»4.90, |V, = 400 6» 980
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Question 55 (***)

The figure above shows the cubic cu@ewhich meets the coordinates axes at the
origin O and at the poinP.

The gradient function o€ is given by
f(x)=3x% - 8x+ 4.
a) Find an equation foC .

b) Determine the coordinates &f.

[ 1 f(x)=- 4%+ 4x, |P(2,0)
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Question 56 (***)

The pointP(8,18) lies on the curveC , whose gradient function is given by

d—yzssﬁ-lo, X3 0.
dx

Find an equation foC .

4
[ ] |y=6x3-10% 2

Question 57  (***)
A curve C has equation given by

1433

X2

X1 0

Find the coordinates of the point @ where the gradient ik.
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Question 58 (***)
The temperaturel in °C, of a hot drinkt minutes after it was made is given by

T =90- &+ %tz O£t £8.

a) Calculate after how many minutes the drink hasrgerature o060 °C.

b) Find the rate of change of temperature of the ddnkinutes after it was made.

t=6|, [-4° C/min

Question 59  (***)
Show clearly that

4

33&-% dx= k3,

wherek is an integer to be found.
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Question 60  (***)

y=2x(x-J(* 3

The figure above shows part of the curve with eiquat
y=2x(x-13)( % 3, xi
The curve meets thg axis at the origin and at the poimfdsand B.

Determine the exact area of the finite region badhty the curve and the axis,
shown shaded in the figure above.

[ ], |area= %7
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Question 61 (***)

<—T—>

The figure above shows a box in the shape of aidukith a rectangular base cm
by 4x cm andno top. The height of the box i cm.

It is given that the surface area of the bok7&8 cnf .
a) Show clearly that

_864- X2
5x

h

b) Use part (a) to show that the volume of the buxcm®, is given by

V= (432x- x3)

olloo

c) Find the value ofx for whichV is stationary.

d) Find the maximum value fo¥ , justifying the fact that it is the maximum.

x=12], [V0x = 5529.6
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Question 62 (***)
The curveC and the lineL have equations

C: y=16\/7<+3—2- 35 and L: 2y+x=14.
X

Show thatL is a normal taC at the point wherex=4.

proof

Question 63 (***)
The curveC has equation

8
y=ax2- W+ = x>0,
X
wherea is a non zero constant.

Given thatg— =0 at the point orC wherex =4, find the value ofa.
X

1

QD
I

Glw
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Question 64  (***)
y=x- 2%, xi
a) Find the coordinates of the stationary pointyoind determine its nature.

b) Show clearly thaty has no points of inflection.

[ 1, max(

Nl
ool
N —

Question 65  (***)

Given thaty =5 when x =1, expressy in terms ofx.

—4x. X
|:|, y =4x X+2
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Question 66 (***)

y=+/x

The figure above shows the graph of the cutvevith equation
y= Jx, x3 0.
The pointP lies onC wherex=4.
The straight lineL is the tangent t€ at P.
a) Find an equation oL .
The finite regionR, shown shaded in the figure, is boundedbyL and thex axis.

b) Find the exact area dR.

Ty

NS
w
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Question 67  (***)
The curveC has equation

(2x- 3)(x+ 2)

f(x)= T , Xx>0.

3 1 .1
a) Express f(x) in the form AxZ+ Bx2+ Cx 2

constants to be found.

, where A, B and C are

b) Show that the tangent 16 at the point wherex=1 is parallel to the line with
equation

2y =13x+ 2.

|A=2], |B=1], |C=-6|
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Question 68  (***)
A curve with equationy = f (X) passes through the poif2,3).

The gradient function of the curve is given by
fdx)=(x-3)(3x% ).

a) Find an equation of the curve, giving the answea pslynomial in its simplest
form.

b) Show clearly that
f(x)° (x+ K)(% 3)%,
wherek is a constant to be found.

c) Sketch the graph of (x).

The sketch must show the coordinates of any povhisre the graph of (x)
meets the coordinate axes.

[ ] [f(x)° % 55& 3% ¢, [k=1
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Question 69  (***)

[

The figure above shows the design of a large watde in the shape of a cuboid with a
square base am top.

The square base is of lengthmetres and its height is metres.
It is given that the volume of the tank560 m?3.

a) Show that the surface area of the taAkm?, is given by

A= 52 +2000
X

b) Find the value ofx for which A is stationary.

¢) Find the minimum value foh, fully justifying the fact that it is the minimum.

| |, [x=10], [Ay, =30
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Question 70 (***)
f (x) = 2x% +3x+k, wherek is a constant.

Find the value ok, given that

Question 71 (***)

The pointP(- 1: 1) lies on the curveC , whose gradient function is given by

dy_5x-6
dx X3

, X1 0.

Find an equation foC .

y=5x+£2 +1

I
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Question 72 (***)

The figure above shows the graph of the quadratieecC with equation
y=3x2 - 8x+ 5.
The curve crosses the axis at the point® andQ.
a) Find the coordinates d? andQ.

b) Show clearly that

2

3x%- 8x+ 5 dx= Q.
1

The pointR lies on thex axis wherex =2 and the pointS lies onC so thatRS is
parallel to they axis.

c) Find the area of the shaded region.

wlon
o
e

P(1,0), Q(
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Question 73 (***)
A cubic curve has equation

f(x)=2x- 75+ 6% 1
The pointP(2,1) lies on the curve.

a) Find an equation of the tangent to the curv@ at

The pointQ lies on the curve so that the tangent to the cat¥@ is parallel to the
tangent to the curve R .

b) Determine thex coordinate ofQ.

<
1
N
0
)
1

wl—
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Question 74 (***)

y=Xx+4

A y=3- 3%+ 7

The figure above shows a cur@ and a straight line. with respective equations
y= X% - 3% 7 and y=X+4.
The curve and the straight line meet at the poftsnd B .

a) Find the coordinates oA andB.

b) Find the exact area of the finite region boundedCbgnd L , shown shaded in
the figure above.

A(1,5) ,B(3,7)|, |area=

Wi
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Question 75 (**)
The curveC has equation

y=aF -1, x30
Show clearly that

d?y.
dx®

4x2 15y= k,

wherek is an integer to be found.

[ ], [k=15

]

Question 76 (***)
fq(x) =(3x- 1)2.

Given that f (3) =56, find an expression fof (x).

[ 1 f(x)=33- 33+ x 1

|
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Question 77 (***)

10x

The figure above shows a pentagdBCDE whose measurements, ém, are given
interms ofx and y .

a) If the perimeter of the pentagonlig20cm, show clearly that its are& cm?,
is given by

A=600x- 96xX.

b) Use a method based on differentiation to calculaenaximum value foA,
fully justifying the fact that it is indeed the maum value.

v | Anax = 937.
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Question 78  (***)

The figure above shows the graph of the cutvevith equation
y=x2-2x 4, xi
intersected by the straight lirle with equation
y=3x, xI
The curve meets the straight line at the poistand B .

The pointP is located on the axis so that the straight line segm@&R is parallel to
the y axis.

The finite regionR is bounded byC, L, BP and thex axis.

Show that the area d®, shown shaded in the figure,%.
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Question 79  (**)
The curveC has equation

y=x*- 253+ 1, xi

Find the coordinates of the stationary point<Coaind determine their nature.

|:|, minat(

- %) , point of inflexion( 01

Nlw

Created by T. Madas



Created by T. Madas

Question 80 (***) non calculator
The curveC has equation

16
=x2-—, x1 0.
Y 3x°

Show thatC has two points of inflection and determine theiominates.
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Question 81  (***)

_ 2x+17
3x2

, X>0.

a) Expressy in the form AX 2+ Bx 3+ Cx* where A, B andC are fractions
to be found.

b) Hence determine simplified expressions for ...

dy
™t

. ... ydx

42,443 154 [AY_ 8,3 4.4 4.5
[ 1. y=gX FgX FtgX |, 9X ~ 3X " X
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Question 82  (***)

The curveC with equationy = f(x) satisfies

a) Given thatf (1) =2, find an expression fof (x).

b) Sketch the graph of (x) , indicating clearly the asymptotes of the curvd an
the coordinates of any points where the curve et coordinate axes.

1.1t(x)=2-2.[(2.9

Created by T. Madas



Created by T. Madas

Question 83  (***)
The total cosiC, in £, for a certain car journey, is modelled by

C:&)+£,V>30,
vV 25

whereV is the average speed in miles per hour.
a) Find the value oV for which C is stationary.
b) Justify that this value 0 minimizesC.

c) Hence determine the minimum total cost of the jeyrn

[ 1. v=5d,[eg
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Question 84  (***)

The figure above shows a clothes design consistitgyo identical rectangles attached
to each of the straight sides of a circular sestoadius x cm.

The rectangles measurecm by y cm and the circular sector subtends an angle of
one radian at the centre.

The perimeter of the design 49 cm.
a) Show that the area of the desigﬁnpmz, Is given by
A=20x- X.
b) Determineby differentiation the value ofx for which A is stationary.

c) Show that the value at found in parib) gives the maximum value foh.

d) Find the maximum area of the design.

| |, [x=10], [Ap =100
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Question 85  (***+)

The figure above shows the graph of the curve eafhation

f( ) 4x- 8 X<5
X) = .
- X%+ 14% 33 x35

The curve meets thg axis at the pointA andB.

The finite regionR, shown shaded in the figure above, is boundedchbyctrve and
the x axis.

Find the area oR.

[ 1.[od
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Question 86  (***+)

The figure above shows the cur@ewhich meets the coordinates axes at the pdnts
Q andR.

Given the gradient function & is given by
fqx)=3- 4x,

and thatf (1) = 2f (2) , determine the coordinates Bf, Q and R.

[ 1.[P(-19), |P(3.9)|. [R(0.9
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Question 87  (***+)
The curveC has equation

y:(x-l)(x2+ 4 xt 5), x1

a) Show thatC meets thex axis at only one point.
The pointA, wherex=-1, lies onC.
b) Find an equation of the normal @ at A.

The normal toC at A meets the coordinate axes at the poltand Q.

c) Show further that the area of the trian@®Q, whereO is the origin, ile%

square units.

L | |2y=x-7
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Question 88  (***+)

==

.

The figure above showscéosedcylindrical can of radiug cm and heighth cm.

a) Given that the surface area of the cah98o cm?, show that the volume of the
can,V cm®, is given by

V =96pr - pr3.
b) Find the value of for whichV is stationary.
c) Justify that the value aof found in parib) gives the maximum value fof .

d) Calculate the maximum value Wf.

~

[ ], |r=4J2»5.66, |V = 25607 2» 113]
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Question 89  (***+)
The curveC has equation

y=2x2- 9%+ 12% 1C.
a) Find the coordinates of the two points on the cuvirere the gradient is zero.
The pointP lies onC and itsx coordinate is- 1.
b) Determine the gradient &@ at the pointP .

The pointQ lies onC so the gradient &) is the same as the gradientrat

c) Find the coordinates d.

[ 1.]@-9(2 9].[38. Q4.2
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Question 90  (***+)
The gradient function at every point on a cuves given by

ﬂ=(kx- 3)Vx,

dx

wherek is a non zero constant.

The pointP(4,40) lies onC and the gradient & is 34.

Determine an equation @ .

5 3
y=2x%x2- 2x2- §
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Question 91  (***+)

y y =4(x- 2)2

y=2x°- Ox+ 16

The figure above shows the graph of the curves aqtmtions
y=4(x- 2> and y=2xX- 9x 16.
The curves meet each other at the potand B .

a) Determine the coordinates & and B .

b) Find the exact area of the finite region boundedth®sy two curves, shown
shaded in the above figure.

NI~

[ 1.|A(0.18 8(3.9. [5

% 343
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Question 92 (***+)

(3:- 2)
f(x)= xt 0
()=
Show clearly that
2
f(x) dx=11.
1
proof
Question 93  (***+)
The curveC has equation
=¥ 8Jx >0
X
Show clearly that
a2y _6(1- ¥x)
N
proof
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Question 94  (***+)

A pencil holder is in the shape of a right circutgtinder, which isopen at one of its
circular ends.

The cylinder has radius cm and heighth cm and the total surface area of the
cylinder, including its base, 860cm?.

a) Show that the volume/ cm®, of the cylinder is given by

V =180r - %pr3.
b) Determine by differentiation the value offor whichV has a stationary value.
c) Show that the value af found in part (b) gives the maximum value Yot

d) Calculate, to the nearesi®, the maximum volume of the pencil holder.

r= @ »6.18, |Vijax » 742
\ p
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Question 95  (***+)
A curve has equation

y=x-8/x, xI , x30.
The curve meets thr axis at the origin and at the poiRt

a) Determine the coordinates &f.

The pointQ, wherex =4, lies on the curve.
b) Find an equation of the normal to curve(at

c) Show that the normal to the curve@tdoes not meet the curve again.

.[Fie4a)]
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Question 96  (***+)
The diagram below shows a parabola and a straimghtiith respective equations

y=-x2+11x- 24 and y=4.

The pointsP andQ are the intersections between the parabola anstithight line.

y=-x+11x 24

Find the exact area of the shaded region, boungdédebcurve, the coordinate axes and
the straight line with equatiog=4.

[ ], |area= %3
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Question 97  (***+)
Given thatn is a positive integer greater than show clearly that

I,]2

1-i dx= (n 2)2, x>0.

PN

proof

Question 98  (***+)

The pointP(4,%) lies on the curve&C whose gradient function is given by

5
dy _ x2+24
dx NG

, X1 0.

a) Determine an equation of the tangenCtaat P .

b) Find an equation o€ .

3 24
[6y=21x- 82, |y=2x2- £+ 1
1. |6y 3, ly=5x- <
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Question 99  (***+)

y y=-x+8x 2 y=>2-10% 26

The figure above shows the graphs of the curvds eguations
y=-x2+8x 2 and y=x-10x 26.
The two curves intersect each other at the poneand B .

The finite regionR bounded by the two curves is shown shaded inigiieef above.

Show that the area &R is exactlle25.

|:|, proof
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Question 100  (***+)

The figure above shows a solid triangular prismhwaitotal surface area a3600cm?.

The triangular faces of the prism are right anglgti a base o20x cm and a height
of 15x cm. The length of the prism ig cm.

a) Show that the volume of the prisM,cmS, is given by

V =9000x- 750¢.
b) Find the value ofx for which V is stationary.
c) Show that the value at found in part (b) gives the maximum value %ot

d) Determine the value oy whenV is maximum.

L 1. Ix=2,]y=20
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Question 101 (***+)
The curveC has equation

y=ax-£, xt 0,
X

wherea andb are non zero constants.
The gradient ofC at the points wher& =1 and x=-2 is 14 and5, respectively.

Find the value ofa and the value ofb.

a=6, b=
Question 102  (***+)
fqx) =5- % x1 0.
Find the value off (4), given that2f (1) = 4+ f ( 2.
[ 1,|f(4)=14
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Question 103 (***+)

y =X - 9%+ 24x 9

The figure above shows the graph of the cutvevith equation
y =3 - 950+ 24x+ 9.
The straight linel is the normal tcC at the pointA, whosex coordinate is5.
a) Show that an equation af is
X+9y = 266.

b) Show further that the area of the finite regionred byC, L and they axis
is approximately20 square units.
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Question 104  (***+)
The curveC has equation

y:(l+&)2 , X3 0.

a) Find an expression foclLy.

dx
The straight lineL with equation
2y =3x+6

is a tangent t&C at the pointP .

b) Use a calculus method to determine the coordirat®s.

1.

dy —1+i

dx

Jx

P(4,9)
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Question 105  (***+)

2
X“+4
= , X1 0.
Y 4x

Find the range of values of for which y is increasing.

Created by T. Madas

|, [x<-2E x> 2|
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Question 106  (***+)
The curveC has equation

y=xX - 9%+ 24% 19, xi

a) Show that the tangent © at the pointP, wherex =1, has gradien®.

b) Find the coordinates of another pof@ton C at which the tangent also has
gradient9.

The normal toC at Q meets the coordinate axes at the poatand B .

c) Show further that thapproximate area of the triangl©AB, whereO is the
origin, is 11 square units.

Q(5.,1)
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Question 107  (***+)

y=x-6x 5

C(7.12

The diagram above shows the curve with equation
y=x - 6x 5.

The pointC(7,12) lies on the curve whiléA and B are the points of intersection of
the curve and th& axis.

Find the exact area of the shaded region, boungethé curve, the straight line
segmenAC and thex axis.

[ 1 |area= 7—36
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Question 108  (***+)

Show clearly that

Question 109  (***+)

Created by T. Madas

y= x%(3x2+1)’ y

X2

>0.

y dx=15.

proof

The gradient of every point on the cur@e with equationy = f (x) satisfies

f¢(x):3x2- 4+ K,

wherek is a non zero constant.

The pointsP(0,- 3) andQ(2,7) both lie on C.

Find an equation foC .

Created by T. Madas

y=x-2x+ 5% 3
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Question 110  (***+)
The point A lies on the curve with equation

y=x2-9x+ 13,

The gradient of the normal to the curve at the pdiris %

Find an equation of the tangent to the curvéat
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Question 111 (***+)

-

~_

The figure above showscéosedcylindrical can, of radius cm and heighth cm.

a) If the volume of the can i830cm?®, show that surface area of the cancm?,
is given by

A=2,0r2 +@.
r

b) Find the value of for which A is stationary.
c) Justify that the value af found in pari(b) gives the minimum value foA.

d) Hence calculate the minimum value Af

| |, [r »3.748, [ Ay, » 26
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Question 112 (***+)

The pointA(2,1) lies on the curve with equation

(x-2)(x2) 2), xI ,xt0,
2X

a) Find the gradient of the curve at.
b) Show that the tangent to the curvefahas equation
3x- 4y Z Q.
The tangent to the curve at the pobhtis parallel to the tangent to the curveat

c) Determine the coordinates &.

gradient ah==2|, |B(- 2,0)

IN[N
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Question 113 (***+)

The figure above shows the graph of a curve witlaggn
y=8+2x- X,
The curve meets thg axis at the poinP, and thex axis at the point® andR.
a) Determine the coordinates &, Q and R.

The straight linel is the tangent to the curve Bt
b) Find an equation oL .

c) Show that the area of the finite region boundedhieycurve, the tangerit and

the x axis i52_30_

[ 1.[P(0,8)], |Q(-2,0), [R(4,0)], [y=2x+8
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Question 114 (***+)
On a given lorry journey the co€l, in pence per mile, is modelled by

2
C:l;92+v_ V>6’

V144
whereV is the lorry’s average speed in metres per second.

a) Find the speed, in metres per second, for whicltdisg in pence per mile, is
stationary.

b) Justify that this value of the speed minimizesdbst.

c) Hence determine the minimum cost 08@0 mile journey.

L |.lv=24, [£72
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Question 115  (***+)
A certain chemical industrial process is carriedaidow temperatures.

The wastage codiC during this chemical process and the average tanpeT °C
are related by the equation

2
:3_6+L’ T>0.
T 3

Find the average temperature during which the wastast is increasing.

[ |.T>3
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Question 116 (***+)
The curveC has equatiory = f(X) given by

f(x)=2(x- 2)3, x1
a) Sketch the graph of (x).
b) Find an expression fof {x).
The pointP(3,2) lies onC and the straight ling is the tangent t€ at P.
¢) Find an equation ofl; .
The straight lind, is another tangent at a different pofpton C.

d) Given thatl; is parallel tol, show that an equation ¢f is

y=6x- 8.

[ ] [fqx)=6X- 24x 24, [y=6x- 16
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Question 117  (***+)

A hollow container, made of thin sheet metal, ishi@ shape of a right circular cylinder,
which isopenat one of its circular ends.

The container has radiuscm, heighth cm and a capacity d500cm®.

a) Show that the surface ared,cm?, of the container is given by

A=pr? +3000.
r

b) Determine the value af for which A has a stationary value.

c) Show that the value af found in pari{b) gives the minimum value foA.

d) Calculate, to the nearesm?, the minimum surface area of the container.

| |, |I’ » 7.81d, Anin » 57
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Question 118  (***+)

y
4
y=
2
1
X
@)

The figure above shows part of the graph of theewith equation

Find the area bounded by the curve, thaxis, and the straight lines with equations
y=landy=4.

[ 1.[2
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Question 119  (***+) non calculator
The curveC has equation

y=4x-\/7(, x3 0.

Find the coordinates of the stationary poinfand determine its nature.

min(6—14,- 1_16)

Question 120  (***+)

Show clearly that
3
f (x) dx= R/ x+ Qx+ RX +

where P, Q andR are integers to be found, a@is an arbitrary constant.

P=-8|,|Q=13, |[R=-2

Created by T. Madas
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Question 121 (***+)

f(x)° - 2x% x 6, xi

a) Use the factor theorem to show tifat- 3) is a factor off (x).

b) Hence expresd (x) as the product of a linear and a quadratic factor.

The curveC has equation

y=3x*-8x- 62 72k 24

c) Show thatC has a single stationary point, and determinedatsdinates and its

nature.

1 f(x)° (= 3% % 2),

min(3,- 3
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Question 122  (***+)

y:x2-8x+ 18

Q(8,18)

P(2,6)

The figure above shows the parabola with equation
y=x°- 8x+ 18, xi
The pointsP(3,3) andQ(6,6) both lie on the parabola.

Find the exact of the shaded region, bounded bguhee and the straight line segment
betweenP and Q.

| |, larea= 36
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Question 123 (***+)

Find the exact value of {4).

-33
fq(4) =5
Question 124 (***+)
The curveC has equation
=28/, x>0,
X
where A is a hon zero constant.
The normal to the curve &, at the point wherx =4, has gradient g
Find the value ofA.
A=20
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Question 125  (***+)
Find the exact value of

2 2
(3+ 2&) dx,

1

giving the answer in the forra+ bJ/2, wherea andb are integers.

7+16V 2

Question 126  (***+)

A cubic curveC passes through the poini(-1- 9) and Q(2,6) and its gradient
function is given by

d—y:3x2 +kx+7,
dx

wherek is a non zero constant.

Find an equation foC .

[ ] ly=x-5x+ 7x 4
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Question 127  (***+)

y=8+4x- 2¢%- X

The figure above shows part of the curve with eiquat
y=8+4x- 2%- X.
The curve meets the axis atA andB.

a) Verify that the coordinates oA are(- 2,0) and hence use algebra to show that
the coordinates oB are(2,0).

The pointC is a stationary point of the curve.
b) Use calculus to determine the exact coordinateS .of

c) Find the exact area of the finite region boundedheycurve and tha axis.

. fef

256 - 64
—7) , |area= -5

wiho
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Question 128  (***+)
The curveC has equation

y=(x-2)(x2- 2X 3), x1

a) Sketch the graph o, indicating the coordinates of any points wheredbrve
meets the coordinate axes.

b) Find an equation of the tangent @ at the pointP, whereP is the point
whereC crosses the axis.

The pointQ lies onC so that the tangent to the curveCats parallel to the tangent to
the curve atP .

c) Determine the exact coordinates@f

(19 (2.9 (39 (o} [y=x+6], [o(§.- 23
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Question 129 (***+) non calculator
f(x)=4/x- ¥x, x3 0.

Show clearly that

11
fq64)=—
G( ) 48
proof
Question 130  (***+)
The curveC has equation
y= 2Jx - \/; , X3 0.

Show that the equation of the tangenCat the point wherex=2, can be written as
y=v2(2- x)

proof
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Question 131 (***+)

A circular sector of radiug cm subtends an angle gf radians at the centre.

The area of the sector i86 cm? and its perimeter i$ cm.
a) Show clearly that

P:2x+7—2.
X

b) Find the minimum value oP, fully justifying the fact that it is a minimum.

c) Deduce the value of whenP is minimum.

I—I' I:)min:24' q:ZC
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Question 132 (***+)
Find the exact value of

3

4
3Jx - —— dx,
L Jx

giving the answer in the fornp + q\/§ where p andq are integers.

6- 23
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Question 133 (***+)
A curve C has equation

y=43 + 7% + x+11, Xi
The pointP lies onC, wherex=-1.

a) Find an equation of the tangent@oat P .

The tangent t€C at P meetsC again at the poin@ .

b) Determine thex coordinate ofQ.

, |y =12- X,

N
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Question 134  (***+)
A triangle PQR has|PQ = x+2cm, |QR=(2- x)2 cm and PQR=30°.

a) Show that the area of the triangl@,cmz, Is given by

b) Determine the value ok for which A is stationary and hence find, with
justification, the greatest value &.

[ 1

| Anax =53 »2.37

I
1
win
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Question 135  (***+)

The figure above shows the graph of the cutvevith equation
y=6x- %, xI

The curve meets the axis at the origirO and at the poinA. The straight linel is
the tangent taC at A.

a) Find an equation oL .

The pointM is the maximum point o€ . The pointN lies onL so thatMN is
parallel to they axis. The finite regiorR, shown shaded in the figure above, is

bounded byC, L and the straight line segmeliN .

b) Determine the area dR.

,[y=36-6x, [9]
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Question 136  (***+)
The curveC has equation

(x4

SRE

, X>0.

a) Show that the gradient function @f is

The pointP lies onC wherex=4.
The straight lineL is the tangent t&€ at the pointP .
b) Find an equation oL .

c) Find the area of the triangl@AB, where A and B are the points wherk
crosses the coordinate axes, &ds the origin.

y= 4x+1§ , l|area= 312
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Question 137  (***+)

The figure below shows a large tank in the shape @iboid with aectangular base
andno top.

Two of the vertical opposite faces of the cuboiel sguare and the height of the cuboid
IS X metres.

e

a) Given that the surface area of the tank4sm?, show that the capacity of the
tank,V m3, is given by

- _2
V =18x 3x3.

b) Find the maximum value fov , fully justifying the fact that it is indeed the
maximum value.

Vinax =36
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Question 138  (***+)

y=4x- X

The figure above shows the curve with equation
y=4x- ¥, xi

The pointM is the maximum point of the curve and the pofnis one of thex
intercepts of the curve.

Find the exact area of the shaded region, boungeithdo curve and the straight line
segment joiningA and M .
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Question 139  (***+)
The curveC has equation

y:x3- 62+ 9X.

a) Sketch the graph o€, indicating clearly the coordinates of the pointsere
the graph meets the coordinate axes.

b) Determine the exact value of the area of the fireggon bounded by the curve
and thex axis .

- 27
(0,0 &(3,0). |area= %
Question 140 (***+) non calculator
The curveC has equation
y= x+\/§ , X1 0
Find the exact coordinates of the point on the euviaere the gradient 3.
53]
9’27
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Question 141 (***+)
The curveC has equation

y=43- 7% 1, xi
The pointA lies onC wherex=1.
a) Find an equation of the tangent@oat A.

The tangent t&C at A meetsC again at the poinB .

b) Find the coordinates dB8.

L |, ]y=5x-9,|B(-2; 19
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Question 142 (***+)
The curveC has equation

y=x - 3x%+ 3% 5.

Show thatC has only one stationary point and determine itarea

[ 1, |point of inflection at( 1,5

Question 143 (***+)
Prove by showing all the parts in the calculatioat t

a+h

(x- a)2 dx= % .

a

proof
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Question 144 (***+)

y:x2-4x+8

The figure above shows the curve with equation
y=x2- 4% 8, xI
The pointM is the minimum point of the curve.

Find the area of the shaded region, bounded byuhee, they axis and the straight
line segment fronO to M .

20
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Question 145  (***+)
The curveC has equation

y=xX+2x%-7, xI
The pointP lies onC wherex=2.

a) Find an equation of the tangent@oat P .

The tangent t&C at P meetsC again at the poin@.

b) Show that the coordinates  are (- 6; 151).

Created by T. Madas
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Question 146 (***+)

A wire of total length60 cm is to be cut into two pieces. The first pieceesitto form

an equilateral triangle of side lengthcm and the second piece is bent to form a
circular sector of radiug cm. The circular sector subtends an anglegafdians at
the centre.

a) Show that
Xq =60- 5X.
Thetotal area of théwo shapes isA cm?.

b) Show clearly that
A=%(\/§- 10) %+ 30x.

c) Use differentiation to find the value of for which A is stationary.

d) Find, correct to three significant figures, the imaxm value of A, justifying
the fact that it is indeed the maximum value/fof

| |||X>>7.2d, A‘nax»lo
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Question 147  (***+)

2
y=2x3- X

The figure above shows part of the curve with eiquat
2
y=2x3- X, x30.
The curve meets thr axis at the pointA.

a) Show that the coordinates &f are (8,0).

b) Find the exact area of the finite region boundedheycurve and tha axis .

area—=

o
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Question 148 (***+) non calculator

_2-3/x 1
y=—+—=

, Xx>0.
3x J2

a) Find an expression foclll .

dx

2
b) Show that the value eg—y wherex=4,is E
dx? 96
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Question 149  (***+)
f(x)=+/x(18% +35x- 49, x2 0.
a) Find a simplified expression fof {x) .

b) Show clearly that

fqx) =15(3x-2\]3)_(( 2 3 |

3 1 1
f ¢ x) = 45x2 +%5x2-i25x 2
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Question 150  (***+)

y:2x+i
X

The figure above shows part of the cu@e with equation

y=2x+1, xt 0
X

The pointA lies onC wherex =

Nl

a) Find an equation of the normal @ at A.
The normal meets the curve again at the pBint

b) Determine the exact coordinates®f

,[2x- 4y+ 1E Q,

Wi
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Question 151  (***+)

The figure above show the graph of the cu@evith equation
2 R
y=x1-x ,xlI ,x30.

The curve meets the coordinate axes at the origiraaithe pointA(1,0) .

The two tangents t€ at the originO and at the poinfA, meet at the poinB.

a) Calculate the value ot;ﬂ at O, and hence write down an equation of the
X

tangent toC at O.
b) Show that an equation of the tangenCiat A is
2x+3y=2

c) Determine the area of the finite region boundedbgnd the tangents tG at
O and atA.

|y =x, area=4—3;)
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Question 152 (***+)

The pointP(3,k) lies on the curve with equation

y = +ax- 4,
wherea andk are constants.

Given that the gradient & is 3 determine the value & and the value ok.

,la=-3, k=-
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Question 153  (***+)
The curveC has equation

y=x-4xX+ 6% 4.
a) Find an equation of the normal & at the pointP(3,5).

The pointQ lies onC so that the normal to the curveQ@itis parallel to the normal to
the curve atP.

b) Find an equation of the normal to the curv&at

|x+9y =48, [3x+27y+176= 0
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Question 154  (***+)
The pointP(1,0) lies on the curveS with equation

y=x-x, xi

a) Find an equation of the tangent @ at P, giving the answer in the form
y = mx+ ¢, wherem andc are constants.

The tangent taC at P meetsC again at the poin@.

b) Find the coordinates d.
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Question 155  (***+)

y=6x2 - 4%

Nl
v

The figure above shows the graph of the curve eafiation
y=6x2- 4%, x1

The curve meetx axis at the origirD and at the poin@,o).

The point(k,0), k>% is such so that, the are® of the region between the curve
and the x axis for whichO£ x£%, Is equalto the aread, of the region between the

curve and thex axis for which% ExXEK.

Determine the value df .

| |, k=2
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Question 156 (***+)
The curveC has equation

y:5x+ﬂ- 3, xt0
X

Show that the straight line with equation
y=4x+1

is a tangent t&C , and find the coordinates of the point of tangency

[ 129
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Question 157  (***+)

(-2

The figure above showk? rigid rods, joined together to form the framewak a
storage container, which in the shape of a cuboid.

Each of the four upright rods has heighin. Each of the longer horizontal rods has
lengthl m and each of the shorter horizontal rods have teflgt 2) m.

a) Given that the total length of tH& rods is36 m show that the volumeé/ m?3,
of the container satisfies

V=-2°18% 22,
b) Find, correct to3 decimal places, the value bfwhich makeV stationary.

c) Justify that the value df found in part (b) maximizes the value\f, and find
this maximum value oY/ , correct to the nearest®.

d) State the three measurements of the container ighealume is maximum.

| =4.107, [V, » 24, [4.117 2.11 2.7F
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Question 158  (***+)

The figure above shows a sketch of the cueveavith equation
y=2 +1, x1 0.
X

The dotted line represents an asymptot€tand the pointA is the point whereC
crosses the axis.

a) State the equations of the two asymptotes tdhe
b) Find the coordinates oA.

The straight linel is the normal taC at A, and B is the point wherd. meetsC
again.

c) Show that an equation fdr is
8y =2x+1.

d) Determine the coordinates &f.

Nl
o
N —

|_|, x=0,y=2, A(-
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Question 159  (***+)

y

The figure below shows part of the curve with etprat

3
:83—)2(, x>0.
X

The curve meets thg axis at the poinA and B has coordinateé4,0).

a) Find the coordinates oA.

b) Determine the exact area of the finite regRRn bounded by the curve , the
vertical line throughB and thex axis .

_4
C(4,0)], area= 5
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Question 160  (***+)

The figure above shows a curve with equation f (X) which meets the axis at the
origin O and at the poinP.

The gradient function of the curve is given by

a) Find an equation of the curve.

b) Determine the coordinates &f.

[ 1. f(x)=8x%- 2/, P(%,O)
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Question 161 (***+)

o Q9 R

The figure above shows the graph of a cubic cumidch touches thex axis at the
point Q(1,0).

a) Determine an equation for the cubic curve , giwsmgradient function is

Y _ 32 10 9.
dx

The cubic curve crosses thxeaxis and they axis at the point®R and P, respectively.
b) Determine the coordinates ...
I. ...ofthe pointP.

ii. ...ofthe pointR.

[ 1 ly=x-6x3+9x 4,|P(0,-4), R(4,0)
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Question 162  (***+)

The figure above shows a sketch of the cu@vavith equation
y=2x2, xi

The straight lineL passes through the poi %—%) and Q(O,l), where the point

P liesonC.
The straight lineL meets C again, at the poinR.
a) Find the coordinates oR.

The tangents t&€ at the points? and R meet at the point .

b) Show that the coordinates of are(- %f 1)

R(-12)
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Question 163 (***+)
A cubic curve has equation

y=x- x+5, xi
The pointP lies on the curve wherg=1.

Show that the normal to the curveRtdoes not meet the curve again.
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Question 164  (***+)
The curveC has equation

y=ax + bx - 10,
wherea andb are constants.
The pointA(2,2) lies onC.

Given that the gradient & is 4, determine the value @ and the value ob.

la=-2|, [b=7|
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Question 165  (***+)
The curveC has equation

y=2x- 65%+ 3x+ b.
The pointP(2,3) lies onC and the straight ling, is the tangent t€ at P.
a) Find an equation ok .

The straight lined, and L are parallel to;, and they are the respective normals to
C at the pointQ and R.

b) Determine thex coordinate ofQ and thex coordinate ofR.

L | ly=3x-3, x=%,

wlot
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Question 166 (***+)
The pointP(2,9) lies on the curveC with equation

y=x-3%+2x 9, xI , x31.

a) Find an equation of the tangent @ at P, giving the answer in the form
y = mx+ ¢, wherem andc are constants.

The pointQ also lies onC so that the tangent t6 at Q is perpendicular to the
tangent toC at P.

b) Show that thex coordinate ofQ is

6+/6

5

[ ] [y=2x+5
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Question 167  (***+)

f(x):x2-2x+2

The curveC has equation

f(x)=x2-2x+ 2, x1

a) Find the area of the finite region bounded @y the x axis and the straight
lines with equationx =1 and x =4, shown shaded in the figure above.

b) Hence evaluate

2f (5- x) dx.

[ 11224
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Question 168  (****)

y=3x-6

y =4x- X

The figure above shows the graph of the cu@vavith equation
y=4x- ¥, xI
intersected by the straight line with equation
y=3x- 6, xI

As shown in the above figur€ meetsL at the pointsA and B, and crosses the
axis at the origirO and at the poinP .

The finite regionR is bounded byC, L and thex axis.

Show that the area d®, shown shaded in the figure,%.

|:| , |proof
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Question 169  (****)

2X

The figure above shows the design of a theatreestdmch is the shape of a semicircle
attached to rectangle. The diameter of the sengciec2x mand is attached to one
side of the rectangle also measurZygm. The other side of the rectangleyan.

The perimeter of the stage6® m.
a) Show that the total area of the sta@er,nz, is given by
A=60x- 2X- %pxz.

b) Show further, by using differentiation method, that the maximum area of the
stage is

1800 »
m-.
p+a
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Question 170  (****)
The curveC and the straight liné have respective equations

y=2x2- 6% 5 and 2y+x=4.
a) Find the coordinates of the points of intersechetween C and L .
b) Show thatL is a normal toC.

The tangent ta€C at the pointP is parallel toL .

c) Determine thex coordinate ofP .
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Question 171 (****)

y y=1—6
X2
R
O X
y=17- X2

The figure above shows the graphs of the curvds egtiations
y:l—g and y=17- .
X

The finite regionR, shown shaded in the figure above, is boundechbywo curves
in the first quadrant.

Find the area oR.
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Question 172 (****)
The curveC and the straight liné have equations

C: y=x-10% 23 and L: y:%x-S.
a) Find an equation of the tangent@oat the pointP, where x=4.

b) Determine the coordinates of the points of inteisadetweenL andC.

c) Show thatL is a normal tcC.

1. [y=-2x 1. |P(4-1), Q(173%1)
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Question 173 (****)
y=3 x+2—7, X1 0.
X

Find the range of values of for which y is increasing.

|, [x>27]
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Question 174 (****)
The points(- 2; 1) and(L- 4) lie on the curveC with equationy = f (x).

The gradient function o€ is given by

ﬂ/:3x2+4x+k,
dx

wherek is a constant.
a) Find an equation o€, in the formy = f(x).
The straight lineL has equation
y=-3% 5.

b) Show thatL is a tangent t&C and determine further the coordinates of the
point of tangency.

[ I ly=x+2¥%-2x 9, |(-1 2
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Question 175  (****)

The figure above shows the cur@ewith equation

_2x4- X+ 6

, X1 0.
6X

The straight linel; has equatiorty = 15x.
The straight lined, and L3 are tangents t€.

Given thatly, L, andL; are parallel to one another, determine an equafid, and
an equation olg.

[ 1. [ay=15x- 18 or y=12% 3, 12y = 45¢+ 50 or y=13 x+29
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Question 176 (****)

The figure above shows part the cu@ewith equationy = ().

The gradient function of this curve is given by

Y102 10 €
dx

The pointA lies onC and the poimB(Z,O) lies on thex axis, so that the straight
line segmentAB is parallel to they axis.

The area of the finite region bounded Gy the coordinate axes and the straight line
segmentAB, shown shaded in the figure,22 square units.

Find an equation o€ .

[ ], ly=x*- 25+ 3x%+ 5% §
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Question 177  (****)

The figure above shows the design of an athletazktinside a stadium.

The track consists of two semicircles, each ofusdim, joined up to a rectangular
section of lengthx metres.

The total length of the track K00 m and encloses an area Afm?.

a) By obtaining and manipulating expressions for titaltlength of the track and
the area enclosed by the track, show that

A=400r - prz.

In order to hold field events safely, it is reqdif®r the area enclosed by the track to
be as large as possible.

b) Determine bydifferentiation an exact value of for which A is stationary.
c) Show that the value af found in pari{b) gives the maximum value foh.
d) Show further that the maximum area the area entlogéhe track is

40000 ,
— m".
Jo,

[continues overleaf]
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[continued from overleaf]

The calculations for maximizing the area of thedfiwithin the track are shown to a
mathematician. The mathematician agrees that teellaions are correct but he feels
the resulting shape of the track might not be blata

e) Explain, by calculations, the mathematician’s reasg.

[ 1= 200 63.66
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Question 178  (****)

y=(- 2X

y= p+10x- ¥

The figure above shows a curve and a straightitie respective equations
y = p+10x- ¥ and y=(q- 2X,
where p andq are constants.

The curve meets the straight line at the poistand C, and the poinB lies on the
curve so thatAB is parallel to thex axis.

a) Given the coordinates & are(10,0) find ...

i. ...thevalue ofp and the value of.

ii. ...the coordinates oA andB.

a) Determine the value of the area of the finite ragdounded by the curve and
the straight line segmemB.

,[p=0], [a=20, |A(2,16)|, [B(8,16)
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Question 179  (****)
y:6+6&+5x, x3 0.

Show clearly that
3 5
(yz- x2) dx 36% P+ 48%/ ¥ Q%+ R |,

where P, Q and R are constants to be found, aBdis an arbitrary constant.

P=4gd,[0=24,[R=8
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Question 180  (****)

3, x>0.

1 2
3/x x

Find the range of values of for which y is decreasing.

|, [0<x<2|
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Question 181  (****)

y=1(2-12% 35)

The figure above shows the curve with equation
y=3(x-12% 39.
The curve crosses the axis at the point$(,0) andQ(x,,0), wherex, > x;.
The tangent to the curve & is the straight lind .
a) Find an equation of; .

The tangent to the curve at the poldtis denoted by, . It is further given that.,
meetsl, at right angles, at the poils.

b) Find an equation ok, .

c) Determine the exact coordinates ®f

]y

[ayro=3.[9]

Nl
‘I

INq;

N —

I
N
=
1
NI~
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Question 182  (****)

The figure above shows the cur@ewith equation

y=11- X % x1 0.
X

The straight line with equatiog =1 meetsC at the pointsP, Q, R andS , where
R and S have positivex coordinates, as shown in the figure.

Find the area of the finite region bounded®yand the line segmerRS.
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Question 183  (****)

<y>

e

<<>

x>

The figure above shows the design for an earrimgisting of a quarter circle with two
identical rectangles attached to either straiglyteedf the quarter circle. The quarter
circle has radiux cm and the each of the rectangles measucen by y cm.

The earring is assumed to have negligible thickrmesstreated as a two dimensional
object with ared 2.2& cm?.

a) Show that the perimeter cm, of the earring is given by

P:2x+4—9.
2X

b) Find the value ofx that makes the perimeter of the earring minimuatly f
justifying that this value ok produces a minimum perimeter.

c) Show that for the value of found in pari(b), the corresponding value of is

%(4- p).

| |, [x=3.5
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Question 184 (****) non calculator

7
y= 48+ X3
42

, Xx>0.

a) Find an expression feglz .
X

b) Show that the value 09! wherex=8, is i
dx 64

Question 185 (****) non calculator

f(x)=2\/;<(x2-12>e 1(%, x>0

Find the exact value of (8).

fig) =42
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Question 186  (****)
A curve C has equation

a) Find the coordinates of the stationary pointfand determine its nature.

The curve has a non stationary turning poknt,

b) Determine the coordinates .

max at ( 1,)

H|I\)
ol

I—“:
B
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Question 187  (****)

y _x*-10x%+ 9
X2
o) A B
R
X

The figure above shows the graph of the curve eafiation

_x*-10x%+ 9

X2

x>0.

The curve meets thr axis at the pointsA andB.

The finite regionR, shown shaded in the figure above, is boundedhbyctrve and
the x axis.

Find the exact area dR.
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Question 188  (****)

The figure below shows the design of an animal de&dhich in the shape of a hollow,
open topped half cylinder, made of thin sheet mé&ihke radius of the semicircular
ends isr cm and the length of the feederli€m.

The metal used in the construction of the feed@®0g cm?.

a) Show that the capacity, cm®, of the feeder is given by
V =30Qpr - %pr3.

The design of the feeder is such so its capacityasimum.
b) Determine the exact value offor whichV is stationary.
c) Show that the value af found in part (b) gives the maximum value Yor

d) Find, in exact form, the capacity and the lengtkheffeeder.

r =10J2» 14.14, |L = 20J2 » 28.28, [V, = 200Qp/ 2» 888E
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Question 189  (****) non calculator

A quatrtic curve has equation
f(x)=x*-2x.
This curve has three turning points of whom twostagionary.

Find the coordinates of these three turning pants determine their nature.

B

point of inflection 0()| point of inflection( 1; )}

min(

Nl
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Question 190  (****) non calculator
A cubic curve has equation

y=-x+7x- 8x 10.
a) Find the range of values of, for which y is increasing.

b) Find an equation of the tangent to the curve apthet P, wherex=4.

The pointQ also lies on the curve, wherg=1.

The normal to the curve & meets the tangent to the curveRatat the pointR.

c) Show that the coordinates & are (- 53,6).

2<x<4
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Question 191  (****)

P(-1,0) Q

The figure above shows a curve with equation f ().

The curve meets the axis at the point@(- 1 O) andQ, and its gradient function is
given by

3
fG(x)=8XX2_ 1, x1 0.

a) Find an equation of the tangent to the curv@at
b) Find an expression fdrt{x).
c) Determine ...

I. ... anequation of the curve.

ii. ...the coordinates o).

: 1
[ 1 [y=-9x g [tep)=8+2x, |y=ax+> -3, Q(3.9)
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Question 192 (****)

y

A

y=x(6- X

The figure above shows the cur@ewith equation
y=x(6- x), xI
The pointM is the maximum point o€ and the pointA has coordinateéO,lZ) :

Find the exact area of the shaded region, boungedebcurve, they axis and the
straight line segment from to M .
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Question 193  (****)

2X

The figure above shows the design of a window whsckhe shape of a semicircle
attached to rectangle. The diameter of the senecisec2x m and is attached to one
side of the rectangle also measurZygm. The other side of the rectangleyian.

Theperimeter of the window is6 m.
a) Show that the total area of the window,m?, is given by
A=6x- 5(4+ p) 2.

b) Given that the measurements of the window are saghatA is maximum,
show by a method involving differentiation thatstimaximum value ofA is

18
4+p

, |proof
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Question 194  (****)

The pointA( p, g) lies on the curve with equation

y=25C- 4%+ 2% 1.
The tangent to the curve & has equation
X+2y+1=0.

Find the coordinates oA.

Created by T. Madas
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Question 195 (****) non calculator

The populationP in thousands, of a colony of wild bedsyweeks after a certain
instant, is given by the formula

P:16ﬁ+2T7 ,0<t<16.

a) Calculate the number of bees in the colony ait%rweeks.

b) Find the range of values of during which the bees’ population is increasing.

[ 1, [P=36004, %<t<16

Created by T. Madas



Created by T. Madas

Question 196  (****)
A curve has equation

y=x(><2-128J_><), xI , x>0.

The curve has a single stationary point with comtﬁs(za, - 20), wherea and b

are positive integers.

Find the value of 6 and justify that the stationary point is a locahimum.

, |b=12
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Question 197  (***¥)
The cubic curve with equation

y=ax°’+bx2+ Cx+ G,

wherea, b, c are non zero constants addis a constant, has one local maximum
and one local minimum.

Show clearly that

b? > 3ac

, |proof
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Question 198  (****)

y:2x2- x+ 3

Lo

The figure above shows the cur@ewith equation
y= 2x% - X+ 3.
C crosses they axis at the poinP . The normal toC at P is the straight lind.; .
a) Find an equation of; .
L, meets the curve again at the poiht
b) Determine the coordinates Qf.
The tangent tcC at Q is the straight lind., .
L, meets they axis at the poinR.

c) Show that the area of the triangRQR is one square unit.

L1, [y=x+3[,|Q(14)
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Question 199  (****)

The figure below shows the design of a hazard wartogo which consists of three
identical sectors of radius cm, joined together at the centre.

Each sector subtends an angleadians at the centre and the sectors are equally
spaced so that the logo has rotational symmetoyasr 3.

The area of the logo i85 cm?®.
a) Show that the perimetd? cm of the logo is given by

P:6r+@.
r

b) Determine by differentiation the value poffor which P is stationary.
c) Show that the value af found in part (b) gives the minimum value fer.

d) Find the minimum perimeter of the feeder.

min
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Question 200  (****)

f(x):x2+1—x6, X1 0.

The curveC has equatiory = f(X).

Show thatC has two turning points, of which one is stationamyd the other is a non
stationary point of inflection.

Determine the exact coordinates of each point.

Ay

point of inflection at(\s/- 16,)) ,mi 2,9¢
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Question 201 (****)

y =8x- e

The figure above shows the quadratic curve withaéqo
y=8x- %, xI

The pointM is the maximum point of the curve and the points one of the curve’s
X intercepts.

Find the exact area of the shaded region, boungethd curve, thex axis and the
straight line segment frol to M .

[ 1. [area= 223
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Question 202 (****)

The pointP, whosex coordinate is%f, lies on the curve with equation

y:k+4—X\/;(’X’|\ , X>O,
X

wherek is a non zero constant.
a) Determine, in terms ok, the gradient of the curve &.
The tangent to the curve B is parallel to the straight line with equation

A4x+ Ty- 5= C.

b) Find an equation of the tangent to the curv® at

_4- 16k

44X+ Ty =2

dy
1l

7

-1
X=4
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Question 203 (****)

y
y=3x-2x 6
P
L R 0
LZ
O X

The figure above shows the graph of the cu@vevith equation
y= % 2 - 2%+ 6.

The pointP is the point wheré&C meets they axis so that the straight ling is the
normal toC at P.

a) Find an equation fot,.

Nl

The pointQ(B, ) lies onC and the straight lind, is the normal ta«C at Q.

The finite regionR, shown shaded in the figure above, is boundetlbyt, andC.

b) Find the area oR.

Ly

I
N
X
+
o
||—\
Ul
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Question 204 (****)

The figure above shows a triangular prism with lune of 960 cm®.

The triangular faces of the prism are right anglét a baseBx cm and a height of
6x cm. The length of the prism ik cm.

a) Show that the surface area of the pris@mmz, is given by

A= 482 +200.
X

b) Determine an exact value af for which A is stationary and show that this
value of x minimizes A.

c) Show further that the minimum surface area of ttignpis 144310C cm?.

[ ] [x=%310» 2.15
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Question 205 (****) non calculator

_2_ <
X

<

I
%‘ -
x

2
Show that the value o?d%/ wherex=2,is ﬁ )
X

Created by T. Madas

3,xlI ,x>0.

proof
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Question 206 (****)

y=2x2+3x- 11x €

The figure above shows the curve with equation
y=2x2+3x% - 11x €.
The curve crosses the axis at the point$®, Q and R(2,0).
The tangent to the curve & is the straight line.
a) Find an equation of; .
The normal to the curve & is the straight lind, .
The pointS is the point of intersection betwedn and L, .

b) Show that PSR=90°.

, |y =25x%- 59
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Question 207  (****)

/ N
4I‘/ D
,
/o
’
O \\é,)\
3r \\\
C
B

The figure above shows a circular sed@hB of radius4r subtending an angleg
radians at the centt®. Another circular sectoDCD of radius3r also subtending an

angleg radians at the centi® is removed from the first sector leaving the sllade
region R.

It is given thatR has an area &0 square units.
a) Show that the perimetd?, of the regionR, is given by

P=2r+@.
r

b) Given that the value af can vary, ...
i. ... find an exact value of for which P is stationary.

ii. ... show clearly that the value of found above gives the minimum
value forP.

c) Calculate the minimum value d?.

r=5J2» 7.0, |Py, =202 » 28.28
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Question 208  (****)

o
x | N

The figure above shows the cur@ewith equation

2
xX- 4
=—-—, x10.

y 2 X

The curve crosses the axis at the poinP.

The straight linel is the normal taC at P.

a) Find ...
i. ...the coordinates oP .
ii. ... anequation oL.

b) Show thatL does not mee€ again.

X+3y=2

Created by T. Madas
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Question 209  (****)

The figure above shows part of the curve with eiquat

4,x>0

x

y=22- 5%

The curve meets thr axis atA and B. The pointC lies on the curve wherg=1.

a) Verify that the coordinates d8 are(4,0).

b) Find an equation of the tangent to the curv€ at
The tangent to the curve @t crosses the axis at the poinD .

The finite regionR, shown shaded in the above figure, is boundedhbyctirve, the
tangent to the curve & and thex axis.

c) Determine the exact area B.

| |, ly+3x=1§, D(%;,O), area=

w3
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Question 210  (****)

3
1 X,x10.

a) Find an expression fC}H .

dx?

2
b) Show that the value o?d%/ Whered— =0,is-6.
X

dx
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Question 211  (***¥)
The curveC has equation

y:\/ﬁ, x30

Find an equation of the normal t6 at the point wherex=2, giving the answer in
the form y = mx+ ¢, wherem andc are constants.

, |ly=6-2x

Created by T. Madas
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Question 212 (****)

The figure above shows a triangular prism whosagular faces are parallel to each
other and are in the shapeagfuilateral triangles of side lengthkx cm.

The length of the prism iy .

a) Given that total surface area of the prism is dya@d\/é cm?, show clearly
that the volume of the prisnV, cm’, is given by

b) Find the maximum value of , fully justifying the fact that it is indeed the
maximum value.

c) Determine the value of whenV takes this maximum value.

Ve =27], [y =243

Created by T. Madas
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Question 213 (****)

P

y=4/x- 3% 3

The figure above shows part of the curve with eiquat

y:4\/;<- 3x 3, x>0

a) Show that an equation of the tangent to the curtieegpointP , where x =4,

is given by

y=1- 2x.

The finite regionR is bounded by the curve, the tangent to the car\ and the

coordinate axes.

b) Determine the exact area B.

area=

|—\|r\>
Nl
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Created by T. Madas

Question 214 (***¥)
The straight line with equation

y=2X+cC
is a tangent to the curve with equation
y= X2 +6X+7.

Without using the discriminant, determine the value ofdbestantc and find the
point of contact between the tangent and the curve.

c=3, (-2 1)

Created by T. Madas
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Question 215  (****)

f(x)=a¢d +bx+ ¢, xi
wherea, b andc are constants.

It is given thatf (x) passes through the poir(8,3) and(- 1,9), and the curve has a
stationary point wherex=1.

Determine the value of, b andc ,

la=2|, |b=-4], [c=3

Created by T. Madas
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Question 216  (****)

y=x - 6x 10

The figure above shows the curve with equation
y=x%- 6x+ 10, xi

The point A, wherex =4, lies on the curve.

The tangent to the curve &t, meets they axis atB.

Determine the area of the finite region boundedheycurve, the tangent to the curve
at A and they axis.

64
. [&
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Question 217  (****)

y=8&+1—f-13
X

B

The figure above shows part of the curve with eiquat

y:8ﬁ<+1—2-13,x>o.
X

The pointsA and B lie on the curve wherg =1 and x=4, respectively.
The finite regionR is bounded by the curve, the straight line segnidht

Determine the exact area Bf.

1.

area=

o
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Question 218  (****)
The curveC has equation

3
=7'\/;(__) X>O
Y N

Show clearly that

, |proof

Created by T. Madas
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Question 219 (****) non calculator

Show clearly that

Jy =2¥x- 3, x>0.

Created by T. Madas

proof
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Question 220  (****)

y=Xx-2X

The diagram below shows the quartic curve with éqoa
y=x-2xX, x1

The pointM is the maximum point on the curve and the pdinties on they axis
so that the straight line segmdviN is parallel to thex axis.

Find the exact area of the shaded region, boungeiihéd curve, they axis and the
straight line segment frorM to N .

-3
[ 1. area= 45

Created by T. Madas
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Question 221 (****)

The figure above shows solid right prism of heightm.

The cross section of the prism is a circular seatoadiusr cm, subtending an angle
of 2 radians at the centre.

a) Given that the volume of the prismif0C cm®, show clearly that

S=op2 +4000’
r

where S cm? is the total surface area of the prism.

b) Hence determine the value ofand the value oh which makeS least fully
justifying your answer.

| 1,[lr=10, [h=10
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Question 222 (****)
A curve has equation

y=x-6xIx+2, xI , x30.

Find the coordinates of the stationary points & tirve and classify them as local
maxima, local minima or a points of inflexion.

, |local minimum at{ 8, 3}, |local maximum a{ 0,R
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Question 223 (****)

y

y =27x- 8x%

The figure above shows the cur@ewith equation

5
y=27x- 8x2, x3 0
The curve meets thg axis at the origirO and at the poinP.
a) Find the exactx coordinate ofP .

b) Calculate the gradient @@ at the pointP .

=
Il
i N[%o)

o_|o.
X <

N
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Question 224 (****)

f(x)=x+x- x15, x
a) Show that(x+3) is a factor of f ().

The figure below shows the cun@ with equationy = ().

The pointsA and B are stationary points o .

b) Find the exact coordinates &f andB.

The finite regionR is bounded by the curve, theaxis and the straight line segment
OA, whereO is the origin.

c) Determine the exact aredR.

400) , area:%2

127

wl—

[ 1.|A(-116), B(
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Question 225  (****)
The curveC has equation

y—i+i x>0
2x2 33’ '

Show clearly that

2
2d%y dy
X*—5+6Xx—+6y=0.
ol lax Y

. proo]

Question 226 (****)

f(x)ofx+x_82,x>o.

Find the range of values of, for which f (x) is increasing.

Created by T. Madas
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Question 227  (****)

The diagram above shows the quadratic c@veith equation

=1,2.9
y—2x2 2x+7.

The curve crosses the axis at the point$ andQ, and they axis at the poinR.
The line L is the tangent t& at the pointP.
a) Find an equation oL .

b) Find the exact area of the shaded region boundékedtangent aP , the curve
and they axis.

2y+5x=1d, |area=2

Created by T. Madas
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Question 228  (****)

f(x):4_ 6X, X1 0.

X2

a) Find the coordinates of the stationary pointfc(fx) and determine its nature.

b) Show clearly thatf (x) has a point of inflection and determine its cooaties.

min

Wi
IN(Ce}
N —

1(2,-2)
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Question 229  (****) non calculator

The population,P in hundreds, of a herd of zebrayears after a certain instant is
given by the formula

P:6t+%-60,t>0.

Jt
a) Find the number of zebra in the herd aﬁ(% years.

b) Find the time during which the herd’s populatiomisreasing.

[P=1750, [t > 4]

Created by T. Madas
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Question 230  (****)

a) Show clearly that
fqx)= A+Bx %+ Cx*,
where A, B andC are constants to be found.

b) Find the exact coordinates of the stationary poaits (x) and usef ¢fx) to
determine their nature.

c) Show thatf (x) has two points of inflection and determine theiorinates.

EIEE)

fi(x)=1+6x2- 27% %), |min(+/3,0)

max(-\/?.%,()
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Question 231 (****)

YA
\ (="

The figure above shows the cur@ewith equation

f(x):%d', x>0.
X

a) Determine the coordinates of the minimum poinCaflabelled asv .
The pointN lies on thex axis so thatMN is parallel to they axis. The finite region
R is bounded byC, the x axis, the straight line segmeltN and the straight line
with equationx =1.

b) Use the trapezium rule with strips of equal width to estimate the aredRof

c) Use integration to find the exact areaRf

d) Calculate the percentage error in using the trappezule to find the area dR.

e) Explain with the aid of a diagram why the trapeziwie overestimates the area
of R.

[ 1,[M(4,4), [area» 12.7344], |area=38|, [0.53%
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Question 232 (****)

The curveC with equationy = f(x) passes through the poif(16,- 5, and its
gradient functionf ¢ x) is given by

f(I(x):X_TXG, x>0.

a) Find an equation of the tangent@oat P .
b) Determine an equation o€ .

The pointQ lies onC and the gradient ofC at that point is- 1.

¢) Find the coordinates dD.

, |2y =5x- 90, y=%x

Created by T. Madas
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Question 233 (****)

y=9 1'—2

The figure above shows the graphs of the curves eguiations

1
le

y:x2-1 and y=9 1-

The finite regionR is bounded by the two curves in & quadrant, and is shown
shaded in the figure above.

Determine the exact area BY.

Created by T. Madas
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Question 234 (***¥)
The curveC has equation

y=2x- 3x+f, x1 0
X

The pointP(2,12) lies onC.

a) Find the gradient aP .

b) Determine the coordinates of another pdnhthat lies onC, so that the
gradient atQ is the same gradient &5.

, |gradient= 20, |Q(-2; 12)

Created by T. Madas
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Question 235  (****)

y
(0.9
Ix+fy=1
R
0 Lo

The figure above shows the curve with equation
Ix+Jy=1,xI | 0E£x£1L
The curve meets the coordinate axes at the p{in® and(0,1).
The finite regionR is bounded by the curve and the coordinate axes.

Show that the area &R is %

, |proof
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Question 236  (****) non calculator
The curveC has equation

X% +1

Y= 0

, X>0

Show that an equation of the tangenCiaat the point where(:%f IS

4x- 16y 2E C.

proof

Created by T. Madas



Created by T. Madas

Question 237  (****)

y:x2-4x+3

The figure above shows a quadratic curve with eqoat
y= X2 - 4x+ 3.
The pointsA, B andC are the points where the curve meets the coorlaes.

The pointD lies on the curve so tha&D is parallel to thex axis.

Calculate the exact area of the shaded region,dsxzliby the curve, thg axis and the
straight line segmenBD.

Created by T. Madas
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Question 238 (****) non calculator
The curveC has equation

Find the exact coordinates of the turning poinCaf

Created by T. Madas
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Question 239  (***¥)
A curve has equation

y:6\3/g-15 xX*- 80x 1¢, xi , x30.

Find the coordinates of the stationary point of ¢theve and determine whether it is a
local maximum, a local minimum or a point of infiex.

[ 1./local minimum at{ 16, 28@4]

Created by T. Madas
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Question 240  (****)
A tank is in the shape of a closed right circuldmeler of radiusr m and heighth m.

The tank has a volume abp m3and is made of thin sheet metal.

Given the surface area of the tank is a minimunterdagne the value ofr and the
value ofh.

L[ [r=2],[h=4
Question 241 (****+)
The curveC has equation

y= 2+ ax + bx- 10,
wherea andb are constants.
The curve has two stationary poirfesand Q.
d2y

Given the coordinates d? are(- 1; 5), find the coordinates d and used—x2 to

determine its nature.

L 1,]Q(3,-37),min
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Question 242 (****+)
It is given that

2 k

k+a dx= 11 and %dx=
1 1 X
wherea andk are constants.
Determine the possible values @&f.

Created by T. Madas

k=3 E k=-

~lo
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Question 243 (****+)
The profit of a small businessPEis modelled by the equation

(54x+ 6y- xy 3247
3x ’

where x and y are positive variables associated with the runpinipe company.
It is further known thatx and y constrained by the relation
3x+y=>54.
a) Show clearly that
P=108x- 36X+ 3¢.
b) Hence show that the stationary valuePofproduces a maximum value £6€6.

The owner is very concerned about the very smalitpand shows the calculations to
a mathematician. The mathematician agrees thatalwilations are correct but he
asserts that the profit is substantially higher.

c) Explain, by calculations, the mathematician’s reasg.

, |proof
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Question 244 (****+)

y=5+4x- ¥

The figure above shows the cur@ewith equation
y=5+4x- X,
intersected by the horizontal straight lines wiju&ionsy =5 and y =8.

Calculate the exact area of the shaded region,dembyC and the two straight lines.

[ ], |area= %8

Created by T. Madas
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Question 245  (****+) non calculator

y=-2 +5Jx, x>0.
X

<

Show clearly that
4

y> dx=1931.
1

Created by T. Madas

proof
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Question 246 (****+)

y=x° - 14x+ 48
y L
P
o) Q y
R
S
L2

The figure above shows the curve with equation
y =2 - 14x+ 48.
The curve crosses the axis at the point$(x,0) andQ(x,,0), wherex, > x;.
The tangent to the curve &t is the straight lind., .
The tangent to the curve at some pdiits denoted by, .

Given further thatl; meetsL, at right angles, find the coordinates of the point
intersection betweely meetsL,, denoted in the figure b$.

[

Created by T. Madas
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Question 247  (****+)

H 12x

The figure above shows the design of a bakingwily a horizontal rectangular base
ABCD, measurindlOx cm by y cm.

The facesABFE and DCGH are isosceles trapeziums, parallel to each other.
The lengths of the edgdsF and HG are12x cm.
The facesADHE and BCGF are identical rectangles.

The height of the tray ig cm.
The capacity of the tray 5980cm®.

a) Show that the surface areA, cm?, of the tray is given by

A=22x2 +@(5+\/_2).
X

b) Determine the value ot for which A is stationary, showing that this value of
X minimizes the value foA.

c) Calculate the minimum surface area of the tray.

| |, [x»3.744, Anin » 925

[solution overleaf]
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Question 248  (****+)

y y = X2 - 8x

The figure above shows the graph of the cutvevith equation
y= x%- 8x, x32 0.
The curve meets thg axis at the origirO and at the poiniA.
The tangent taC at O is denoted by, and the tangent t€ at A is denoted byL,.
The finite regionR, shown shaded in the figure above, is bounded by, andL,.

Determine the area dR.

%"» 11.0
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Question 249  (****+)

y =%+ px+10

g YIX+Q

The figure above shows the graphs of a quadratieecand a straight line with
respective equations

y= X + px+10 and y=x+q,
where p andq are constants.

The curve and the straight line intersect at thiatpoA and B, whosex coordinates
arel and4, respectively.

Determine the area of the finite region boundedthsy curve and the straight line,
shown shaded in the figure.

area=2

Created by T. Madas
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Question 250  (****+)

The volumeV cm?, of a soap bubble is modelled by the formula
_ 2
V=(p-qt),t30,

where p and q are positive constants, amds the time in seconds, measured after a
certain instant.

Whent =1 the volume of a soap bubble gcm® and at that instant its volume is
decreasing at the rate 6fcm® per second.

Determine the value op and the value of.

[ 1.[p=4]a=]
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Question 251 (****+)

y=36- 4x X y=x

The figure above shows the graph of the curve wighationy =36- 4x- % and its
reflection about the straight line with equatigr x.

a) Write down the equation of the curve which is th#ection of the curve with
equation y =36- 4x- ¢ about the straight line with equatign= x.

b) Determine an exact value for the area of the fireggon bounded by the curve
with equation y=236- 4x ¢ , its reflection about the straight line with

equationy = x, and the positivex and y axes.

This region is shown shaded in the figure above.

[ 1. [x=36- 4y y?|,|AREA=4%0=165]
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Question 252 (****+)

The figure above shows the design of a horse feetarh in the shape of a hollow,
open topped triangular prism.

The triangular faces at the two ends of the feadeisosceles and right angled, so that
AB= BC= DE= EF and ABC= DEF=90°.

The triangular faces are vertical, and the edg§Bs BE and CF are horizontal.

The capacity of the feeder Bsme.

a) Show that the surface areA, m?, of the feeder is given by

A=l 182
2 X

where x is the length ofAC.

b) Determine by differentiation the value &ffor which A is stationary, giving
the answer in the forr«/2, wherek is an integer.

c) Show that the value at found in pari{b) gives the minimum value foA.

[continues overleaf]

Created by T. Madas



Created by T. Madas

[continued from overleaf]

d) Show, by exact calculations, that the minimum sigfarea of the feeder is
12m?.

e) Show further that the lengtiD is equal to the lengtkB.

 Ix=2J2»2.82, [ED=EB=2
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Question 253  (****+)

=%+ 8x% 7
A(6,5)

The figure above shows the quadratic curve withagqo
y=- X+ 8% 7.

The pointM is the maximum point of the curve ardis another point on the curve
whose coordinates af®,5) .

Find the exact area of the shaded region, boungedebcurve, thex axis and the
straight line segment from to M .

Created by T. Madas
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Question 254  (****+)
A curve C has equation

y=2x2- 5%+ a, xI
wherea is a constant.

The tangent taC at the point wherex=2 and the normal t&€ at the point where
x=1, meet at the poind.

Given thatQ lies on thex axis, determine in any order ...

a) ... the value ofa.

b) ... the coordinates o).

Q

I
wloo
O
W~
=
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Question 255  (****+)

The figure below shows the design of a window whscthe shape of a semicircle
attached to rectangle.

2X

The diameter of the semicircle &< metres and is attached to one side of the reaang|
also measurin@x meters. The other side of the rectanglg isnetres.

The total area of the window B m?.

a) Show that perimete? m, is given by
1 2
P=—(4+p)x+—.
2( ,0) X

b) Determine by differentiation an exact valuexofor which P is stationary.

[continues overleaf]
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[continued from overleaf]

c) Show that the value at found in part (b) gives the minimum value fer.

d) Show that wherP takes a minimum valug=y.

»0.748

2
Jp+4
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Question 256  (****+)

5x+2y=( y
y=X - 45+ pw 4

The figure above shows a cur@ and a straight lind., with respective equations
y:x3-4x2+ px+ 4 and 5x+2y=q,
where p and q are constants.

C and L intersect at the poinA. The pointB is a turning pointC .
Given that the respective coordinates ofA and B arel and 2, determine ...

a) ... the value ofp and the value af

b) ... the area of the shaded region boundedhyL and the coordinate axes.

, | p=4,q=1 ,area:11—129
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Question 257  (****+)

O B C

y=2x°- 13x%+ 6

The figure above shows the curve with equation

y =25 - 13%+ 6.

The pointsA, B andC are the points where the curve meets the coorlanads.

The pointD is such so that the straight line segmAil is parallel to thex axis.

Find the exact area of the shaded region, boungeithdo curve and the straight line

segmentsBD and AD.

[ ] |area= 469
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Question 258  (****+)

The figure above shows a hollow container congistih a right circular cylinder of
radiusr cm and of heighth cm joined to a hemisphere of radiusm.

The cylinder is open on one of the circular ends tlwe hemisphere is also open on its
circular base. The cylinder is joined to the hernesp at their open ends so that the
resulting object is completely sealed.

a) Given that volume of the container is exac2y8Qp cm®, show clearly that the
total surface area of the contain&rem?, is given by

5:5—p(r3+3456).
3r

b) Show further than whe® is minimum,r =h.

proof

Created by T. Madas
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Question 259  (****+)

A quadratic curveC passes through the poirf{a, b) andQ(2a,2b), wherea and
b are constants.

The gradient at any given point @ is given by

Find an equation foC, in terms ofa.

|:|, y=x2- 6x+ 28
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Question 260  (****+)
A curve has equation

y:2x3+5-19, x>0,
X

wherek is a positive constant.

If the y coordinate of the stationary point of this curseb, find the value ok .

Created by T. Madas
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Question 261 (****+)

y
_x2+6
y= N
9
@) 4
k 2k X

The figure above shows the graph of the curve eafihation

y=—7p—, x>0.

The area of the region between the curve andktlagis fork £ x£ 2k, wherek is a
positive constant, is exactl%.

a) Show clearly that
ok3- 2k E .

b) Hence find the value dt, showing further that there is no other valuekof
which satisfies the equation of pén).

[ 1 [k=1
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Question 262  (****+)

The diagram above shows the curve with equation
y=(x- 4)2, x1
intersected by the straight line with equatyon4, at the pointsA andB.

The curve meets thg axis at the poinC.

Calculate the exact area of the shaded region,dsaliby the curve and the straight
line segmentsAB and BC.

[ 1, |area= 7—36
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Question 263 (****+)

<Xem>
I —————

The figure above shows the design of coffee jahwaitpush on” lid.

The jar is in the shape of a right circular cylindéradiusx cm. It is fitted with a lid
of width 2 cm, which fits tightly on the top of the jar, so itajnbe assumed that it has
the same radius as the jar.

The jar and its lid is made of sheet metal andetieno wastage.

The total metal used to make the jar and its liti9go cm?.
(This figure does not include the handle of thenidch is made of different materipl

a) Show that volume of the ja¥, cm®, is given by
v=p(95x- 238- >?)

b) Determine by differentiation the value &ffor whichV is stationary.

[continues overleaf]
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[continued from overleaf]

c) Show that the value at found in parib) gives the maximum value fof .

d) Hence determine the maximum volume of the jar.

, | Xx=5cm|,

Viax = 30Q0 » 942 cm
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Question 264 (****+)

y =J8x- 27

The figure above shows the cur@ewith equation
y=38x- 27, xi

The finite regionR, shown shaded in the figure, is boundedythe y axis and the
straight line with equatiory =1.

When the lengths are measurediin R models the design of a yacht rudder.

Show that the area of the yacht ruddetdsn?.

, |proof
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Question 265
The curveC has equation

d)

Created by T. Madas

(****+)

x3(5x&- 128)

T

,xb,

d3y

Determine expressions fGIX Y and&Y.

X

dx®

Show that they coordinate of the stationary point Gf is - k34, wherek is
a positive integer.

Evaluate

Give the answer in terms &f2 .

3
Find the value ofc;—)gy at the point orC, where

G

d2y

—— at the stationary point o .

dx?

X

dx?

2
M:O_

d

%’ = 20x3 - 320¢|,

dx?

d3y

2
9 _s0x®- 4g0¢|, [2Y =

dx®

=120x- 240K 2|,

k=3072,

9603 2

Created by T. Madas



Created by T. Madas

Question 266  (****+)
Use differentiation to establish the number of sedltions of the equation

x4 - 43 12x% 15 (.

You are not expected to solve the equation.

| |, |2 solutions$
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Question 267  (****+)
The gradient function of a curve satisfies thedwihg relationship

(x+1)%+16=4(2x+y).

The normal to the curve at the poift has equatiorx+3y=6.

Determine the coordinates d?.
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Question 268  (****+)

A quartic curveC has equation
y=x(x+2), xi

a) Sketch the graph of .

The sketch must contain the coordinates of antiogy points and the
coordinates of the points of intersection with tleerdinate axes.

b) Show that there is only one point @where the gradient 0.

, |proof
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Question 269  (****+)

The functiony = f(x) satisfies the following relationships

1 2
5f(x) dx +  3f(x dx = 31
0 1
2 2
O%f(x) dx + 12f(x) dx = 17.

Determine the value of

ERE
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Question 270  (****+)
A curve C and a straight. have respective equations

C: y=4xX-6x% 3 and L: 2x- 4y 3= 0.

Show thatL is a normal taC, at some point.

, |proof
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Question 271 (****+)
A curve C and a straight lind. have respective equations

3 1
C: y=ax- b and L: y=8x- 32,
wherea andb are non zero constants.

Given thatL is a tangent t&C at the point wherex=4 is, determine the value @f
and the value ob.

,la=4, b=1
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Question 272 (****+)

The figure above shows a solid prism, which is he shape a right semi-circular
cylinder.

The total surface area of tlaces of the prism i§/27p .

Given that the measurements of the prism are sutheas its volume is maximized,
find in exact simplified form the volume of the gm.

1 V=2
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Question 273 (*****)
A curve C and a straight line. have respective equations

25x°

C: y=4X\/—X-

a) Show thatL is a tangent t&C, at some point to be found.

b) Verify the answer of pafa) by an alternative method.

c) Show further thal. does not mee€ again.

and L: x+2y=18.

, |proof
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Question 274 (*****)
The distinct pointsA, B andC lie on the curve with equation

xy= p,
where p is a positive constant.

Given that ABC is a right angle, show that the tangent to theveuat B, is
perpendicular teAC.

1. [proof
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Question 275 (*****)
A guadratic curve has equation

f(x)° 32+ 6x+ 20+ K #- 3x 12,
wherek is a constant.

Given that the poinP(- 2, p) Is the minimum point of the curve, determine th&kie
of each of the constants andk .

A

I
loe)
\_‘|o
~
Il
~~o
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QueStiOﬂ 276 (*****)

L Y Q(8,5)

O

The straight lineL has equatior3x+ 2y = 8.

The pointP(x y) lies onL and the poin)(8,5) lies outsideL . The pointR lies on
L so thatQR is perpendicular td. . The lengthPQ is denoted byd .

a) Show clearly that

d?=65- 13+ 13,2,
_ 13
Let f(x)=65- 13+ 2.

b) Usedifferentiation to find the stationary value of (x), fully justifying that
this value ofx minimizes the value of (x).

c) State the coordinates & and find, as an exact surd, the shortest distahce
the pointQ from L

x=21,[R(2,9)], |/52
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Question 277  (*****)

y=3x-6

y =4x- X

The figure above shows the graph of the cutvevith equation
y =4x- X ,

intersected by the straight line with equation
y=3x- 6.

The finite regionR is bounded byC and L.

Show that the area &®, shown shaded in the above figure%.

, |proof
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Question 278  (*****)

An openbox is to be made of thin sheet metal, in the sltd@ cuboid with a square
base of lengthx and heighth.

The box is to have fixed volume.

Determine the value of, in terms ofh, when the surface area of the box is minimum.

' |proof
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QueStiOﬂ 279 (*****)

The figure above shows a cubic curve whose coefftabf X2 is 1.

The curve crosses the axis atA(a,0) and touches the axis atB(b,0), wherea
andb are positive constants.

The pointC is a local maximum of the curve.
The pointD lies on thex axis so thaCD is parallel to they axis.
Show, with a detailed method, that

|AB =3 AQ.

, |proof
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Question 280 (*****)
A solid right circular cylinder of fixed volume haadiusr and heighth.

Show clearly that when the surface area of thendgli is minimumh:r=2:1.

proof
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Question 281  (*¥****)

y=A- X2

y=B- N

The figure above shows the curves with equations
y=A-¥% and y=B- ¥, x30,

where A and B are positive constants witA> B, anda andb are positive integers
with a+b=4.

Both curves meet the axis at the poinf2,0).

Find the exact value at for which both curves have the same gradient.

]
cA)I
EN

[0 Ix
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QueStiOﬂ 282 (*****)

y=x2+x-1

The figure above shows the graph of the cu@vavith equation
y= X+ x- 1,
intersected by the straight line with equation
y = X.

The pointsA and B, are the points of intersection betwe@rand L ,as shown in the
above figure. The finite regioR is bounded byC and L.

Show that the area &, shown shaded in the above figure%is

proof
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Question 283  (****¥)

A solid right circular cylinder is to be cut out afsolid right circular cone, whose
radius isl.5m and its height iS m.

The axis of symmetry of the cone coincides with dkes of symmetry of the cylinder
which passes though its circular ends. The circuenfge of one end of the cylinder is
in contact with the curved surface of the cone tlredother end of the cylinder lies on
the base of the cone.

Show that the maximum volume of the cylinder tacbeout isp m?3.

l:';, proof
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QueStiOﬂ 284 (*****)

The diagram above shows part of the cuB/ewith equation
y=1+2x- N
The curve crosses the axis at the pointA.

The straight linel is the normal taC at A.
The pointB is a point of intersection betwe&h and A.

Find the exact area of the finite region, boundgdband L .

area=

—_
a1

2

48
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Question 285  (*¥****)

The pointP lies on the curve with equation= 2, so that its distance from the point
A(10,2) isleast

Determine the coordinates d® and the distanc@P.

P(2,4)|, [dmin = 217
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Question 286  (*****)

The curve with equatioly = X2, xI , is translated parallel to the axis, so thaR

denotes the area of the finite region bounded bytordinated axes, the curve and the
straight line with equatiorx =3.

Determine the least value &F.
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Question 287  (*****)

The figure above shows the curves with equations
y=A-x* and y=B- X,

where A and B are positive constants witA> B, and p andq are positive integers
with p+qg=8.

Both curves meet the axis at the point§- 2,0) and(2,0).

Find the exact value of the area bounded betweztwib curves.

0 forea 2%
, |area= ———
21
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QueStiOﬂ 288 (*****)

The figure above shows an isosceles triad€, where|AB|=| AQ and a rectangle
PQRES drawn inside the triangle.

The pointsP and S lie on BC, the pointQ lies on AB and the pointR lies on AC.

Given that the base of the triangB is equal in length to its height, show clearlyttha
the largest area that the rectan§i®RS can achieve i% the area of the triangleBC.

, |proof
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QueStiOﬂ 289 (*****)

A right circular cone of radius and heighth is to be cut out of a sphere of radids

It is a requirement that the circumference of theebof the cone and its vertex lie on
the surface of the sphere.

Determine, in exact form in terms &, and with full justification, the maximum
volume of the cone that can be cut out of this sphe

320R°
] V=22

81

Created by T. Madas



Created by T. Madas

Question 290 (*****)

A mobile phone wholesaler buys a certain brandhaing for£35 a unit and sells it to
shops for£100a unit.

In a typical week the wholesaler expects to 56 of these phones.

Research however showed that on a typical weelkvery £1 reduced of the selling
price of this phone, an ext20 sales can be achieved.

Determine theselling price for this phone if the weekly profit is to beaximized, and
find this maximum weekly profit.

, |£80, maximum profit £405
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Question 291 (*****)

The figure above shows a hollow container congistiha right circular cylinder of
radius R and of heightH joined to a hemisphere of radib.

The cylinder is open on one of the circular ends twe hemisphere is also open on its
circular base. The cylinder is joined to the hernesp at their open ends so that the
resulting object is completely sealed.

Given that volume of the container\s, show the surface area of the container is
minimised whenR = H, and hence show further that this minimum surtea is

Jaspv?

, |proof
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Question 292  (*****)
A curve C has equation

y= 2x+3 xT o x>1.
Ja2x- 1 2

Find the coordinates of the stationary poinoffurther determining the nature of this
point.

You may not use the product rule, the quotient rude logarithmic differentiation in
this question.

]

Nlon
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Question 293 (*****)
The pointP, whosey coordinate is2, lies on the curve with equation

y:kLX\/;(,X'[ , X>O,
12x

wherek is a non zero constant.
The tangent to the curve B is parallel to the straight line with equation
6x+y=17.

Determine the value df .

| |, k=5
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QueStiOﬂ 294 (*****)

The pointP lies on the curve with equatiop= X2, x>0.

The finite region bounded by the curve, the tanderthe curve aP and they axis
has area o2 square units.

Determine thex coordinate of P.

[ 1.[6]
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Question 295  (*¥****)

f(x)=x"-3x 18 P

A quadratic curve has equation
y=x-3x 18, xi

The tangent to the curve at the poihtmeets thex axis at the point with coordinates
(1,0), as shown in the figure above.

Find the area of the finite region bounded by theve, the coordinates axes and the
tangent to the curve &, shown shaded in figure above.

' |area= %3
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QueStiOﬂ 296 (*****)

The curve with equatiory = f(x), lies entirely in the first quadrant. The poiRt
whose x coordinate isa lies on this curve.

The tangent to the curve Bt meets thex axis at the pointA and they axis at the
point C.

The normal to the curve & meets thex axis at the poinB and they axis at the
point D .

Given further that the gradient &t is positive, show that the difference between the
areas of the triangl®AB and the triangld?CD is given by

1+ fqa) ’

2f¢a)

‘ f (a) 2. az‘.

' [proof
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Question 297  (*¥***¥)
The pointsA and B are stationary points of the curve with equation

y=2+3x%- 12% k, xI

wherek is a constant.

Given thaty:% at the point of inflexion of the curve, show ththe area of the

region bounded by the curve and the straight lmeugh A and B is 51—16.

, |proof
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Question 298 (*****)
A guadratic curve has equation

y= ax +bx+ ¢, al 0,
wherea, b andc are constants.
The curve meets the axis atA(- 2,0) and has a maximum point 8{0,1).

The pointC lies on the curve so thaB is perpendicular tdC.

Determine the area of the finite region boundedth curve and the straight line
segmentAC.

, |proof
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Question 299 (riwr)
The rate of change, with respectxo of the gradient of a curve is constant.

The curve passes through the points with coordindte®) and (- 3,0), the gradient at

the former point being % :

Show that the area of the finite region boundedvben the curve and the straight line

with equationy = 2X is 1?25

, |proof
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Question 300 (*****)
It is given that

k (\/§k+\/§()2

e dx = a- VK,

1
wherea andk are integers.

Use algebra to determine the valueaof
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Question 301 (*****)
A cubic curveC has equation

y=ax +bx, xi

wherea andb are non zero constants wié 0.

The curveCt¢ is the reflection ofC about the straight line with equatior= Xx.

The straight line with equatiog = - x is a tangent to botl® and C¢at the originO.

Given that the finite region bounded by and C¢ has area®, find the value ofa.

(]I

[ 1 l|a
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QueStiOﬂ 302 (*****)
A rectangle ABCD is such so tha{DC|=6 and|DA =4.

The sideDA is extended to the poirf and the sideDC is extended to the poiri
so thatEBF is a straight line.

Determine, with full justification, the minimum aef the triangleEDF .

|—|’ Aﬂninz48
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Question 303 (*****)
A curve C and a straight lin&. have respective equations

C: y:73,r><2-4\/_x+ 7,x30
L:y=5x-9

a) Show thatL is a tangent taC at some pointP, further determining the
coordinates ofP .

b) Show further thal. does not mee€ again.
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Question 304 (*****)
If a andb such thata>b>0, find with justification the minimum value of

4a’ +9p°
Sab

IS
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Question 305 (*****)
A convergent geometric progression has positivé tensn and positive common ratio.

Show that the sum to infinity of the progressioraiseast four times as large as its
second term.

’ |—| , |proof
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