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Question 1
A surfaceS is given by the Cartesian equation

X2 + y2 =25.
a) Draw a sketch ofS, and describe it geometrically.

b) Determine an equation of the tangent planeSoat the point with Cartesian
coordinateq(3,4,5 .

Question 2

A Cartesian position vector is denoted byandr =|r|.

Show by detailed workings that

2t
—
I
= | =

proof
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Question 3

A Cartesian position vector is denoted byandr =|r|.

Given thata is a constant vector find

Question 4
A surfaceS is defined by the Cartesian equation

y?+2° =8.
a) Draw a sketch ofS, and describe it geometrically.

b) Determine an equation of the tangent planeSoat the point with Cartesian
coordinates(2,2,2).
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Question 5
The scalar functioV is defined as

V(xy 2=(y+ 2)2+ g( ¥ y+ xyzl

Determine the value of the directional derivatiye\ at the pointP(l,- 1,]), in the
direction - i+ j+k .

3

442)t ylay)

Question 6
The scalar function is defined as

J (X y.2=€"Ysinz

Determine the value of the directional derivative o at the pointP(l,l, O), in the
directioni +j +k .

Created by T. Madas



Created by T. Madas

Question 7

The pointP(1,2,3 lies on the surface with Cartesian equation
27% = 652 + 3y~
The scalar functior is defined as
u(xy, 2= X yz % .

Determine the value of the directional derivatifeuoat the pointP in the direction
to the normal aP .

613
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Question 8

The pointP(1,yy,7) lies on both surfaces with Cartesian equations

x2+y2+22:9 and z=x+ y2 3.
The two surfaces intersect each other at an apgha the pointP .

Given further thatP lies in the first octant, determine the exact eabficosg .

8
co =—
=321
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Question 9

A Cartesian position vector is denoted byandr =|r|.

Given that/ (r) =Inr, show that

proof

Question 10

A Cartesian position vector is denoted byandr =|r|.
Show by detailed workings that
Nr3o 3r.

proof
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Question 11

A Cartesian position vector is denoted byandr =|r|.

Given thaty (r) -1 , show that
r

proof

Question 12

A Cartesian position vector is denoted byandr =|r|.

Show clearly that

proof
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Question 13
The surfaceS has Cartesian equation

f (x, y, 2 = constan,

where f is a smooth function.

Given thatNf * 0, show thatNf is a normal toS.

proof
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Question 14

A Cartesian position vector is denoted byandr =|r|.

Given thatf (r) is a differentiable function, show that

Rif (r):%fd(r).
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Question 15
The smooth function§ (x, y, 2) andG(x, y, 2 are given.

Show that

<« F _G(NF)- FN G)

N — =

G G2
proof
Question 16
Y(xVZ )=(X2+ ¥+ ) XY 2

Show that

N Y(xy2 =(x+ y+ k ( m) ey 2

proof
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Question 17

A Cartesian position vector is denoted byandr =|r|.

Show that

Nlww
Nolwo

Noor2+2 12 =23 22 3¢

r

proof

Question 18

A Cartesian position vector is denotedibyandr =|r|.

The smooth functionf (r) satisfies

Determine a simplified expression fdr(r).

f(r)y=2r>+C
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Question 1
A Cartesian position vector is denoted by

Determine the value of

el

Question 2
A Cartesian position vector is denoted by

Given thata is a constant vector, find

N (auvr).

N (aur)=0
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Question 3
A Cartesian position vector is denoted by

Given thata is a constant vector, show that
N (ar)r =@ar.

proof

Question 4
A Cartesian position vector is denoted by

Given thata is a constant vector, show that

~

N rufr @) =ar.

proof

Created by T. Madas



Created by T. Madas
Question 5
r(xy.2=x+jy+k.
Show clearly that

N L5 =0.
d

proof
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Question 6
A Cartesian position vector is denoted by

Given thatm is a constant vector, show that
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Question 7
r(xy.2=x+y+k.

Show clearly that

Gyt = W
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Question 8
r(xy.2=x+jy+k.
Show, with a detailed method, that
N () =ef

proof
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Question 9

A Cartesian position vector is denoted byandr =|r|.
Show that

N (r”r):(n+3)r”.

® TIDVING AP STl ¢

= V.("r) =
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Question 10
r(xy.2=x+y+k.

Show, with a detailed method, that

proof

e b s st
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Question 1
A Cartesian vector is denoted by

A=A +A+ A,
where A = f(xy,2,i=123

Given thatA are differentiable functions, show that

proof

Question 2
A function /. is denoted by

J 7 (xv.2.
Given that/ is differentiable show that

NUN/ =0.

proof
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Question 3

A Cartesian position vector is denoted byandr =|r|.

Determine the value of

NuUr =0

Question 4

A Cartesian position vector is denoted byandr =|r|.
Given thata is a constant vector, find

Nu(auwr).
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Question 5

A Cartesian position vector is denoted byandr =|r|.

Determine

NU(r+y%<).

NU(r+y2k)=2y

Question 6

A Cartesian position vector is denoted byandr =|r|.

Given thata is a constant vector, show that

NU(rza)° 2r (A.

proof
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Question 7
A vector functionA is defined as

A=Ay i+ A(xygi+ § xyR.
Given that the standard Cartesian position vestdenoted by , show that
R (AUr)orR A

proof

Question 8
The smooth vector function®y, and B, are both irrotational.

Show thatA UB is solenoidal.

proof
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Question 9

Find the value of
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r(xy.2=x+jy+k.

RO — -
d
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Question 10

If /5 (xV, 2 is a smooth function, prove that.

proof

Question 11
r(xy.2=x+jy+k.
Given thata is a constant vector, find the value of

NON O(r @).
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Question 12
The irrotational vector field= is given by

F=(8x+8y+az)i +(bx+8y-4%j+(- 4% cy 2)k ,
wherea, b andc are scalar constants.
Determine a smooth scalar functipfx, y, Z) such that

N/ =F.

J (% y,2)=(2x+2y- >)2+ constart &K+ 47+ 2- 4Axz 4yz 8xy constd
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Question 13

a) Define the vector calculus operators grad, div el

A Cartesian position vector is denotedbyandr =|r|.

b) Determine the vector
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Question 14

Created by T. Madas

The smooth functiond andA are defined as

f=f(xv2 and A=A(xyJi+A(xy )+ & xyk.

a) Define the vector calculus operators grad, div end with reference tof

and A .

A Cartesian position vector is denoted byandr =|r|.

b) Determine the vector

c) Show that

-
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Question 15

A Cartesian position vector is denoted byandr =|r|.
Given thata is a constant vector, show that
NU (ar)r =aU.

proof
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Question 16

The smooth functiond =A(x,y,2), B=B(x,y,2) and/ 5 (X, 2 are defined
as

A=yzi- X\j+ xk , B=x%i+yz - xK and / =xyz.
Find, in simplified form, expressions for

a) (AN)/.

b) (B N)A.

c) (AUN)/

(A R)j =y?*Z2- Cyz X yZ,
(B N)A=(yz2- xyz)i+(-2>§y %y):j« ( %32 %3)q,
(AUN)/ =(-x3y2- x223)i+ (xyz’é xﬁ);* ( Xy& %(73/)<z
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Question 17

a) Define the vector calculus operators grad, div eumtl

b) Given that/ (x,y,2) andy (X, Y, 2) are smooth functions, show that

~

ROp & ]o5 o
c) Evaluate
Nu Ru R ok .;((x+y+z)3i HaR - yi+( xy)k)
d) Use the vector function
A(x Y, 2 :(ex+y)i +( xsin 2] +( 4/_>)<

to verify the validity of the identity

NU(RpA)oR (N A)-N %A .

e

NUNOROR d(cry+2%i+(42- yi+(0k) =0
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Question 18

A Cartesian position vector is denoted byandr =|r|.
Given thatf (r) is a differentiable function, show that
NU rf(r) =0.

proof
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Question 19

Given thatA =A (x, Y, z) is a twice differentiable vector function, shovath

NU(RUA)eR [ A)-R %A .

proof
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Question 20

r(xy.2=x+jy+k.
Show thatr f(|r |) is irrotational, wheref (|r|) is differentiable function off|.

proof
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Question 21
The vector functiorE satisfies

r
E:W,Ml O,

wherer (x,y,2)= x+ y+ k.

Show thatE is irrotational, and find a smooth scalar funcUbﬁr|), with / (k) =0,
so thatE =-N (|r|) .

/(r)=n o

|
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Question 22

A Cartesian position vector is denoted byandr =|r|.

Given thata is a constant vector, show that

< r
U aUr—3 ——5r-—3.

proof
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Question 23
NU(AuB)° (BN)A+(NB)A- (AN B- [ AB .

a) Given thatA =A(x,y,2) andB=B(X, Yy, 2) are smooth vector functions, use
index summation notation to prove the validity loé above vector identity.

b) Verify the validity of the vector identity if

A=i+2-& and B=xi+y]+Xk

both sides yield i+ j4 kf
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Question 1

A Cartesian position vector is denoted byandr =|r|.

Determine the value of

div gradé , rt 0.
r

div grad 1. d
r
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Question 2
A smooth scalar field is denoted By (x y,2) and a smooth vector field is
denoted byA =A(x,y, 2).

a) Use the standard definitions of vector operatorshtmw that
N(A)=N AF NA.

b) Given further thatf and g are functions ofx, y and z, whose second
partial derivatives exist, deduce that

N (fRg- gNf)= fN%g- & 2f.
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Question 3

A Cartesian position vector is denotedbyandr =|r|, r * 0.

Show that

NZ(Inr) =

-

proof
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Question 4

ltis giventhay 5 (x,y,2) andy =y (xy,2) are twice differentiable functions.
Show, with a detailed method, that
N2(y )y & +2N y R 4 R°

proof
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Question 5
r(xy,2)=x+jy+k.
Show clearly that

R2(r[") = n(n+1)f 2.

proof
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Question 6
It is given that

J (X y,2) = z+sinh xsin \.
a) Verify that; is a solution of Laplace’s equation
N% =o0.
b) Hence find a vector fieldr, so that
N F=0 and NUF=0.

c) Verify that F found in parib) is solenoidal and irrotational.

F = (coshx siny)i +( sinh cog)j +k
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Question 7

A Cartesian position vector is denoted byandr =|r|.
Given thatf (r) is a twice differentiable function, show that

Rep=9f, 200
dr rdr’ '

proof
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Question 8
r(xy.2=x+jy+k.

Show, with a detailed method, that

proof
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Question 9
The scalar function is given below in terms of the non zero constantand /.

j(xy.2=€&sin{ y+ Jcaf yn 1.

Given that

show, with a detailed method, that +m 2-1

I\J

proof
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Question 10
It is given that

Ay(BC)°B(AC) (AB)C.

a) Use the above identity to find a simplified expiessfor NU(N UF), where
F is a smooth vector field.

The smooth vector fieldE andH , satisfy the following relationships.
N E=0
. . T
NUE=-—
U o
NH=0

- . qE
NUH =—
U Tt

b) Show thate andH, satisfy the wave equation .

2
Ry =19 g
it

Created by T. Madas



Created by T. Madas

Question 11

The Laplacian operatolﬁl2 in the standard two dimensional Cartesian systém o
coordinates is defined as

Show that the two dimensional Laplacian operatamviariant under rotation.

proof
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Question 12
It is given that ifF is a smooth vector field, then

NO(NOF) =N(N F)-N2F.

a) By using index summation notation, or otherwiseyvpr the validity of the
above vector identity.

Maxwell’'s equations for the electric field and magnetic fieldB , satisfy

. r _— 1B ~ o TE
NE=—, NUE=-—, NB=0 and NuUB=mJ+ ,
& Tt 1§ ’Ug—ﬂt

where r is the electric charge density,is the current density, angg and g, are
positive constants.

b) Show that%+ﬂ J=0.

c) Given further thatr =0 andJ =0, show also that

18
>

RI%E = 1°E 20
—/76%? and N“B=m g

proof
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Question 13

Show that the Laplacian operator in the standaml dwnensional Polar system of
coordinates is given by

2O L2350,

proof
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