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Question 1

Find the residue of the pole df(z).

Question 2

Find the residue of the pole df(z).
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res( z=1) = 4
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Question 3

2z+1 A

f(z)°e ——, zi

72- 2z 2

Find the residue of each of the two polesfdfz).

|:|, res( Z=2)=%, res( z:-1):%
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Question 4

22+4 o
f o 7l
(Z) 2+272+2z 2

Find the residue of each of the three poled ¢f).

res(z=0) =2, |res( z=-1+i)=
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Question 5

2
f(z)° 2~ 22 il

(22+4)(z+1)2

Find the residue of each of the three poled ¢f).

res( z= 2i):2—15(7+i) , |res( z="-2i)= %5(7 i)|, [res( z=-1)=

1
N|I—\
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Question 6

Find the residue of the pole df(z).

res( z=0) =1
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Question 7

~

Z
") (322- 10iz 3)2’ !

Find the residue of each of the two polesfdfz)-

res( z=3i) :%6 , res( z=%i
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Question 8

cotz cothz -
flz) ———, 2zl
(8)° 23

Find the residue of the pole df(z) at z=0.
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Question 9

6

z+1 A
f(z)©° , ZI
(2) 27°- 57 27

Find the residue of each of the three poled ¢£).

—|, [res( z=2)
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Question 10

4 zl
22(1- 2+ 6zi- (¥ 2i)

f(z)°

Find the residue of each of the two polesfdfz).

res( z=2-i)= i, res( 2:1(2- i))z- i
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Question 11

f(z)° Z4el,zT ki, k>0.
zZ +

Show that the sum of the four poles bfz), is

sin L sinh L
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Question 1
By integrating a suitable complex function overagpropriate contour find

2p 1

— dg.
0 4cosq-5q
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Question 2
By integrating a suitable complex function overagpropriate contour find

2p 1

d
o 2+coy 7

2p
V3
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Question 3
By integrating a suitable complex function overagpropriate contour find

2p
cof g sifqg dg.
0

I

512
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Question 4
By integrating a suitable complex function overagpropriate contour find
P sint

— dt.

INGR
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Question 5
By integrating a suitable complex function overagpropriate contour find

2p 1

— dg.
o (5- f:’»sinq)2

32
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Question 6

2p
| = 1 — dXx.
o 3- 2C0S+ SiX

By integrating a suitable complex function overagpropriate contour find the exact
value of I .

ol
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Question 7

2p
1= _COSX 4y
o 9- 4cox

By integrating a suitable complex function overagpropriate contour find the exact
value of I .
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Jordan’s Lemma

Suppose thaf (z) ® 0 uniformly, as|Z® ¥ , for Of argz£p.

If a>0,then f(z)€?*dz® 0 asR®¥ , wheregg(g)=R€7, for 0£g£p.
9rR

Proof
Given e>0 we may always picky, so thatifR> Ry, |f (z)|<e, "1 gr.

Thus

() da=|

9rR
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P . . .
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0 0
P
P ? ke
eR R qp=2eR ‘4R (g since simy is even abod{‘zZ
0 0
Now byJordan’s Inequality
2gSNG pq it 0<ge”
p- g 2
. 2
sinq3@ g g eﬂq,if0<q££
P 2
Hence
p b L
2eR g aRsing dg £ 2eR 2 p?H dg=2eR __P_gpR 2
0 0 2aR 0
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Question 1
By integrating a suitable complex function overagpropriate contour find

COSX
Y X2 +1

ax.

m——y
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Question 2
By integrating a suitable complex function overagpropriate contour find

¥

0 1+ X

5 dx.

NS
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Question 3
By integrating a suitable complex function overagpropriate contour find

¥
1

O —(X2 +4)2 dx.
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Question 4
By integrating a suitable complex function overagpropriate contour find

¥

0 1+ X

7] dax.
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Question 5
By integrating a suitable complex function overagpropriate contour find

¥
1

(erad
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Question 6
By integrating a suitable complex function overagpropriate contour find

¥
1

NS
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Question 7
Given thatk >0 find the exact value of

XCcoskx ¥ xsinkx
dx and ———— dx.

¥ X2 +4x+5 ¥ X2 +4x+5

-%e‘2k(005k+ s sink)|, %e‘ZK(Zcosk- sirk)
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Question 8

By integrating a suitable complex function overagpropriate contour find

a) ... czosaxz dx, a>0.
o X +b
¥ cosax

b) ... ———— dx, a<0.
o X2+ 102

D e ab ab

2b

<0
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Question 9
By integrating a suitable complex function overagpropriate contour find

¥ .
XSinax

. 102 dx, a>0.

pe ab
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Question 10
By integrating a suitable complex function overagpropriate contour find

’ (1- xz) cosa x

> dx, a >0.

(1+ x2)

%pa e
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Question 11
By integrating a suitable complex function overagpropriate contour find

¥
cosax

( 2 2)2 dx, a>0.
X“+Db
0

pe ®(ab+1)
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Question 12
By integrating a suitable complex function overagpropriate contour find

¥
COSsX
0 1+ X6

ax.

P 1+«/5 cosﬁ +x/_3sin£
6e 2 2
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Question 13

. . In(z+i
By integrating %
z°+1

over a semicircular contour find the exact valtiel .

| =pIn2
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SEMI CIRCLE
CONTOUR
WITH HOLE
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Question 1
By integrating a suitable complex function overagpropriate contour show that

¥ .
SinX

dx=£.
o X 2

proof
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Question 2
By integrating a suitable complex function overagpropriate contour show that

¥ .
—X(;rlxaz) dx:%(l- e a).

0

proof
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Question 3

¥
In x

4
+
le

dx.

a) Find the value of the above improper integral, figgrating

logz _-
flz)= vzl
(Z) 1+ 74 ‘

over a semicircular contour with a branch cut stgrtat the origin and
oriented in some arbitrary direction in the third@urth quadrant.

b) State the value of
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Question 4

¥ (Inx)?

2
+
le

dx.

Find the value of the above improper integral, fibggrating

f (Z) = (Iffzzgz , ZT ,

over a semicircular contour with a branch cut stgriat the origin and oriented in
some arbitrary direction in the third or fourth duant.
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Question 5

¥ (Inx)?

" dx.

0

a) Find the value of the above improper integral, iiggrating

f(2)= ('1032222 .

over a semicircular contour with a branch cut stgrtat the origin and
oriented in some arbitrary direction in the third@urth quadrant.

¥ 1 \/E
You may assume without proof that dx = P
o 1+ X' 4
b) State the value of
Y I
nx
7] dx.
0 1+X
3V2| | pA2
64 |'| 16
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KEYHOLE
CONTOUR

(Branch Cuts)
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Question 1

logz _-
f(z)= , ZI
(2) 1+ 7 z

By integrating f (z) over a suitable contous, show that

proof
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Question 2
By integrating a suitable complex function overagpropriate contour show that

¥ ,
xP-1
~—— dx=pcose¢ ), 0< p<L.

+
le

proof
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Question 3
By integrating a suitable complex function overagpropriate contour show that

¥

p-1
1X > dx:%cosec%o , 0<p<2.
+X

0

proof
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Question 4

logz -
A=) ?

By integrating f (z) over a suitable contou, show that

o W dx=In2.

proof
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Question 5

logz A
g z|

f(z):(

z+a)(z+ B’
whereal ,bl withb>a.

By integrating f (z) over a suitable contous, show that

proof
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Question 6
By integrating a suitable complex function overagpropriate contour show that

¥

N

+
le

Yo,
dx==.
3 3

proof
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Question 7

¥ (Inx)?

2
+
le

dx.

An attempt is made to find the value of the abawprbper integral, by integrating

_(nz® .

- 1 ZI 1
1+ 7

t(2)
over the standard “keyhole” contour with a branaghtaken on the positive axis.

a) Show that such attempt fails.

b) Calculate the value of the two integrals that caridund during this attempt.

¥ 1 ¥

0 1+X2

dx:B, Inx2 dx=0
2 0 1+Xx
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Question 8

Use a substitution followed by integration of atabie complex function over an
appropriate contour, to show that

¥
(tanx)” dx:%p seté—lpa), -I< a< 1.

2
0

proof
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SPECIAL
CONTOURS
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Question 1
By integrating a suitable complex function overagpropriate contour find

¥

0 1+ X

3 ax.

2py3
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Question 2
By integrating a suitable complex function overagpropriate contour show that

¥ ¥
cos(xz) dx= 0 sir( x2) dx:\/%.

0

proof
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Question 3
By integrating a suitable complex function overagpropriate contour show that

* nx plna
dx= .

0 aZ+ x? 2a

proof
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Question 4
By integrating a suitable complex function overagpropriate contour show that

¥

sechx dx=p.
¥

proof
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Question 5

It is required to evaluate the integral

¥
&
0

X2
coX dx.

a) Show that the above integral can be written as

2
b) By integrating the complex functiofi(z)=€? , over a rectangular contour

with vertices af- R,0), (R,0), (R,%i) and(- R,%i), show that

X

N

2 1_
e cosxdx:§e

Jp .

You may assume without proof that

D
X
o
X
1
N
3

proof
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