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WAVE EQUATION
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Propagating Waves
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Question 1
Itis given thatz= z( x 1) satisfies the wave equation

2 2
218z .,

fix _cz?’

a) Derive the above partial differential equation fréinst principles, for standing
waves or propagating waves, wherés a positive constant.

b) Show further that ifz represents the vertical displacement of propagatin
wave thenc represents the propagating speed.

proof
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Question 2
Itis given thatz= z( x 1) satisfies the wave equation

‘H l‘ﬂz
e Y

subject to the initial conditions

z(x0)= F(¥ and jé(xo) G(x).

a) Derive D’Alembert’s solution

1 1 1 X+ct
Z(X,t)ZE F(X- Ct)+—2 F()ﬂ‘ C)"‘z C{X) d’,
X- Ct

for -¥< ¥ ,t30.

It is further given further that

2
F)= X PEL S g g(x)=0.
0 [¥4>1

b) Indicate in the different regions of thet plane expressions f(x( X, t).

c) Sketch the wave profiles fot =0 andt =—
c

| |, [solution below}
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Question 3

Itis given thatz= z( x 1) satisfies the wave equation

%z 19%z
v a7
subject to the initial conditions
2(x0)= F(X) and (x0)=G(

It

a) Derive D’Alembert’s solution

X) .

qx) o,

X+ct
2(x =2 F(x o)+ X % o)+ —
2 2 X- Ct
for -¥< ¥ ,t30.
b) Given further that
F= L PEL and o(x)-

0 [{>1

sketch the wave profiles farzE ,n=0,1,2, 3,4
C

0 ’

|, [solution below
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Question 4
Itis given thatz= z( x 1) satisfies the wave equation

2 2
Tz 212 c>o,

ix d c? ‘ﬂt2 ’
subject to the initial conditions

2(x0)= F(» and %(x,o):e(x).

a) Derive D’Alembert’s solution

1 1 1 X+ct
Z(X,t)ZEF(X- Ct)+—2 F()ﬂ' C)"‘z - C{X) d’,

for -¥< x<¥ ,t30.

It is further given further that

2
1- X |¥E 1 and  G(x)=0.
0 [¥4>1

F(x)=
b) Indicate in the different regions of thet plane expressions fGI( X, t).

c) Giventhatt=T >}, determine expressions faf x t).
c

|solution belowy

{6) v3)=
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Question 5

Itis given thatz= z( x 1) satisfies the wave equation

%z 19%z -0

subject to the initial conditions

2(x0)= F(» and %(x,o):e(x).

a) Derive D’Alembert’s solution

x+ct

z(x,t)=%F(x- ct)+—; F c)+721C )
for -¥< x<¥ ,t30.
It is further given further that
F(x)= -] e and G(x)=0.
0 |x>1

b) Indicate in the different regions of thet plane expressions fGI( X t).

c) Sketch the wave profiles fot =0 andt :2ic :

|solution belowy
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Question 6
Itis given thatz= z( x 1) satisfies the wave equation

%z 19%z -0
w2

subject to the initial conditions

2(%0) = F(% and%(x,o):G(x).

a) Derive D’Alembert’s solution

1 1 1 X+ct
z(x,t):EF(x- ct)+§ F( % C)+E . qx) o,
for -¥< x<¥ ,130.
b) Given further that
_ 1 |¥£1
F(x)=0 and G(x)= 0 |x>1

sketch the wave profiles fdr:E , h=0,1, 2.
c

|solution belowy
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Question 7

Itis given thatz= z( x 1) satisfies the wave equation

%z 19%z -0

subject to the initial conditions

z(x0)=0 and %(x,o):G(x).

a) Derive D’Alembert’s solution

z(x,t):ziC G(x) dx,

for -¥< x<¥ ,t30.

It is further given further that

6(x)= cos(%px) IN£ 1

0 ¥ >1

b) Indicate in the different regions of thet plane expressions fo( X, t).

|solution belowy
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Question 8
Itis given thatz= z( x 1) satisfies the wave equation

%z 19%z -0

subject to the initial conditions

2(x0)= F(» and %(x,o):G(x).

a) Derive D’Alembert’s solution

1 1 1 ¥
Z(X’t)_E F(x ct)+§ F % c)+z . qx) o,
for -¥< x<¥ ,t30.
It is further given further that
1
COSX <sp
X) = L 2 and  G(x)=0.
N E %p

b) Indicate in the different regions of thet plane expressions fcz(x, t), and
hence show that there is a regionef plane wherez(x t) represents a

stationary wave.

|solution belowy
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Question 9

Itis given thatz= z( x 1) satisfies the wave equation

Tz _1°2
™ qit2
subject to the initial conditions
_ {1z _
z(x0)=F(¥ and ﬁ(x,o)—G(x).
a) Derive D’Alembert’s solution
X+t
z(x,t):%F(x- t)+—; F( % t)+—; )
for -¥< x<¥ ,t30.
b) Given further that
1 x<0
F(x)=0 and G(x)= w1l x50’

use the method of the characteristics in xHeplane to solve the equation of
part (b) and hence sketch the wave profile when1l.

|solution belowy
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Question 10
Itis given thatz= z( x 1) satisfies the wave equation

%z 19%z -0

subject to the initial conditions

2(x0)= F(¥ and %(x,o):e(x).

a) Derive D’Alembert’s solution

z(x,t)=%F(x- ct)+—; F c)+721C @)
for -¥< x<¥ ,t%0.
It is further given further that
COSX |xl££
G(x)= ’
0. [x>2
2

b) Indicate in the different regions of thet plane expressions f(I( X, t).

c) Show that ift <2£ there exists a range of values>af over Whichz(x, t)
c

represents a stationary wave.

|solution overleaf
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Question 11
Itis given thatz= z( x 1) satisfies the wave equation

2 2
z 1¢9°z
312 ev0,
xs c 1t
subject to the initial conditions

2(x0)= F( and %(x,o):e(x).

a) Derive D’Alembert’s solution

x+ct

z(x,t)=%F(x- ct)+—; F c)+721C @)
for -¥< x<¥ ,t%0.
It is further given further that
_ 1 [4e _
F(x)= 0 [x>1 and G(x)=0

b) Use the result of parta) with the method of characteristics to determine
expressions for

z(x 1), fort<=, t=1 andt>=
c c g

c) Sketch the wave profiles fctrzzi, n=0,1,2, %
c

|solution overleaf
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Question 12

Itis given thatu = u( x t) satisfies the wave equation

T, T
™ qit?

subject to the initial conditions
fu

u(x0)=f(x and ﬁ(x,O):g(x).

a) Derive D’Alembert’s solution

1 1 1
u(xt)—E f(x- t)+E f(( % t)+—2 . qz) &,
for -¥< x<¥ ,t30.
It is further given further that
f(x)=0 and g(x)= 1- X |XE 1
0 [¥{>1

b) Use the result of parta) with the method of characteristics to determine
expressions for

Isolution belowy
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Question 13
Itis given thatz= z( x 1) satisfies the wave equation

%z 19%z -0
w2

subject to the initial conditions
_ fiz _
z(x0)= F(¥ and ﬁ(x,o)—G(x).

a) Derive D’Alembert’s solution

x+ct

z(x,t)=%F(x- ct)+—; F c)+721C ROR
for -¥< x<¥ ,t%0.
It is further given further that
_ 1 |¥£1
F(x)=0 and  G(x)= 0 x>1

b) Use the result of parta) with the method of characteristics to determine
expressions for

1 1 3
z(xt), fort=—, t== andt=—
(X’) 2C c 2c

c) Sketch the wave profiles fctrzzi, n=0,1,2, %
c

| |, [solution overleaf
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Question 14

It is given thatz= z( x 1) satisfies the wave equation

ix

Tz _
2 qit

19°%z
4q2°

subject to the initial conditions

z(x0)=e'xz, ¥< ¥ and %(X,O):O.

a) Determine the solution of this wave equation.
b) Sketch the wave profiles far=i, i =0,1, 2, &

You may use without proof the standard D’Alembestlsition for the wave equation.

[ 1 |2(x9=det 2 s dpc 2’
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Question 15

It is given thatz= z( x 1) satisfies the wave equation

%z _ 19%z -0

subject to the initial conditions.

_ 1M [¥E1 T2, o
z(x0) = 0 N>t and ﬁ(x,o)-o.

a) Display the values ofz( x t) in the regions of affix,t) plane diagram.

b) Sketch the wave profiles far=0, t:i, t:} andt :i.
2c Cc 2C

You may use without proof the standard D’Alembestlsition for the wave equation.

| |, [solution below
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Question 16

It is given thatz= z( x 1) satisfies the wave equation

1’z _
%

112
4 qt2°
subject to the initial conditions.

4- X% |¥E 2
0 [{>2

z(x0)=0 and %(x,o) =

a) Display the values ofz( x t) in the regions of affix,t) plane diagram.
b) Determine expressions fo:v( x,%) and z( x,%)

You may use without proof the standard D’Alembextkition for the wave equation.

|solution belowy
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WAVE EQUATION

“z_ 1%z __
0oC 22 z=7 x 1

Standing Waves
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Question 1

It is given thatz= z( x 1) satisfies the wave equation

2 2
ﬂ_zziﬂ_z C>O,

ix c? ‘ﬂt2 ’

subject to the conditions

2(x0)= F(%) . Y2(x.0)=G(x) and z(0,{)=2( L =0.

qt
Derive the solution
¥
Ax)= sn(¥) Roof ) q sif RS
n=1
where
L L
Pn=% i F(x)sin(ﬂliﬂ() dx and Qn:n,%c i G(x)sin(ﬂliﬂ() dx

[solution overleaf]
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Question 2

A taut string of lengtl20 units is fixed at its endpoints at=0 and atx =20, and

rests in a horizontal position along tiReaxis. The midpoint of the string is pulled by
a distance ofl unit and released from rest.

If the vertical displacement of the stringsatisfies the standard wave equation

fou _ Tu
w2
show that
¥
u(x,t):i2 — sin W sin DPX ps PL :
Jo, L n 2 20 20

proof
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Question 3
Solve the wave equation
u_1 P

== ¢>0,
ﬂXZ CZ ﬂt2

foru=u(xt), OExEp, t30,

subject to the following boundary and initial cotmains.
u(0,t)=0, u(p,t)=0, %(X,O)

0, u(x0)=23sinx.

u(x t) =3 sinx cosct
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Question 4
Solve the wave equation

Pu_1 g
ﬂXZ CZ ﬂt2 !

foru=u(xt), 0Ex£E1, t30,

c>0,

subject to the following boundary and initial comains.

u(0,t)=0, u(Lt)=0, %(x,o) =0,

u(x0) =sin( s x) + 2si{ pX.

1

u(xt)=sin(5x) cog Bct)+ 2si F¥ cdsprc)

Created by T. Madas



Created by T. Madas

Question 5
Solve the wave equation

T _ 1
™ qt?

foru=u(xt), 0Ex£E1, t30,

subject to the following boundary and initial comains.

1. u(0,t)=0.

4. u(x0)=sin(pX)+ 3sir X - sif pX.

u(xt)=sin(5x) cog Bct)+ 2si F¥ cdsprc)
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Question 6

The vertical displacements,= u(x, t), of the oscillations of a taut flexible elastic
string of length0.5m, fixed at its endpoints is governed by

Tu_1Tu

o2 2592 OEx£0.5, t30.
X

Given further that the string is initially statiojaandu( x 0) :% in( 2 x), find a

simplified expression fou( x, t)

[ 1 u(xt) :llosln( 2QvX) co¢ 1001)

Created by T. Madas
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Question 7

A taut string of lengthL is fixed at its endpoints at=0 and atx=L, and rests in a
horizontal position along thg axis. The midpoint of the string is pulled by aatim
distanceh and released from rest.

If the vertical displacement of the strirgsatisfies the standard wave equation

%z 1 7°z
—_— =, >0'
‘ﬂx2 cz‘ﬂt2 ¢
show that
¥ n+l1
z(xt)=8—2 (-1) sin (2n- D)px S(2|q dpct
P (2n- 1)
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Question 8
A taut string as its fixed endpoints attached ®xhaxis at x=0 and atx=1.

The vertical displacement of the striug X, t) satisfies a standard wave equation

Tu_ 1 T2
w—?ﬁ, |X|£1, t3 0,

wherec is a positive constant.
At time t =0, while the string is undisturbed, it is given ansverse velocity of

magnitude%cx(l- x) along its length.

Show that

2 sin (& +Jpx sin( X+ Jpct
=

p (2k+1)*
k=0

u(xt)=

proof
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Question 9
A taut string of length2 units is fixed at its endpoints at=+1 and rests in a
horizontal position along thg axis.

At time t =0, while the string is undisturbed, it is given aadintransverse velocity
1- X along its length. It is assumed that the displaaof the string

u(xt),[q£1,t30

satisfies a standard wave equation

Show that
¥ n+l
u(x,t):3—§ (-1) 4cos(2n_ )px sin( &a- Jpt
P (2n- 1) 2

and hence determine of the normal modes of thatidir of the string

[ 1, :%(Zn- )

[solution overleaf]
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Question 10

A taut string is fixed at its endpoints at=0 and x = L. The string is vibrating in a
resistive medium and its transverse displacermélxtt) from a horizontal position

satisfies the modified wave equation

—== ——S+/— , 0ExEL, t30,
xs c 1t
where/ andc are a positive constants.
Show that
¥ 1
u(xt)= Fg]ez/tsmTX cofapt-/ ] .
n=1
where
g =P 1
oL 4

and B, and/ , are suitably defined constants.

proof
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Question 11
A taut uniform string lies undisturbed along tkeaxis.

One of its ends is fixed at=0 while the other end at = L is attached to a light ring.
The ring is free to slide alongsanoothwire at right angles to thg axis.

The vertical displacement of the strirz@x, t) satisfies the standard wave equation

2
Iz_ 232 oexeL, teoo,
ix= c” 1t

The string is released from rest and its initiaptihcement is given by

z(x,0)=%, OEXEL, O<e<<l,

Determine an expression faf x t), and hence state the periods of the normal modes
of vibrations of the string.

[You may assume without proof the standard solwfdhe wave equation in variable
separate forrh

¥
ge(- )™ (2 Ipx (2 Jpct oA

p?(2n- 1)? 2L 2L " (2n- )c

z(x )=

Created by T. Madas
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WAVE EQUATION
Tz_19°z
ﬂx2 c? ﬂtz’

z=127(x 1)

Use of Complex Numbers
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Question 1

A semi infinite stringS, of densityr; lies along thex axis forx<0 and another
semi infinite stringS, of densityr, lie along thex axis for x>0. The two strings
are attached to particlé of massm, at x=0.

The mass of the two strings is negligible compacethat of P. The strings and the
particle lie undisturbed in an infinite horizonpane.

A small disturbancez with equation

z=Re Ak

is propagated fronx<0 in the direction ofx increasing, wheren andk are the
frequency and wave number, respectively.

Show that the amplitude of reflected wave in thatiea for whichx <0, is

. T2(k- ko )+ nfrf
T?(k+k)+ nfrf’

and the amplitude of the transmitted wave in tlatiee for which x>0 is

2kTa
\/Tz(k+ o)+ nf rf

whereT is the tension in the strings akg = n, /% :

proof

[ solution overleaf]
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Question 2

Two uniform strings,§ andS,, are joined together at one end and the otheirfreeo
ends are attached to two fixed poiis apart.

S, has lengthL and densityr, and lies along thex axis for x<O0.
S, has lengthL and densityr, and lies along thex axis for x>0.

The combined string is taut and the tension is tewrighroughout.

Given that the combined string performs small atage transverse oscillations,
show that

¢ tan m +02tan% = (
G o

2p

where — is the period of the normal modes of vibrationd ap and c, are the
w

respective wave speeds $ and S, .

proof
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MULTIDIMENSIONAL
WAVE EQUATION

- 1 7%z
NZZ:?W, ZZZ(XY)

1 2
_171%= 2= 4 1g, )

N2z ,
c? ‘ﬂt2
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Question 1

The two dimensional wave equation for u( X Vi t) in a rectangular cartesian region
satisfies the following partial differential equaii

2 2 2
‘ﬂuzcz 'ITU+1TU'
it ™% fy?

OfE x£a, OEyE£D,

wherec is a positive constant.

It further given thau=u( x y, 1) satisfies

u(0,y.f)=u(a =y x0)=d xhy=c

Use separation of variables to show that

¥ ¥
u(x y.t)= Am o/ nmd) + Bumsi{ o) sin n,t;x sin nzy :
n=l m=l
where A,,,, B,, and /,,,, are constants.
proof

[solution overleaf]
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Question 2

The vertical displacement = z( q, t) of a two dimensional standing wave in plane
polar coordinates, satisfies the following partigferential equation.

Tz,192, 1 1°z_1192

'ﬂr2 rar rz."qz _Czﬂz'
wherec is a positive constant.

Use separation of variables to show that the gémsetation of the above equation
can be written as

z(r,g,t)=[acod ctb sin cf G, sign + O, cam AN Y+BY )
n=0 n=0

where a, b, A,, B,, C, and D, are constants.

proof
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Question 3

The vertical displacement = z( r,g,t) of a circular drum-skin, secured on a circular
rim of radiusa, satisfies the wave equation in standard plat&r goordinates

Tz,192, 1%z_17¥

2
wherec is a positive constant.
The drum-skin is displaced from its equilibrium pio® and released from rest.

Use separation of variables to show that genetatiso of the above equation is

rom cos ct/ nm

z(r,q.t)= J;

n=0 m=l

Gy m Sing + D, ,, cosy

where C, , and D, , are constants, ant}, ,, denotes then™ zero of J,(x).

proof

[solution overleaf]
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