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Question 1 

It is given that ( ),z z x t=  satisfies the wave equation 

2 2

2 2 2
1z z

x c t

¶ ¶
=

¶ ¶
, 0c > . 

a) Derive the above partial differential equation from first principles, for standing 
waves or propagating waves, where c  is a positive constant. 

b) Show further that if z  represents the vertical displacement of propagating 
wave then c  represents the propagating speed. 

proof  

 

 

 

 

 

 

 

 



Created by T. Madas 

Created by T. Madas 
 

Question 2 

It is given that ( ),z z x t=  satisfies the wave equation 

2 2

2 2 2
1z z

x c t

¶ ¶
=

¶ ¶
, 0c > , 

subject to the initial conditions  

( ) ( ),0z x F x=    and    ( ) ( ),0
z

x G x
t

¶
=

¶
. 

a) Derive D’Alembert’s solution  

( ) ( ) ( ) ( )1 1 1
,

2 2 2

x ct

x ct

z x t F x ct F x ct G d
c

x x
+

-

= - + + + � , 

for x-¥ < < ¥ , 0t ³ . 

It is further given further that  

( )
21 1

0 1

x x
F x

x

� - £�
= �

>��
       and        ( ) 0G x = . 

b) Indicate in the different regions of the -x t  plane expressions for ( ),z x t . 

c) Sketch the wave profiles for  0t =   and 
2

t
c

= . 

MM4-B , solution below 

   



Created by T. Madas 

Created by T. Madas 
 

Question 3 

It is given that ( ),z z x t=  satisfies the wave equation 

2 2

2 2 2
1z z

x c t

¶ ¶
=

¶ ¶
, 0c > , 

subject to the initial conditions 

( ) ( ),0z x F x=    and   ( ) ( ),0
z

x G x
t

¶
=

¶
. 

a) Derive D’Alembert’s solution  

( ) ( ) ( ) ( )1 1 1
,

2 2 2

x ct

x ct

z x t F x ct F x ct G d
c

x x
+

-

= - + + + � , 

for x-¥ < < ¥ , 0t ³ . 

b) Given further that 

( )
1 1

0 1

x
F x

x

� £�
= � >��

     and     ( ) 0G x = , 

sketch the wave profiles for 
n

t
c

= , 0, 1, 2, 3, 4n = . 

MM4-A , solution below 
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Question 4 

It is given that ( ),z z x t=  satisfies the wave equation 

2 2

2 2 2
1z z

x c t

¶ ¶
=

¶ ¶
, 0c > , 

subject to the initial conditions  

( ) ( ),0z x F x=    and    ( ) ( ),0
z

x G x
t

¶
=

¶
. 

a) Derive D’Alembert’s solution  

( ) ( ) ( ) ( )1 1 1
,

2 2 2

x ct

x ct

z x t F x ct F x ct G d
c

x x
+

-

= - + + + � , 

for x-¥ < < ¥ , 0t ³ . 

It is further given further that  

( )
21 1

0 1

x x
F x

x

� - £�
= �

>��
       and        ( ) 0G x = . 

b) Indicate in the different regions of the -x t  plane expressions for ( ),z x t . 

c) Given that 
1

t T
c

= > , determine expressions for ( ),z x t . 

solution below 
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Question 5 

It is given that ( ),z z x t=  satisfies the wave equation 

2 2

2 2 2
1z z

x c t

¶ ¶
=

¶ ¶
, 0c > , 

subject to the initial conditions  

( ) ( ),0z x F x=    and    ( ) ( ),0
z

x G x
t

¶
=

¶
. 

a) Derive D’Alembert’s solution  

( ) ( ) ( ) ( )1 1 1
,

2 2 2

x ct

x ct

z x t F x ct F x ct G d
c

x x
+

-

= - + + + � , 

for x-¥ < < ¥ , 0t ³ . 

It is further given further that  

( )
1 1

0 1

x x
F x

x

� - £�
= � >��

       and        ( ) 0G x = . 

b) Indicate in the different regions of the -x t  plane expressions for ( ),z x t . 

c) Sketch the wave profiles for  0t =   and 
1
2

t
c

= . 

solution below 
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Question 6 

It is given that ( ),z z x t=  satisfies the wave equation 

2 2

2 2 2
1z z

x c t

¶ ¶
=

¶ ¶
, 0c > , 

subject to the initial conditions  

( ) ( ),0z x F x=  and ( ) ( ),0
z

x G x
t

¶
=

¶
. 

a) Derive D’Alembert’s solution  

( ) ( ) ( ) ( )1 1 1
,

2 2 2

x ct

x ct

z x t F x ct F x ct G d
c

x x
+

-

= - + + + � , 

for x-¥ < < ¥ , 0t ³ . 

b) Given further that  

( ) 0F x =     and      ( )
1 1

0 1

x
G x

x

� £�
= � >��

, 

sketch the wave profiles for 
n

t
c

= , 0, 1, 2n = . 

solution below 
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Question 7 

It is given that ( ),z z x t=  satisfies the wave equation 

2 2

2 2 2
1z z

x c t

¶ ¶
=

¶ ¶
, 0c > , 

subject to the initial conditions  

( ),0 0z x =    and    ( ) ( ),0
z

x G x
t

¶
=

¶
. 

a) Derive D’Alembert’s solution  

( ) ( )1
,

2

x ct

x ct

z x t G d
c

x x
+

-

= � , 

for x-¥ < < ¥ , 0t ³ . 

It is further given further that  

( ) ( )1cos 12
0 1

x x
G x

x

p� £�
= �

>��
  

b) Indicate in the different regions of the -x t  plane expressions for ( ),z x t . 

solution below 
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Question 8 

It is given that ( ),z z x t=  satisfies the wave equation 

2 2

2 2 2
1z z

x c t

¶ ¶
=

¶ ¶
, 0c > , 

subject to the initial conditions  

( ) ( ),0z x F x=    and    ( ) ( ),0
z

x G x
t

¶
=

¶
. 

a) Derive D’Alembert’s solution  

( ) ( ) ( ) ( )1 1 1
,

2 2 2

x ct

x ct

z x t F x ct F x ct G d
c

x x
+

-

= - + + + � , 

for x-¥ < < ¥ , 0t ³ . 

It is further given further that  

( )
1cos 2
10 2

x x
F x

x

p

p

� <�
= �

³��

       and        ( ) 0G x = . 

b) Indicate in the different regions of the -x t  plane expressions for ( ),z x t , and 

hence show that there is a region of -x t  plane  where ( ),z x t  represents a 

stationary wave. 

solution below 
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Question 9 

It is given that ( ),z z x t=  satisfies the wave equation 

2 2

2 2
z z

x t

¶ ¶
=

¶ ¶
, 

subject to the initial conditions  

( ) ( ),0z x F x=       and       ( ) ( ),0
z

x G x
t

¶
=

¶
. 

a) Derive D’Alembert’s solution  

( ) ( ) ( ) ( )1 1 1
,

2 2 2

x t

x t

z x t F x t F x t G dx x
+

-

= - + + + � , 

for x-¥ < < ¥ , 0t ³ . 

b) Given further that  

( ) 0F x =      and      ( )
1 0

1 0

x
G x

x x

<�
= �

+ ³�
, 

use the method of the characteristics in the -x t  plane to solve the equation of 
part  (b)  and hence sketch the wave profile when  1t = . 

solution below 
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Question 10 

It is given that ( ),z z x t=  satisfies the wave equation 

2 2

2 2 2
1z z

x c t

¶ ¶
=

¶ ¶
, 0c > , 

subject to the initial conditions  

( ) ( ),0z x F x=      and      ( ) ( ),0
z

x G x
t

¶
=

¶
. 

a) Derive D’Alembert’s solution  

( ) ( ) ( ) ( )1 1 1
,

2 2 2

x ct

x ct

z x t F x ct F x ct G d
c

x x
+

-

= - + + + � , 

for x-¥ < < ¥ , 0t ³ . 

It is further given further that  

( )
cos

2

0
2

x x
G x

x

p

p

� £��
= �

� >
��

  

b) Indicate in the different regions of the -x t  plane expressions for ( ),z x t . 

c) Show that if 
2

t
c

p
<   there exists a range of values of x , over which ( ),z x t  

represents a stationary wave. 

solution overleaf 
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Question 11 

It is given that ( ),z z x t=  satisfies the wave equation 

2 2

2 2 2
1z z

x c t

¶ ¶
=

¶ ¶
, 0c > , 

subject to the initial conditions  

( ) ( ),0z x F x=    and    ( ) ( ),0
z

x G x
t

¶
=

¶
. 

a) Derive D’Alembert’s solution  

( ) ( ) ( ) ( )1 1 1
,

2 2 2

x ct

x ct

z x t F x ct F x ct G d
c

x x
+

-

= - + + + � , 

for x-¥ < < ¥ , 0t ³ . 

It is further given further that  

( )
1 1

0 1

x
F x

x

� £�
= � >��

       and        ( ) 0G x = . 

b) Use the result of part (a) with the method of characteristics to determine 
expressions for  

( ),z x t ,    for 
1

t
c

< ,    
1

t
c

=    and 
1

t
c

>  

c) Sketch the wave profiles for 
2
n

t
c

= , 0, 1, 2, 3n = . 

solution overleaf 
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Question 12 

It is given that ( ),u u x t=  satisfies the wave equation 

2 2

2 2
u u

x t

¶ ¶
=

¶ ¶
, 

subject to the initial conditions  

( ) ( ),0u x f x=    and    ( ) ( ),0
u

x g x
t

¶
=

¶
. 

a) Derive D’Alembert’s solution  

( ) ( ) ( ) ( )1 1 1
,

2 2 2

x t

x t

u x t f x t f x t G dz z
+

-

= - + + + � , 

for x-¥ < < ¥ , 0t ³ . 

It is further given further that  

( ) 0f x =      and      ( )
21 1

0 1

x x
g x

x

� - £�
= �

>��
. 

b) Use the result of part (a) with the method of characteristics to determine 
expressions for  

( ),u x t ,    for 31, 1,2 2t = . 

solution below 
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Question 13 

It is given that ( ),z z x t=  satisfies the wave equation 

2 2

2 2 2
1z z

x c t

¶ ¶
=

¶ ¶
, 0c > , 

subject to the initial conditions  

( ) ( ),0z x F x=    and    ( ) ( ),0
z

x G x
t

¶
=

¶
. 

a) Derive D’Alembert’s solution  

( ) ( ) ( ) ( )1 1 1
,

2 2 2

x ct

x ct

z x t F x ct F x ct G d
c

x x
+

-

= - + + + � , 

for x-¥ < < ¥ , 0t ³ . 

It is further given further that  

( ) 0F x =      and      ( )
1 1

0 1

x
G x

x

� £�
= � >��

. 

b) Use the result of part (a) with the method of characteristics to determine 
expressions for  

( ),z x t ,    for 
1
2

t
c

= ,    
1

t
c

=    and 
3
2

t
c

=  

c) Sketch the wave profiles for 
2
n

t
c

= , 0, 1, 2, 3n = . 

MM4-E , solution overleaf 
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Question 14 

It is given that ( ),z z x t=  satisfies the wave equation 

2 2

2 2
1
4

z z

x t

¶ ¶
=

¶ ¶
, 

subject to the initial conditions 

( )
2

,0 e xz x -= , x-¥ < < ¥     and   ( ),0 0
z

x
t

¶
=

¶
. 

a) Determine the solution of this wave equation. 

b) Sketch the wave profiles for t i= , 0, 1, 2, 3i = . 

You may use without proof the standard D’Alembert’s solution for the wave equation. 

MM4-C , ( ) ( ) ( )2 22 21 1, e e2 2
x t x tz x t - - - += +  
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Question 15 

It is given that ( ),z z x t=  satisfies the wave equation 

2 2

2 2 2
1z z

x c t

¶ ¶
=

¶ ¶
, 0c > , 

subject to the initial conditions. 

( )
1 1

,0
0 1

x x
z x

x

� - £�
= � >��

    and   ( ),0 0
z

x
t

¶
=

¶
. 

a) Display the values of  ( ),z x t  in the regions of an ( ),x t  plane diagram. 

b) Sketch the wave profiles for 0t = , 
1
2

t
c

= , 
1

t
c

=  and 
3
2

t
c

= . 

You may use without proof the standard D’Alembert’s solution for the wave equation. 

MM4-D , solution below 
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Question 16 

It is given that ( ),z z x t=  satisfies the wave equation 

2 2

2 2
1
4

z z

x t

¶ ¶
=

¶ ¶
, 

subject to the initial conditions. 

( ),0 0z x =     and   ( )
24 2

,0
0 2

x xz
x

t x

� - £¶ �
= �

¶ >��
. 

a) Display the values of  ( ),z x t  in the regions of an ( ),x t  plane diagram. 

b) Determine expressions for ( )1, 2z x  and ( )3, 2z x . 

You may use without proof the standard D’Alembert’s solution for the wave equation. 

solution below 
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WAVE EQUATION  

 

Standing Waves 
 

 

 

 

 

 

 

 

 

 

 

 

 

( )
2 2

2 2 2
1

, ,
z z
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¶ ¶
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Question 1 

It is given that ( ),z z x t=  satisfies the wave equation 

2 2

2 2 2
1z z

x c t

¶ ¶
=

¶ ¶
, 0c > , 

subject to the conditions  

( ) ( ),0z x F x=  ,  ( ) ( ),0
z

x G x
t

¶
=

¶
 and    ( ) ( )0, , 0z t z L t= = . 

Derive the solution  

( ) ( ) ( ) ( )
1

, sin cos sinn n

n

n x n ct n ctz x t P QL L L
p p p

¥

=

� �= +
� 	
 , 

where   

( ) ( )
0

2 sin
L

n
n xP F x dxL L
p= �       and     ( ) ( )

0

2 sin
L

n
n xQ G x dxn c L
p

p= �  

MM4-C , proof  

 

[solution overleaf] 
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 Question 2 

A taut string of length 20 units is fixed at its endpoints at 0x =  and at 20x = , and 
rests in a horizontal position along the x  axis. The midpoint of the string is pulled by 
a distance of 1 unit and released from rest. 

If the vertical displacement of the string u  satisfies the standard wave equation 

2 2

2 2
u u

x t

¶ ¶
=

¶ ¶
, 

show that 

( ) 2 2

1

8 1
, sin sin cos

2 20 20
n

n n x n t
u x t

n

p p p
p

¥

=

� �� � � � � �= 
 �� �� � � �� � � 	 � 	� 	
 , 

proof  
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Question 3 

Solve the wave equation 

2 2

2 2 2
1u u

x c t

¶ ¶
=

¶ ¶
, 0c > , 

for ( ),u u x t= ,  0 x p£ £ ,  0t ³ , 

subject to the following boundary and initial conditions. 

( )0, 0u t = ,     ( ), 0u tp = ,     ( ),0 0
u

x
t

¶
=

¶
,      ( ),0 3sinu x x= . 

( ), 3 sin cosu x t x ct=    
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Question 4 

Solve the wave equation 

2 2

2 2 2
1u u

x c t

¶ ¶
=

¶ ¶
, 0c > , 

for ( ),u u x t= ,  0 1x£ £ ,  0t ³ , 

subject to the following boundary and initial conditions. 

( )0, 0u t = ,     ( )1, 0u t = ,     ( ),0 0
u

x
t

¶
=

¶
,      ( ) ( ) ( ),0 sin 5 2sin 7u x x xp p= + .  

MM4-E , ( ) ( ) ( ) ( ) ( ), sin 5 cos 5 2sin 7 cos 7u x t x ct x ctp p p p= +    
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Question 5 

Solve the wave equation 

2 2

2 2
u u

x t

¶ ¶
=

¶ ¶
, 

for ( ),u u x t= ,  0 1x£ £ ,  0t ³ , 

subject to the following boundary and initial conditions. 

1. ( )0, 0u t = . 

2. ( )1, 0u t = . 

3. ( ),0 0
u

x
t

¶
=

¶
. 

4. ( ) ( ) ( ) ( ),0 sin 3sin 2 sin 5u x x x xp p p= + - . 

( ) ( ) ( ) ( ) ( ), sin 5 cos 5 2sin 7 cos 7u x t x ct x ctp p p p= +    
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Question 6 

The vertical displacements, ( ),u u x t= , of the oscillations of a taut flexible elastic 

string of length 0.5m , fixed at its endpoints is governed by  

2 2

2 2
1
25

u u

x t

¶ ¶
=

¶ ¶
,     0 0.5x£ £ ,     0t ³ . 

Given further that the string is initially stationary, and ( ) ( )1,0 sin 2010u x xp= , find a 

simplified expression for ( ),u x t  

MM4-A , ( ) ( ) ( )1, sin 20 cos 10010u x t x tp p=   
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Question 7 

A taut string of length L  is fixed at its endpoints at 0x =  and at x L= , and rests in a 
horizontal position along the x  axis. The midpoint of the string is pulled by a small 
distance h  and released from rest. 

If the vertical displacement of the string z  satisfies the standard wave equation 

2 2

2 2 2
1z z

x c t

¶ ¶
=

¶ ¶
, 0c > , 

show that 

( ) ( )
( )

( ) ( )1

2 2

1

1 2 1 2 18
, sin cos

2 1

n

n

n x n cth
z x t

L Ln

p p

p

¥ +

=

� �- - -� � � �
� �= � � � �
� �- � 	 � 	� 	


 . 

MM4-B , proof  
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Question 8 

A taut string as its fixed endpoints attached to the x  axis at  0x =  and at 1x = . 

The vertical displacement of the string ( ),u x t  satisfies a standard wave equation  

2 2

2 2 2
1u u

x c t

¶ ¶
=

¶ ¶
,      1x £ ,     0t ³ , 

where c  is a positive constant. 

At time 0t = , while the string is undisturbed, it is given a transverse velocity of 

magnitude ( )1 14cx x-  along its length. 

Show that 

( )
( ) ( )

( )4 4

0

sin 2 1 sin 2 12
,

2 1
k

k x k ct
u x t

k

p p

p

¥

=

� �+ +� � � �� 	 � 	� �=
� �+� 	
 . 

proof  
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Question 9 

A taut string of length 2  units is fixed at its endpoints at 1x = ±  and rests in a 
horizontal position along the x  axis.  

At time 0t = , while the string is undisturbed, it is given a small transverse velocity 
21 x-  along its length. It is assumed that the displacement of the string  

( ),u x t , 1x £ , 0t ³  

satisfies a standard wave equation  

2 2

2 2
1
4

u u

x t

¶ ¶
=

¶ ¶
, 

Show that 

( ) ( )
( )

( ) ( )
1

4 4

1

1 2 132
, cos sin 2 1

22 1

n

n

n x
u x t n t

n

p
p

p

¥ +

=

� �- -� �
� �= -� �� � � 	
� �- � 	� 	


 , 

and hence determine of the normal modes of the vibration of the string 

MM4-D , ( )1 2 12nf n= -  

 

[solution overleaf] 
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Question 10 

A taut string is fixed at its endpoints at 0x =  and x L= . The string is vibrating in a 
resistive medium and its transverse displacement ( ),u x t  from a horizontal position 

satisfies the modified wave equation  

2 2

2 2 2
1u u u

tx c t
l

� �¶ ¶ ¶
= +� �

¶¶ ¶� �� 	
,  0 x L£ £ ,   0t ³ , 

where l  and c  are a positive constants. 

Show that 

( ) [ ]
1
2

1

, e sin cos
t

n n n

n

n x
u x t P q t

L
l p

j
¥

-

=

� �� �= -
 �� �� �� 	
 , 

where 

( )2

4n
n c

q
L

p l
= - , 

and nP  and nj  are suitably defined constants. 

proof  
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Question 11 

A taut uniform string lies undisturbed along the x  axis. 

One of its ends is fixed at 0x =  while the other end at x L=  is attached to a light ring. 
The ring is free to slide along a smooth wire at right angles to the x  axis. 

The vertical displacement of the string ( ),z x t  satisfies the standard wave equation 

2 2

2 2 2
1z z

x c t

¶ ¶
=

¶ ¶
,  0 x L£ £ ,   0t ³ , 

The string is released from rest and its initial displacement is given by 

( ),0
x

z x
L

e
= ,     0 x L£ £ ,   0 1e< << . 

Determine an expression for ( ),z x t , and hence state the periods of the normal modes 

of vibrations of the string. 

[You may assume without proof the standard solution of the wave equation in variable 
separate form] 

( ) ( )
( )

( ) ( )1

22
1

8 1 2 1 2 1
, sin cos

2 22 1

n

n

n x n ct
z x t

L Ln

e p p

p

¥ +

=

� �- - -� � � �� �
= � �� � � �

- � 	 � 	� �� �

 , 

( )
4

2 1n
L

T
n c

=
-
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WAVE EQUATION  

 
Use of Complex Numbers 

 

 

 

 

 

 

 

 

 

 

 

 

 

( )
2 2

2 2 2
1

, ,
z z

z z x t
x c t

¶ ¶
= =

¶ ¶
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Question 1 

A semi infinite string 1S  of density 1r   lies along the x  axis for 0x <  and another 

semi infinite string 2S  of density 2r   lie along the x  axis for 0x > . The two strings 
are attached to particle P  of mass m , at 0x = . 

The mass of the two strings is negligible compared to that of P . The strings and the 
particle lie undisturbed in an infinite horizontal plane. 

A small disturbance z  with equation 

( )iRe e nt kxz A -� �= � �� 	
, 

is propagated from 0x <  in the direction of x  increasing, where n  and k  are the 
frequency and wave number, respectively. 

Show that the amplitude of reflected wave in the section for which 0x < , is 

( )
( )

2 2 4
2

2 2 4
2

T k k m n
a

T k k m n

- +

+ +
, 

and the amplitude of the transmitted wave in the section for which 0x >  is 

( )2 2 4
2

2kTa

T k k m n+ +
 

where T  is the tension in the strings and 2
2k n

T
r

= . 

proof  

 

[ solution overleaf ] 
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Question 2 

Two uniform strings, 1S  and 2S , are joined together at one end and the other two free 
ends are attached to two fixed points 2L  apart. 

1S  has length L  and density 1r  and lies along the x  axis for 0x < . 

2S  has length L  and density 2r  and lies along the x  axis for 0x > .  

The combined string is taut and the tension is constant throughout. 

Given that the combined string performs small amplitude transverse oscillations, 
show that 

1 2
1 2

tan tan 0
L L

c c
c c

w w� � � �
+ =
 � 
 �

� � � �
, 

where 
2p
w

 is the period of the normal modes of vibration, and 1c  and 2c  are the 

respective wave speeds in 1S  and 2S . 

proof  
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MULTIDIMENSIONAL
WAVE EQUATION  
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Question 1 

The two dimensional wave equation for ( ), ,u u x y t=  in a rectangular cartesian region 

satisfies the following partial differential equation. 

2 2 2
2

2 2 2
u u u

c
t x y

� �¶ ¶ ¶
= +� �

¶ ¶ ¶� �� 	
,   0 x a£ £ , 0 y b£ £ , 

where c  is a positive constant. 

It further given that ( ), ,u u x y t=  satisfies 

( ) ( ) ( ) ( )0, , , , ,0, , , 0u y t u a y t u x t u x b t= = = = . 

Use separation of variables to show that 

( ) ( ) ( )
1 1

, , cos sin sin sinnm nm nm nm

n m

n x n y
u x y t A t B t

a b
p p

l l
¥ ¥

= =

� �� � � �� �= + 
 � 
 �� �� 	 � � � �� 	

 , 

where nmA , nmB   and  nml  are constants. 

proof  

 

[solution overleaf] 
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Question 2 

The vertical displacement  ( ), ,z z r tq=  of a two dimensional standing wave in plane 

polar coordinates, satisfies the following partial differential equation. 

2 2 2

2 2 2 2 2
1 1 1z z z z
r rr r c tq

¶ ¶ ¶ ¶
+ + =

¶¶ ¶ ¶
. 

where c  is a positive constant. 

Use separation of variables to show that the general solution of the above equation 
can be written as 

( ) [ ] ( ) ( )
0 0

, , cos sin sin cosn n n n n n

n n

z r t ct ct C n D n A J r B Y rq a l b l q q l l
¥ ¥

= =

� � � �
� � � �= + + +
� � � �
� 	 � 	

 
  

where  a , b , nA , nB , nC  and  nD  are constants. 

proof  
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Question 3 

The vertical displacement  ( ), ,z z r tq=  of a circular drum-skin, secured on a circular 

rim of radius a ,  satisfies  the wave equation in standard plane polar coordinates 

2 2 2

2 2 2 2 2
1 1 1z z z z
r rr r c tq

¶ ¶ ¶ ¶
+ + =

¶¶ ¶ ¶
. 

where c  is a positive constant. 

The drum-skin is displaced from its equilibrium position and released from rest. 

Use separation of variables to show that general solution of the above equation is 

( ) , ,
, ,

0 1

, , cos sin cosn m n m
n n m n m

n m

r ct
z r t J C n D n

a a

l l
q q q

¥ ¥

= =

� �� � � �� � � �
� �= +� �� � � �
 � 
 � � 	

� �� � � �� 	 � 	� 	


  

where  ,n mC  and  ,n mD  are constants, and ,n ml  denotes the thm  zero of ( )nJ x . 

proof  

 

[solution overleaf] 
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