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Question 1 

The temperature distribution, ( ),T x y , in a rectangular plate for which 0 2x£ £  and 

0 1y£ £ , satisfies Laplace’s Equation 

2 2

2 2 0
T T

x y

¶ ¶
+ =

¶ ¶
. 

The edges of the rectangular plate are maintained at the following temperatures 

·  ( ),0 0T x = ,  [ ]0,2xÎ  

·  ( ),1 0T x = ,  [ ]0,2xÎ  

·  ( )0, 0T y = ,   [ ]0,1y Î  

·  ( ) ( )2, 30sin 8T y yp= ,    [ ]0,1y Î . 

Determine the temperature distribution of the plate 

[You must derive the standard Cartesian solution of Laplace’s equation in variable 
separate form] 

( ) ( ) ( )80sinh 8 sin 8
,

sinh16

x y
T x y

p p
p

=  
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Question 2 

The function ( ),x yj j=  satisfies Laplace’s Equation 

2 2

2 2 0
x y

j j¶ ¶
+ =

¶ ¶
,  

where 0 x p£ £   and 0y > . 

Determine an expression for ( ),x yj , given further that 

·  ( ),0 3xj = ,  [ ]0,x pÎ  

·  ( )0, 0yj = ,   [ )0,y Î ¥  

·  ( )lim , 0
y

x yj
®¥

=� �� � ,  [ ]0,x pÎ  

·  ( ), 0yj p = ,    [ )0,y Î ¥ . 

[You must derive the standard Cartesian solution of Laplace’s equation in variable 
separate form] 

( )
( ) ( )

( )3

1

exp 2 1 sin 2 112
,

2 1
n

y n x n
x y

n
j

p

¥

=

- - -� � � �� � � �=
-�  
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Question 3 

The function ( ),x yj j=  satisfies Laplace’s Equation 

2 2

2 2 0
x y

j j¶ ¶
+ =

¶ ¶
,  

where 0 x a£ £   and 0 y b£ £ , with a  and b  positive constants. 

Determine an expression for ( ),x yj , given further that 

·  ( ),0 0xj = ,  [ ]0,x aÎ  

·  ( ), 0x bj = ,  [ ]0,x aÎ  

·  ( )0, 0yj = ,   [ ]0,y bÎ  

·  ( ) 2,a y by yj = - ,    [ ]0,y bÎ . 

[You must derive the standard Cartesian solution of Laplace’s equation in variable 
separate form] 

( )
( ) ( )

( ) ( )

2

3 3

1

sinh 2 1 sin 2 18
,

2 1 sinh 2 1
n

yx n nb b bx y
an nb

pp
j

pp

¥

=

� �� �- -� � � �=
� �- -� ��  

 

[solution overleaf] 
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Question 4 

The function ( ),u u x y=  satisfies Laplace’s Equation 

2 2

2 2 0
u u

x y

¶ ¶
+ =

¶ ¶
,  0 2x£ £ , 0 1y£ £ . 

Determine an expression for ( ),u u x y= , given further that 

( )0, 0u y = ,     ( )2, 0u y = ,      ( ),0 0u x = ,     ( )
0 1

,1
2 1 2

x x
u x

x x

£ £�
= �

- £ £�
 

MM4-C , ( )
( )

( ) ( ) ( )2 2

1

18sin 2 1 1, sin sinh2 21sinh 2
n

n
u x y n x n y

n n

p
p p

p p

¥

=

� �
	 
=
	 

� ��  
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Question 5 

A square plate of unit length has three of its sides kept at temperature 0 C° , while the 
fourth side is kept at temperature 50 C° . 

In a steady state the temperature, ( ),x yq  satisfies Laplace’s Equation 

2 2

2 2 0
x y

q q¶ ¶
+ =

¶ ¶
,  

Solve the equation and hence show that 

( ) ( )

( ) ( )
0

11001 1,2 2
2 1 cosh 2 1

2

n

n
n n

q
pp

¥

=

� �
� �-� �

= � 

� �� �+ +	 
� �� �� �

� . 

[You must derive the standard Cartesian solution of Laplace’s equation in variable 
separate form] 

proof  
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Question 6 

The function ( ),x yj j=  satisfies Laplace’s Equation 

2 2

2 2 0
x y

j j¶ ¶
+ =

¶ ¶
,  

in a rectangular region where 0 3x£ £   and 0 2y£ £ . 

It is further given that 

·  ( ),0 0xj = ,  [ ]0,3xÎ  

·  ( ),2 0xj = ,  [ ]0,3xÎ  

·  ( )0, 0yj = ,   [ ]0,2y Î  

·  ( ) [ ]
( ]
0,1

3,
2 1,2

y y
y

y y
j

� Î�
= �

- Î��
. 

Solve the equation and hence show that 

( )
( )

( )2 2

1

3sech 2 14 43,12 2 1
n

n

n

p
j

p

¥

=

� �-� �=
-� . 

[You must derive the standard Cartesian solution of Laplace’s equation in variable 
separate form] 

proof  

 

 

[solution overleaf] 
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Question 7 

The temperature ( ),x yq q=  for a steady two-dimensional heat flow in the semi-

infinite region for which 0y ³  satisfies Laplace’s Equation 

2 2

2 2 0
x y

q q¶ ¶
+ =

¶ ¶
,  

subject to the boundary conditions 

·  ( )0, 0y
x
q¶

=
¶

,  [ )0,y Î ¥  

·  ( ), 0L y
x
q¶

=
¶

,  [ ),y LÎ ¥  

·  ( )lim ,
y

x y Mq
®¥

£� �� � , M Î � ,   ( ),xÎ -¥ ¥ , [ ),y xÎ ¥  

·  ( ) ( )
2,0

x L x
x

L
q

-
= ,   ( ),xÎ -¥ ¥ ,   ( ) ( )f x f x- = ,   ( ) ( )2f x f x L= +  

Solve the equation and hence show that 

( )
( )

2 2

1

21 exp1 11 ,2 6

n

n

n y
L

L y
n

p

q
p

¥

=

� �- -	 
� �= - � . 

[You must derive the standard Cartesian solution of Laplace’s equation in variable 
separate form] 

MM4-B , proof  

 

 

[solution overleaf] 
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LAPLACE’S EQUATION  

 
Two Dimensional in Plane Polars 
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2 2

2 2 2
1 1

0, ,r
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q
q

¶ F ¶F ¶ F
+ + = F = F
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Question 1 

2 2

2 2 0
x y

j j¶ ¶
+ =

¶ ¶
. 

The above partial differential equation is Laplace’s equation in a two dimensional 
Cartesian system of coordinates. 

Show clearly that Laplace’s equation in the standard two dimensional Polar system of 
coordinates is given by 

2 2

2 2 2
1 1

0
r rr r

j j j
q

¶ ¶ ¶
+ + =

¶¶ ¶
. 

proof  
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Question 2 

In a two dimensional universe the gravitational F  would satisfy the two dimensional 
Laplace’s equation 

2 0Ñ F = . 

Find a general circularly symmetric solution for F . 

( ) lnr A r BF = +  
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Question 3 

The function ( ),r qF = F  satisfies Laplace’s Equation in plane polar coordinates 

2 2

2 2 2
1 1

0
r rr r q

¶ F ¶F ¶ F
+ + =

¶¶ ¶
.  

a) Derive the general solution of the above equation, in variable separable form. 

b) Hence find a specific solution subject to the conditions 

i. ( )0, 0qF =   

ii.  ( ),r qF  is finite for 0 r a£ £  and for all q . 

( ) ( ) ( )
1

, ln cos sinn n n n
n n n n

n

r A B r C r D r n E r F r nq q q
¥

- -

=

� �F = + + + + +
� �� , 

( ), sin
r

r
a

q qF =  
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Question 4 

The function ( ),r qF = F  satisfies Laplace’s Equation in plane polar coordinates 

2 2

2 2 2
1 1

0
r rr r q

¶ F ¶F ¶ F
+ + =

¶¶ ¶
.  

a) Derive the general solution of the above equation, in variable separable form. 

b) Hence find a specific solution subject to the conditions 

i. ( )0, 0qF =   

ii.  ( )1, 2cosq qF = . 

( ) ( ) ( )
1

, ln cos sinn n n n
n n n n

n

r A B r C r D r n E r F r nq q q
¥

- -

=

� �F = + + + + +
� �� , 

( ), 2 cosr rq qF =  
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Question 5 

The steady state temperature distribution ( ),r qF = F  in a circular thin metal disc of 

radius 1, satisfies Laplace’s Equation in plane polar coordinates 

2 2

2 2 2
1 1

0
r rr r q

¶ F ¶F ¶ F
+ + =

¶¶ ¶
.  

Given further that ( )1, sin 2q qF = , determine a simplified expression for ( ),r qF . 

[You are expected to derive the general solution of the partial equation in variable 
separate form] 

MM4-C , ( ) 2, sin 2r rq qF =  
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Question 6 

The steady state temperature distribution ( ),r qF = F  in a circular thin metal disc of 

radius 1, satisfies Laplace’s Equation in plane polar coordinates 

2 2

2 2 2
1 1

0
r rr r q

¶ F ¶F ¶ F
+ + =

¶¶ ¶
.  

Given further that 

( ) ( )2 1, 1, 100 2cos2
r

q q q
¶F

F + = -
¶

, 

determine a simplified expression for ( ),r qF . 

[You are expected to derive the general solution of the partial equation in variable 
separate form] 

( ) 21, 50 cos22r rq qF = -  
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Question 7 

The steady state temperature distribution ( ),u u r q=  in a circular thin metal disc of 

radius a , satisfies Laplace’s Equation in plane polar coordinates 

2 2

2 2 2
1 1

0
u u u

r rr r q
¶ ¶ ¶

+ + =
¶¶ ¶

.  

The top half of the circumference of the disc, 0q p£ £ , is maintained at 100 C° , and 
the bottom half of the circumference of the disc, 2p q p< < , is maintained at 0 C° . 

Determine a simplified expression for ( ),u r q . 

[You are expected to derive the general solution of the partial equation in variable 
separate form] 

( )
1

200 sin
, 50

n

n

n r
u r

n a
q

q
p

¥

=

� �� �= + 	 
� �
� �	 
� �

�  
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Question 8 

The function ( ),r qF = F  satisfies Laplace’s Equation in plane polar coordinates 

2 2
2

2 2 2
1 1

0
r rr r q

¶ F ¶F ¶ F
Ñ F = + + =

¶¶ ¶
. 

a) Derive the general solution of the above equation, in variable separable form. 

The functions ( )1 1 ,r qF = F  and ( )2 2 ,r qF = F  satisfy  

2
1 0Ñ F = , 1 2r< <  

     2
2 0Ñ F = , 2r ³ . 

It is further given that 

( )1 1, 0qF = ,    ( )1 2, 1qF = ,    ( )2 2, 1qF =    and   ( )2lim , cos 1
r

r rq q
®¥

F - =� �� � . 

b)  Determine expressions for 1F  and 2F . 

( ) ( ) ( )
1

, ln cos sinn n n n
n n n n

n

r A B r C r D r n E r F r nq q q
¥

- -

=

� �F = + + + + +
� �� , 

( )1
ln

,
ln 2

r
r qF = , ( )2

4
, 1 cos cosr r

r
q q qF = + -  

 

[solution overleaf] 
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Question 9 

The steady state temperature distribution ( ),u u r q=  in a thin metal disc in the shape 

of a circular sector of radius 1, satisfies Laplace’s Equation in plane polar coordinates 

2 2

2 2 2
1 1

0
u u u

r rr r q
¶ ¶ ¶

+ + =
¶¶ ¶

.  

It is further given that ( ) ( )1,0 , 02u r u r p= =  and ( ),1
u
r

q q
¶

=
¶

. 

Determine a simplified expression for ( ),u r q . 

[You are expected to derive the general solution of the partial equation in variable 
separate form] 

( ) ( ) ( )1 2

2

1

1 sin 2
,

2

k k

k

r k
u r

k

q
q

¥ +

=

� �-
	 
=
	 
� �

�  
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Question 10 

The steady state temperature distribution ( ),u u r q=  in a circular thin metal disc of 

radius 1, satisfies Laplace’s Equation in plane polar coordinates 

2 2

2 2 2
1 1

0
u u u

r rr r q
¶ ¶ ¶

+ + =
¶¶ ¶

.  

It is further given that ( )
1 1
2 21,

0 otherwise
u

q p q p
q

� - < <�
= �

��
 

Determine a simplified expression for ( ),u r q . 

[You are expected to derive the general solution of the partial equation in variable 
separate form] 

( ) ( ) ( )2

1

1 21 1, cos sin sin2 2
n

n

u r n n r n
n n

q p p q
p

¥

=

� �� �= +	 
	 
� �� ��  
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Question 11 

The steady state temperature distribution ( ),u u r q=  in a circular thin metal disc of 

radius 1, satisfies Laplace’s Equation in plane polar coordinates 

2 2

2 2 2
1 1

0
u u u

r rr r q
¶ ¶ ¶

+ + =
¶¶ ¶

.  

It is further given that ( )
0

1,
0 otherwise

u
p q q p

q
- £ £�

= �
�

 

Determine a simplified expression for ( ),u r q . 

[You are expected to derive the general solution of the partial equation in variable 
separate form] 

( ) ( )

1

1 1
, sin cos

4

nn

n

r
u r n n

n n
p

q q q
p

¥

=

� �� �- -
	 
	 
= + +
	 
	 
� �� �

�  
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Question 12 

The function ( ),r qF = F  satisfies Laplace’s Equation in plane polar coordinates 

2 2
2

2 2 2
1 1

0
r rr r q

¶ F ¶F ¶ F
Ñ F = + + =

¶¶ ¶
. 

a) Derive the general solution of the above equation, in variable separable form. 

The functions ( )1 1 ,r qF = F  and ( )2 2 ,r qF = F  satisfy  

2
1 0Ñ F = , 0 1r< <  

     2
2 0Ñ F = , 1r ³ . 

It is further given that 

····  ( )1 0, MqF £ ,  M Î � . 

····  ( )2lim , cos 0
r

r rq q
®¥

F - =� �� � . 

····   ( ) ( )1 21, 1,q qF = F . 

····  ( ) ( )1 21, 3 1, 0
r r

q q
¶F ¶F

+ =
¶ ¶

. 

b)  Determine expressions for 1F  and 2F . 

( ) ( ) ( )
1

, ln cos sinn n n n
n n n n

n

r A B r C r D r n E r F r nq q q
¥

- -

=

� �F = + + + + +
� �� , 

( )1 , 3 cosr rq qF = , ( )2
2

, cos cosr r
r

q q qF = +  

 

[solution overleaf] 
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Question 13 

The function ( ),r qF = F  satisfies Laplace’s Equation in plane polar coordinates 

2 2
2

2 2 2
1 1

0
r rr r q

¶ F ¶F ¶ F
Ñ F = + + =

¶¶ ¶
. 

a) Derive the general solution of the above equation, in variable separable form. 

The functions ( )1 1 ,r qF = F  and ( )2 2 ,r qF = F  satisfy  

2
1 0Ñ F = , 1r >  

     2
2 0Ñ F = , 0 1r< < . 

It is further given that 

····  ( )1lim , cos 2
r

r rq q
®¥

F - =� �� � . 

····  ( ) ( )1 21, 1,q qF = F . 

····  ( ) ( )1 21 1, 1,
r r

q q
¶F ¶F

+ =
¶ ¶

. 

····  ( )2
0

lim , cos 0
r

r r q q
®

F - =� �� � . 

b)  Determine expressions for 1F  and 2F . 

( ) ( ) ( )
1

, ln cos sinn n n n
n n n n

n

r A B r C r D r n E r F r nq q q
¥

- -

=

� �F = + + + + +
� �� , 

MM4-A , ( ) ( )1
1, 2 cosr r rq qF = + + , ( ) ( )2

1, 2 ln cosr r r rq qF = + + +  

 

[solution overleaf] 
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Question 14 

The function ( ),r qF = F  satisfies Laplace’s Equation in plane polar coordinates 

2 2
2

2 2 2
1 1

0
r rr r q

¶ F ¶F ¶ F
Ñ F = + + =

¶¶ ¶
. 

a) Derive the general solution of the above equation, in variable separable form. 

The functions ( )0 0 ,r qF = F  and ( )1 1 ,r qF = F  satisfy  

2
0 0Ñ F = , 1r >  

     2
1 0Ñ F = , 0 1r£ < . 

It is further given that 

····  ( )0lim , 2 cos 0
r

r rq q
®¥

F - =� �� � . 

····  ( )1
0

lim , 0
r

r r q
®

F =� �� �  

····  ( ) ( )0 11, 1, 3q qF + F = . 

····  ( ) ( )0 11, 3 1,
r r

q q
¶F ¶F

=
¶ ¶

. 

····  . 

b)  Determine expressions for 1F  and 2F . 

( ) ( ) ( )
1

, ln cos sinn n n n
n n n n

n

r A B r C r D r n E r F r nq q q
¥

- -

=

� �F = + + + + +
� �� , 

( ) ( )0
4, 2 cosr r rq qF = - , ( )1 , 3 2 cosr rq qF = +  

 

[solution overleaf] 
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Question 15 

The function ( ),r qF = F  satisfies Laplace’s Equation in plane polar coordinates 

2 2
2

2 2 2
1 1

0
r rr r q

¶ F ¶F ¶ F
Ñ F = + + =

¶¶ ¶
. 

a) Derive the general solution of the above equation, in variable separable form. 

The functions ( )0 0 ,r qF = F  and ( )1 1 ,r qF = F  satisfy  

2
0 0Ñ F = , 1r >  

     2
1 0Ñ F = , 0 1r£ £ . 

It is further given that 

····  ( )0lim , cos 0
r

r rq q
®¥

F - =� �� � . 

····  ( )1 0, MqF £ , M Î � . 

····  ( ) ( )0 12 1, 1, 2q q pF + F = . 

····  ( ) ( )0 11, 1,
r r

q q
¶F ¶F

=
¶ ¶

. 

b)  Determine expressions for 0F  and 1F . 

( ) ( ) ( )
1

, ln cos sinn n n n
n n n n

n

r A B r C r D r n E r F r nq q q
¥

- -

=

� �F = + + + + +
� �� , 

( )0
3

, cosr r
r

q q� �F = -� �
� �

, ( )1 , 2 4 cosr rq p qF = +  

 

[solution overleaf] 
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Question 16 

The function ( ),r qF = F  satisfies Laplace’s Equation in plane polar coordinates 

2 2
2

2 2 2
1 1

0
r rr r q

¶ F ¶F ¶ F
Ñ F = + + =

¶¶ ¶
. 

a) Derive the general solution of the above equation, in variable separable form. 

The functions ( )1 1 ,r qF = F , ( )2 2 ,r qF = F  and ( )3 3 ,r qF = F  satisfy  

2
1 0Ñ F = , 2r >  

     2
2 0Ñ F = , 1 2r< <  

    2
3 0Ñ F = , 0 1r< < . 

It is further given that 

····  ( )1lim , cos 0
r

r rq q
®¥

F - =� �� � . 

····  ( ) ( )1 22, 2, 2cos
r r

q q q
¶F ¶F

= =
¶ ¶

. 

····   ( ) ( )2 31, 1, cosq q qF = F = . 

····  ( )3

0
lim , 1
r

r r
r

q
®

¶F� � =	 
¶� �
. 

b)  Determine expressions for 1F , 2F  and 3F . 

MM4D , ( ) ( ) ( )
1

, ln cos sinn n n n
n n n n

n

r A B r C r D r n E r F r nq q q
¥

- -

=

� �F = + + + + +
� �� , 

( )1
4

, cos cosr r
r

q q qF = - , ( )2
1 4

, 9 cos
5

r r
r

q q� �F = -� �
� �

, ( )3 , ln cosr r rq qF = +  

 

[solution overleaf] 
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LAPLACE’S EQUATION  

 
Three Dimensional in Cylindrical Polars 
 

 

 

 

 

 

 

 

 

 

 

 

 

( )
2 2 2

2 2 2 2
1 1

0, , ,r z
r rr r z

q
q

¶ F ¶F ¶ F ¶ F
+ + + = F = F

¶¶ ¶ ¶
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Question 1 

The potential function ( ), ,V V r zq=  satisfies Laplace’s equation in cylindrical polar 

coordinates, shown below. 

2 2 2

2 2 2 2
1 1

0
V V V V

r rr r zq
¶ ¶ ¶ ¶

+ + + =
¶¶ ¶ ¶

. 

Use separation of variables to show that the radial part of the general solution of 
Laplace’s equation in cylindrical polar coordinates, satisfies Bessel’s equation 

( )
2

2 2 2
2 0

d y dy
x x x n y

dxdx
+ + - = ,  0, 1, 2, 3, ...n =  

proof  

   

 

 

 

 

 

 

 


