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LAPLACE'S EQUATION
1°F  1°F

" Ay

Two Dimensional in Cartesian
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Question 1

The temperature distributioff,(x, y), in a rectangular plate for whidhf€ x £ 2 and
O£ y£1, satisfies Laplace’s Equation

2 2
SIS LY
e 1y
The edges of the rectangular plate are maintaihteedollowing temperatures
T(x0)=0, x1{0,2]
T(x1)=0, xi [0,2]
T(0,y)=0, yi [0,
T(2,y)=30sin( ®y), vyI[0.]].

Determine the temperature distribution of the plate

[You must derive the standard Cartesian solutiohaglace’s equation in variable
separate forrh

T(xy)= 8OSinr‘(Sii9:i;ir( BY)
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Question 2

The function/ 5 (X, y) satisfies Laplace’s Equation

2.
1% T 0.

-7 4+ Y =

™ Ty
where CEX£p andy>0.
Determine an expression fpr(x, y), given further that
J{(x0)=3, xI[0,p]
J(0y)=0, yi[or)

lim / (xy) =0, x1[0p]

jP.y)=0, yi[o¢).

[You must derive the standard Cartesian solutiohaglace’s equation in variable
separate forrh

. _12 : exp-y(2r ) sinx( & )
/ (%) o (2n- 1)°
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Question 3

The function/ 5 (X, y) satisfies Laplace’s Equation

2.
1% T 0.

27 4V =

™ Ty
where CEx£ a and CE y £ b, with a andb positive constants.
Determine an expression fpr(x, y), given further that
J{x0)=0, xI[0,q]
J (xb)=0, xI [0,q]
/ (0,y)=0, yf [0,b]
J(ay)=by- ¥, yi[ob].

[You must derive the standard Cartesian solutiolhaglace’s equation in variable
separate forh

] DX .oy
/(x,y)=8—b§ sinh b(231]) smT(Zr 1
p 1 (2n- 1)”sinh %(2} ]
n=

[solution overleaf]
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Question 4
The functionu = u( x y) satisfies Laplace’s Equation

2 2
ﬂ—‘21+1T—L2‘:o, 0EXE2, OEyEL
. %

Determine an expression far= u( X, y) , given further that

u0,y)=0, u(2y)=0, u(x0)=0, wu(xy= " "

[ T u(xy)= -

n=

2
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Question 5

A square plate of unit length has three of its sikkept at temperatur@ °C, while the
fourth side is kept at temperatusé °C.

In a steady state the temperatuy(ax, y) satisfies Laplace’s Equation

g 12

+

™ fy?

Q

:O,

Solve the equation and hence show that

)= 100 (-9)"

P (2n+1) cosh( 2+ ).B
n=0 2

o3

N

1
2

[You must derive the standard Cartesian solutiohaglace’s equation in variable
separate forrh

proof
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Question 6

The function/ 5 (X, y) satisfies Laplace’s Equation

2.
1% T 0.

_ 4= =

™ Ty
in a rectangular region whefe£ X£3 andO£yE 2.
Itis further given that
J (x0)=0, xI[0,3
J (x2)=0, xi [0,3
/ (0,y)=0, yi[0,2

y

ACH P

yi-[0.]
¥ (19

Solve the equation and hence show that

¥
3
; (3’1)21 sech#( a- ) |
2" p? (2n-1)°
n=1

[You must derive the standard Cartesian solutiohaglace’s equation in variable
separate forrh

proof

[solution overleaf]
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Question 7

The temperatureq:q(x, y) for a steady two-dimensional heat flow in the semi-
infinite region for whichy 3 0 satisfies Laplace’s Equation

19 g

_+_=O'

™"y
subject to the boundary conditions

P(oy)=0, v [o¢)

%(L,y)w' yl [L¥ )

ylgg g(xy) £[M, MT , xi{¥¥% ), yl[¥)

q(x,o):X(LL; N ), f(x)= (90 F(x)= f(x+2L)

Solve the equation and hence show that

q(%"’y)zé’iz 2

n=1

[You must derive the standard Cartesian solutiolh.ajlace’s equation in variable
separate forrh

[solution overleaf]
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LAPLACE'S EQUATION
1°F L 19F 19 %
e v r?qg°

=0, F=F(r.q)

Two Dimensional in Plane Polars
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Question 1

The above partial differential equation is Laplaceqguation in_a two dimensional
Cartesian system of coordinates.

Show clearly that Laplace’s equation in the staddao dimensional Polar system of
coordinates is given by

proof
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Question 2

In a two dimensional universe the gravitatiofalwould satisfy the two dimensional
Laplace’s equation

N2F = 0.

Find a general circularly symmetric solution fer.
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Question 3

The functionF =F (r,q) satisfies Laplace’s Equation in plane polar cauaths

2
1°F L10F L 19F
‘ﬂr2 rqr rz‘ﬂq2

a) Derive the general solution of the above equaiionariable separable form.
b) Hence find a specific solution subject to the ctods

i. F(0,9)=0

ii. F(r,g) is finite for O£ r £a and for allg.

F(r,9)= A+ Binr+ (Cnr”+ Dy’ ”)coan+(Enr”+Fnr' “) simg

n=1

F(r.q)= ésinq
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Question 4

The functionF =F (r,q) satisfies Laplace’s Equation in plane polar coatiis

2
1°F L 19F L 19%
w2 or I r2qg?

a) Derive the general solution of the above equaiimnariable separable form.

b) Hence find a specific solution subject to the ctinds

i. F(0,9)=0

i. F(Lg)= 2cog.

F(r.g)= A+Binr+ (Cnr”+ D ”)coan+(Enr”+Fnr' ”) simg
n=1

F(r.g)= 2 coy
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Question 5

The steady state temperature distributfon F (r,q) in a circular thin metal disc of
radiusl, satisfies Laplace’s Equation in plane polar cowatés

2
TFLAF L ATE

w2 r o or?9g?
Given further thaf (1,¢)= sin 27, determine a simplified expression fi(r,g).

[You are expected to derive the general solutiothefpartial equation in variable
separate forrh

[ | |F(r.g)=r%sinyg
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Question 6

The steady state temperature distributfoa F (r,q) in a circular thin metal disc of
radiusl, satisfies Laplace’s Equation in plane polar cowtks

2
1°F  11F  19F _
w2 r o or?9g?

Given further that

2F (1g)+ '21—':( 1g9)= 106 2cosg,

determine a simplified expression fBr(r,g) .

[You are expected to derive the general solutiothefpartial equation in variable
separate forrh

|

F(r,q)= 50- 3r®cosz

N
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Question 7

The steady state temperature distribution u(r,q) in a circular thin metal disc of
radiusa, satisfies Laplace’s Equation in plane polar cowtks

The top half of the circumference of the disd, §£ p , is maintained at00°C, and
the bottom half of the circumference of the diges g <2p, is maintained ab °C.

Determine a simplified expression fofr,q).

[You are expected to derive the general solutiothefpartial equation in variable
separate forrh

¥ . n
u(r,q):50+@ sSing T
D n a

n=1

Created by T. Madas



Created by T. Madas

Question 8

The functionF = F (r,q) satisfies Laplace’s Equation in plane polar cauatks

2
q

a) Derive the general solution of the above equaiimrariable separable form.
The functionsF ;= F 1(r,q) andF ,=F ,(r,q) satisfy
N?F,=0,1<r<2
N%F,=0, r3 2.
It is further given that

Fi(Lg)=0, F,(29)=1, F,(24)=1 and Ii®rQ F,(r.g)- rcosg= 1.
r

b) Determine expressions fér; andF ,.

¥
F(r.g)= A+Blinr+ (Cnr”+ D ”)comq+(Enr”+Fnr' ”) simg |,
n=1
Fi(r.g)= Int F,(r.g)=1+r cogy- 4 cog
N 2| ’ r

[solution overleaf]
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Question 9

The steady state temperature distributionu(r,qg) in a thin metal disc in the shape
of a circular sector of radiul satisfies Laplace’s Equation in plane polar cowats

Tu,1fu, 1 Pu_

= 0.
w2 rf r?9g?

It is further given thau(r,0) = u(r,%p) =0 and%(q,l) =q.

Determine a simplified expression fofr,q).

[You are expected to derive the general solutiothefpartial equation in variable
separate forrh

¥

u(r,g) =

(- 1)k+1r2k sin( xq)
2k?
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Question 10

The steady state temperature distribution u(r,q) in a circular thin metal disc of
radiusl, satisfies Laplace’s Equation in plane polar cowts

2 2
Tu,1fu, 1 u_
w2 rf r?9g?

q - 3p< q<p

It is further given thati(1,g) =
otherwise

Determine a simplified expression fofr,q).

[You are expected to derive the general solutiothefpartial equation in variable
separate forrh

¥

u(r,q)= %cos(%np)+p—r2]2 sir(%np) " simg

n=1
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Question 11

The steady state temperature distribution u(r,q) in a circular thin metal disc of
radiusl, satisfies Laplace’s Equation in plane polar cowts

Tu,1fu, 1 Pu_

— 0.
w2 W r29g°
- Of gt
It is further given that(1,g) = p-a 7= P
0 otherwise

Determine a simplified expression fofr,q).

[You are expected to derive the general solutiothefpartial equation in variable
separate forrh

¥

rn 1- ¢ 9"
cosyg
on

u(r,q):%+ - sinng +

n=1
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Question 12

The functionF = F (r,q) satisfies Laplace’s Equation in plane polar cauatks

2
q

a) Derive the general solution of the above equaiimrariable separable form.

The functionsF ;= F 1(r,q) andF ,=F ,(r,q) satisfy
N?F,=0, 0<r<1
N%F,=0,r31.

It is further given that

Fi(0.9))e M, M1

lim F,(r,g)- rcosg= 0.

F1(1g)=F »(149).

%}“”*éElﬁm=0

I

b) Determine expressions fér; andF ,.

F(r.g)= A+Binr+ (Cnr”+ D ”)comq+(Enr”+Fnr' ”) simg
n=1

Fi(r.g)= 3 cosg|, [F,(r,g)=r cosc7+?2 cogj

[solution overleaf]
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Question 13

The functionF = F (r,q) satisfies Laplace’s Equation in plane polar cauatks

2
q

a) Derive the general solution of the above equaiimrariable separable form.

The functionsF ;= F 1(r,q) andF ,=F ,(r,q) satisfy
N?F,= 0, r>1
N?F,=0, 0<r <1.

It is further given that

rI|®r§2 Fi(r.g)- rcosg= 2.

F1(19)=F ,(19).

iF4 _TF>
1+—=(19)=—=(19).
g (10) =702 (14)

llc{)no rF,(r,g)- cosg= 0.

b) Determine expressions fér; andF ,.

F(r,g)= A+ Binr+ C,r"+ Dy "Jcosng+(Er"+Fy ") simg
n n

n=1

[ 1 |Fy(r.g)=2+ (r+%) cogy|, [F,(r,g)= 2+ |nr+(r +%) cosy

[solution overleaf]
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Question 14

The functionF = F (r,q) satisfies Laplace’s Equation in plane polar cauatks

2
q

a) Derive the general solution of the above equaiimrariable separable form.
The functionsF y=F 4(r,g) andF,=F ,(r,q) satisfy
N?F,=0, r>1
N%F,=0, 0£r<1.

It is further given that

lim Fq(r,g)- 2rcosg= C.

r®¥

lim rFy(r.q) =0
Fo(L9)+F 1(Lg)= 2
Fo _AllF
—0(19)= 19).
o (1) =37(14)

b) Determine expressions fér; andF ,.

F(r,g)= A+ Binr+ C,r"+ Dy "Jcong+(Er"+F s ") simg
n n

n=1

Fo(r.g)= (2- %)cosq, Fi(r.g)= 3+ 2 coyg

[solution overleaf]
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Question 15

The functionF = F (r,q) satisfies Laplace’s Equation in plane polar cauatks

2
q

a) Derive the general solution of the above equaiimrariable separable form.

The functionsF y=F 4(r,g) andF,=F ,(r,q) satisfy
N?F,=0, r>1
N?F,=0, 0£r £1.

It is further given that

rI|®r§2 Fo(r.g)- rcosg= 0.

F1(0,g)E M, M1
2F o (Lg)+F1(19) 2.

o g =T
o (b9)="0(19).

b) Determine expressions féry andF ;.

F(r,g)= A+ Binr+ C,r"+ Dy "Jcosng+(Er"+Fy ") simg
n n

n=1

Fo(r.g)= r- ? cosq|, |F1(r.q)= 20+ 4 cogy

[solution overleaf]
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Question 16

The functionF = F (r,q) satisfies Laplace’s Equation in plane polar cauatks

2
q

a) Derive the general solution of the above equaiimrariable separable form.
The functionsF ;= F 4(r,q), F,=F ,(r,q) andF 3=F 4(r,q) satisfy
N?F,=0,r>2
N%F,=0,1<r<2
N?F,=0, O<r <1.
It is further given that

rIg@rQ Fy(r.g)- rcosg= 0.

T n=TF2(5,)-
" (2,9) T (2,9) = 2cog.

F2(Lg)=F 5(19)= cogy.

im rJEs -
y@[)no ' qIr (r.q) =t

b) Determine expressions féry, F, andF 3.

[ | |F(r.g)=A+Binr+ (Cnr”+ Dt “)coan+(Enr“+Fnr' ”) simg

n=1

cogy, |F3(r,g)= Inr+r cosg

4 1
Fi(r.q)=r cosg- — cog), Fo(r.g)= :

[solution overleaf]
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LAPLACE'S EQUATION
1°F 19F  19F 9 F
" r T r?99° %
Three Dimensional in Cylindrical Polars

> =0, F=F (r.g.z)
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Question 1

The potential functiorv :V(r,q, z) satisfies Laplace’s equation in cylindrical polar
coordinates, shown below.

2\ 2
RV S\ S YO

Use separation of variables to show that the raokat of the general solution of
Laplace’s equation in cylindrical polar coordinatestisfies Bessel’'s equation

2
x2ﬂ+x$’+(x2- n2) v=0, n=0,1,2,3, ..

dx? dx

proof
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