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Question 1
A thin rod of length2 m has temperature = 20 °C throughout its length.

At time t =0, the temperature is suddenly dropped te=0°C at both its ends at
x=0, and atx=2.

The temperature distribution along the m@x, t), satisfies the standard heat equation

2
T2 12 oexe2, teo.
xs it

Assuming the rod is insulated along its lengthedatne an expression fal( X, t).

[You must derive the standard solution of the hgatigon in variable separate fom
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Question 2

Attime t <0, along thin rod of length has temperature distributioy(x) given by
g(x)=xI- 3.

At time t =0 the temperature is suddenly droppedttC at both ends of the rod,
and maintained a@ °C for t3 0.

The temperature distribution along the r@@x, t) satisfies the standard heat equation

2
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™ a’ft
wherea is a positive constant.

Assuming the rod is insulated along its lengthedatne an expression fm;(x,t)
and hence show that

()" _A°

(2n+2)° 3
n=0
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[You must derive the standard solution of the hgatagon in variable separate fom

2 2,2 _1\2
g(x.t)= 2 . Sexp-ap (22n 1)t Sin—(Zn-ll)px
. (2n-)°p |

[solution overleaf]
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Question 3

The temperature distributioq(x,t) along a thin bar of lengtR m satisfies the
partial differential equation

2
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Initially the bar has a linear temperature disttidm, with temperatur® °C at one
end of the bar wher& =0 m, and temperaturB0 °C at the other end where=2 m.

At time t =0 the temperature is suddenly droppedttC at both ends of the rod,
and maintained ab °C for t2 0.

Assuming the rod is insulated along its lengthedatne an expression fm;r(x,t)
and hence show that

[You must derive the standard solution of the hgaagon in variable separate fojm
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Question 4

The temperatur€(x,t) satisfies the one dimensional heat equation

TIZ_Q = 4ﬂ_Q
x? I’

where x is a spatial coordinate artds time, witht 3 0.

For t <0, two thin rods, of length8v andp, have temperatured °C and100°C,
respectively. At time =0 the two rods are joined end to end into a singkt of
length 4p .

The rods are made of the same material, have petfiecmal contact and are
insulated along their length.

Determine an expression f@(x,t), t3 0.

[You must derive the standard solution of the hgatigon in variable separate fofm

Q(x,t):ZS-%) ' Hle"11nzt sir(%r;o) coé%fnx)

n=1
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Question 5

Solve the heat equation far=u( x t)

2
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subject to the conditions
u(0,t)=0, u(5t)=0 and u(x0)=sinpx- 37sir(%p x)+ 6si(|%p %

[You must derive the standard solution of the hgaagon in variable separate fom

28152
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u(x,t):-37é2%0 ot sir(%px)+ s sifip X+ 6e . s( p%
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Question 6
A long thin rod of lengthL has temperaturg =0 throughout its length.

Attime t =0 the temperature is suddenly raisedat both ends of the rod, at=0
and atx=1L.

Both ends of the rod are maintained at temperakufer t3 0.

The temperature distribution along the r@@x, t) satisfies the standard heat equation

2
Ta_ 199 oever. tso,
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wherea is a positive constant.

Assuming the rod is insulated along its lengthedatne an expression fm;(x, t).

[You must derive the standard solution of the hgatgon in variable separate fofm
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Question 7

A'long thin rod of lengthL has temperaturg =T, throughout its length.

At time t =0 the temperature is suddenly raisedrjoat one of its ends at=0, and
is maintained af, for t3 0.

The temperature distribution along the 1fi,t), satisfies the standard heat equation

2
Vo_1% oexerL, t20,

™" a’ Mt
wherea is a positive constant.

Assuming the rod is insulated along its lengthedatne an expression fm;(x, t).

[You must derive the standard solution of the hgatgon in variable separate fom
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Question 8

The temperature( x t) satisfies the one dimensional heat equation

Tu_

EE,W 0,0£x£E£2
%> 91t

where x is a spatial coordinate ands time.

It is further given that
u(0,t) =0, u(2,)=8, u(x0)=2¥

Determine an expression foi x, t).

, Ul % t) =4x- __ 64 exp- ——— sin
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Question 9

The temperatura(x, t) in a thin rod of lengtlp satisfies the heat equation

2
ﬂ—;‘:iﬂ, 0EXEp, t30,
X

™ 1t
wherec is a positive constant.

The initial temperature distribution of the rod is
u(x,0) :%cos( &), 0EXEP.

Fort3 O, heat is allowed to flow freely along the rod, lwihe rod including its
endpoints insulated.

Show that
2
u(x1) :%e'mc ' cos .
[You must derive the standard solution of the hgatgon in variable separate fofm

proof
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Question 10

The temperaturey(x, t) in a thin rod of length_ satisfies the heat equation
2
Y939 o0exeL, tao.
X

The initial temperature distribution is

where g, is a constant.
The endpoints of the rod are maintained at zer@é&zature fort 2 0.

a) Assuming the rod is insulated along its lengthgl fam expression fog(x,t).

b) By considering the initial temperature mt% , Show that

[You must derive the standard solution of the hgaaton in variable separate fom

¥
_Q 1 . hp no nzpzt . npXx
X t)=—"% — 2Sin — - npcos—  ex sin

n=1

[solution overleaf]
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Question 11

The temperaturey(x, t) in a long thin rod of lengti. satisfies the heat equation

2
ﬂ—zzizﬂ—q, OEXEL, t30),
> a< it

wherea is a positive constant.

The initial temperature distribution of the rod is
g(x,0) = sin p_Lx , 0EXE L.

Fort3 0, heat is allowed to flow freely with the endpoiofghe rod insulated.

Show that
¥
expl - 4a2n2§g 2t) cos( ZHQL x)
g(xt)=2-2 L |
pp an- 1
n=1

[You must derive the standard solution of the hgatgon in variable separate fofm

proof

[solution overleaf]
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Question 12

A long thin rod AB, of lengthL, has constant temperatuge=0 throughout its
length. Another long thin rodCD, also of lengthL , has constant temperature
g =100 throughout its length.

At time t =0 the temperature the en@BsandC are brought into full contact, while
the endsA and D are maintained at respective temperatgre®d and g =100.

Show that, fort 3 0, the temperaturq(t) of the point where the two rods are joined
satisfies

100 ' (9" o a’p?(2n+ )t

Jo, 2n+1 412
n=0

50-

You may assume
ABCD is a straight line
The rods is insulated along their lengths

The temperature distribution along the mpfi,t) satisfies the standard heat
eguation

2
T9_2119 oexeL, t2o,
x= a“ Mt

wherea is a positive constant.

[You must derive the standard solution of the hgaagon in variable separate fojm

proof

[solution overleaf]
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Question 13
The one dimensional heat equation is given by

2
ﬂq:i%’, OEXEL, t30),

wherea is a positive constant, known as the thermal diffity.

a) Obtain a general solution of the above equatiotryogg a solution in variable
separable form.

A long thin rod AB, of length2L , has its endpoints, at=0 and x = 2L, maintained
at constant temperatuge=0 and its midpoint is maintained at temperatgre100,

until a steady temperature distributi@{x) is reached throughout its length.
b) Show that

100
—X

L O£ x<L
Q(x) =
1—(20(2L- x) L< xE 2L
c) Prove that
2L X L b D x
in == dx=(-2)" in — d
|_ Q(x)sin o O (-1 0Q(x)sm o @

At t =0, the heat source which was maintaining the midpaofinhe rod atg =100 is
removed, but its endpoints are still maintainedgatO. The rod is insulated
throughout its length and allowed to cool.

d) Show that fort 3 0, the temperaturq(t) of the midpoint of the rod satisfies

800 1 a%p?(2n+1)°t

proof

[solution overleaf]
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HEAT EQUATION

1°g , 1°g _ 1 fq
™ > a®Mt’

g=q(x y.t)

Two Dimensional
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Question 1

The temperature distributiorzy,(x, Y, t), on a square plate satisfies the equation

quziE, OEXEL, OEyEL, t30.
a’ it

Find a general solution fcry(x, Y, t) , Which is periodic inx and iny.

Define any constants used.

g(x yt)=¢€ I[’2‘32t[Acosqx+ Bsing{ Ccosky Dsinly , p= g+ %
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HEAT EQUATION

Miscellaneous Questions
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Question 1

The smooth functiom = u( x t) satisfies the diffusion equation

a1
d® a?ft’

wherea is a positive constant.

Show by differentiation than(x, t) = Aerf —X_ , Where A is a non zero constant,

2a+t

satisfies the diffusion equation.

You may assume that

erf(z):%p OeX dx.
diw RICKERT

proof
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Question 2

The functionu =u( x t) satisfies the equation

Tu T4
2T a0
Mt o o

subject to the conditions

u(0,t)=0, u(Lt)=0 and u(x0)=1.

Use the substitution( X t) = et w( x,9), with a suitable value for the constdat to

find a simplified expression fau(x t).

Pr. ¥ oexp- (v :I)szt sin( & Jpx
(=2
P 2n-1

n=1
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