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Question 2 (**)
z=5xy- 6X- W 7x 2\

Investigate the critical points of.

saddle point a(- 4, 11)f

Question 3 (**)
A profit function P depends on two variablds andW, as follows.

P(EW)=9E- 2E- 5EW 7W W, E>0,W>0.

Investigate the critical points d? .

S

saddle "point" a{ E W P)=( 1,1)

Created by T. Madas



w

.y
ted by T. a’
uestion 4 (* '

f(xy) - 2% A% Y X\
' Inv itical points df'

L

o0y

@ 0 Looal MNMOME ) MAXIOUS ) OF SABDLE SOISIS ST %=% =0

—la +i-Y=0 i

-2y +\—§=o _J@
= —2(4-W)sl—x =0
= -g+Bxtl-x=0
= Ta=7

= a=~\

= y=o
= ==l

L PO 18 JomSuALY 4 MAx AS
) STy %ﬁﬁ%lmmwut
@ Ghea DA T K A Nk o 4 sasoic o
ii_?i‘ ELAY
M‘L’B\f}) E (£> -

ki

CE-EY =130

<20 A V




w

ted by T.

Ay”

uestion5 (

saddle poi al mini

@ R ﬁm’w; e

OB LoD GATUE (© ey
Ea) Fea
- ouap £

B

S T, = 2= 2o
£4=3¢ SR 5
~aviiof 1057 - wETe g

Yy
2-gy=o

&
eat= g oys b e S
oty eo z A=ty
alae)=0
LE-2)Gmry) =0
A=< -2 °
& < E (e»mr&ﬂ

BACY] 4 Wage)

TS CHOG T g D Gy i Glzz-0)
50, ¢ X .
'Y qu]?_ 2 >o
éfl . iy PSS Mo
i @l‘?: v
| . %
%1L, 7?&11; -5

(%](2%} - <%)Z= oxo @%{%ﬂ)» (g;;) = uxi- ()
= -x%<o = Wh-¥ = l@yo
(000) 1 4 s ot / " (22,-8) B A LookC Uninoy /




uestion 6 (

L &

ical points d‘

‘ saddle point a{-

2= 2uuieg) -tyyiy)

2= Mape iy

e 2

B oy -4 Lo -ouey
%"3: Ay Loy -l % = diex2yy {

ST Folily —s 3}§=%=o

Ao
= = z 45
A+ Biy-nPak <o > WfEse <1-..;
T F Y=o e sod QuaTol Gug 1o - y#o
IF Xool Fie Secoud QuiTiod Gt 4y -8y -falg=0
0= 4 4y~
0= 394y~
(4-py+s ) =0
el
S
Ths 2= y 4= 2= 20 = 1o E{i@‘;
IR R 1C R e el
@ G PL )

-
Z- e

@ Gjoung (1%, -4)
2 sa Bl 5o
2, e 7
%LIQ = 4-8-4=-B <o %17: 46-ul9s 4pan =20
Fe| 2
By-o B 33
GG - - )@ g e

=-l2 <o

~ PEyL0) Mrm% Q4 *m%

e




Created by T. Madas

Question 7 (***)

The function of two variabled is defined as
fxy)oxf®2- Yy 3, xi ,yi

Find the coordinates of each of the stationary tgoof f , wherez= f(x, y) and
further determine their nature.

iz "y

saddle pointat( 1,0)(, [saddle point at(- 3,0)(,

local maximum at(- 4, 24
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Question 8  (***)

The function of two variabled is defined as
f(xy)° 2%+ 6xy- 3y 1505, xi I

Find the coordinates of each of the stationary tgoof f , wherez= f(x, y) and
further determine their nature.

saddle point at( 3,4, 3Q)|( saddle point at(- 3, 4,3())|(,

local minimum at( 5,0, 5()¢, local maximum at(- 5,0,50(
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Question 9 (***+)

The function of three variablet is defined as

f(xy,2° %+ ¥+ 2+ xy x , xI ,yl 1z

Find the stationary value of , including the triple(x, Y, z) which produces this value,
further determining the nature of this stationaajue.

local minimum of- 1 at( 4, 1)(1]
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Question 10 (***+)

The function of three variablet is defined as

f(xy,2° %+ xy y+22+3x2% , xi ,yl 1z

Find the stationary value of , including the triple(x, Y, z) which produces this value,
further determining the nature of this stationaajue.

1
4

. 155 7 8
local minimum of- — at —-,—,
24 3 3
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APPLIED
OPTIMIZATION
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Question 1 (****)

A set of pointsR with Cartesian coordinatds;, y ), 1<i £n, is given.

It is required to find a straight line with equatiy = mx+ ¢, so that the sum of the
squares of the vertical distances betw&eand the straight line is least.

Find simplified expressions for each of the constam andc, in terms ofx, and y; .

n (xy)- (%) (v) ; "
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Question 2 (****)

A set of pointsR with Cartesian coordinatds;, y ), 1<i £n, is given.

It is required to find a hyperbola with equatign:E, so that the sum of the squares
X

of the vertical distances betwe&hand the hyperbola is least.

Find a simplified expression for the constantin terms ofx, andy; .
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Question 3 (****)

A set of pointsR with Cartesian coordinatds;, y ), 1<i £n, is given.

It is required to find a curve with equatign= aln x, so that the sum of the squares of
the vertical distances betweéhand the curve is least.

Find a simplified expression for the constantin terms ofx, andy; .

i=1

Created by T. Madas



Created by T. Madas

Question 4 (****)

A set of pointsR with Cartesian coordinatds;, y ), 1<i £n, is given.

It is required to find a curve with equatign= axX + b, so that the sum of the squares
of the vertical distances betwe&hand the curve is least.

Find simplified expressions for each of the constanandb, in terms ofx, and y; .

n n n
nooxXy - [yl ¥
a=—idL = E '
n X - ¥ X
i=1 i=1 i=1
n n n n
[Y|] X4 - )fz 3(2)/
=il izl =] i1
n X - ¥ X
i=1 i=1 i=1
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Question 5 (****)

The table below shows experimental data connettingvariablesx and y .

—
(63}

10 15 30 70
P 181 158 145 127 107

It is assumed that and P are related by an equation of the form
P=A t,
where A andk are non zero constants.

By linearizing the above equation, and using phdifferentiation to obtain a line of
least squares, determine the valuetofind the value ok .

|A» 250, [k »-0.2
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CONSTRAINED
OPTIMIZATION
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Question 1 (***)
f(xy)=xX+y, xi ,yl
The regionR in the x-y plane is a circle centred ft1,1) and of radiusl.

Use partial differentiation to determine the maximand the minimum value of ,
whose projection onto thg-y plane is the regiomr.

]:l’ fmax:'f-)""Z\/_2 + | fmin =3- 2\/_2
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Question 2 (***)
f(xy)=(x+)y, xI ,yl ,y>0.

Find the value ofx and the value ofy which maximizes value of , subject to the
constraintx+2y=11.

(7.2
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Question 3 (***)

The regionR in the x-y plane is the ellipse with equation
2x% + xy= 2y’ =15.

The surface with equation= f(x y) is given by

f(xy)=xy, xI vyl

Determine the maximum value df and the minimum value of , whose projection
onto thex-y plane is the regioir.

Give the corresponding and y coordinates in each case

fnax =3 at (\/?Bx/_S) or(-\/_?r,\/_:), fnax=-5 at (\/_5\/_5) or( \/_5«,/_3
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Question 4 (***)

A scalar fieldF exists on the surface of the sphere with Cartestgmtion

X+ Y2+ 2=

ool

Given further thatF :x2+y+z, determine the maximum value & and the
minimum value ofF .

I:max: ) I:min

N

=-1
2

Created by T. Madas



Created by T. Madas
Question 5 (***)

f(xy)=X+ Y+ X+, xI vyl

Find the value ofx and the value ol which minimizes value off , subject to the
constraintx+ y=1.

—_—
N
Nl
N —

Created by T. Madas



Created by T. Madas

Question 6 (***+)

Determine in exact form the shortest distance ef ubint(l,zq from the sphere
with equation

X2 + y2+ Z=1.

imin :\/1_4' 1
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Question 7 (***+)

A water tank, in the shape of a cuboid, is to heeapacity oflL m?3.

Sheet metal is used for the construction of the&.tarhe sheets are of uniform
thickness but the density of the metal used forlithes half the density of the metal
used for the rest of the tank.

Use Lagrange’s constrained optimization method Howsthat the minimum total
sheet metal to be used is exatﬂﬁ(/é m?2.

proof
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Question 8  (***+)
f(xy,2=X+ ¥+ Z
Determine the minimum value &f , subject to the constraints

Xx+y+z=3 and x- 2y z= 1.

fmin

ol
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Question 9  (***+)
F(xy,2)= 2+ ¥+( z 2)°.

Determine the minimum value &% , subject to the constrai= xy.

I:min =3
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Question 10 (***+)
The pointsP andQ lie on the intersection of the sphere and cylingigh respective
Cartesian equations

x2+y2+22=9 and x2+y2:8

The position ofP is such so that the distance &f from the point(5,5,3 is least.
The position ofQ is such so that the distance §f from the point(5,5,3 IS greatest.

Determine the coordinates d? and the coordinates @).

Give the corresponding distance frdf 5,5 in each case.

Amin =34, P(2,2,3], |dmayx =134, P(- 25 2}
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Question 11 (****)

The functionF is defined in cylindrical polar coordinatés,q,z) as
F(r,g,z)=r*+sin*q-z, r30,0£qg<2p
Determine the minimum value and the maximum valu€ ¢ subject to the constraint

z= 2rzsinq- 1

N

I:min =-1, I:max
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Question 12 (****+)

A brick is made so that
the sum of the lengths of all of its edgegs

the sum of the area of all of its face2¥

Use differentiation to find the maximum volume bétbrick.

1000
27
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APPLICATIONS
TO O.D.E.s

Created by T. Madas



Created by T. Madas

Question 1 (***)

Find the solution of the following differential eggion

dy_1- 3%y
dx x3+2y,

subject to the boundary condition=1 at x =1.

x3y+ yz- x=1
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Question 2 (***)

Solve the differential equation

dy 2xy+6x

dX_4y3- 2

subject to the boundary condition=1 at x =1.

Created by T. Madas

X2y+3x%- =3
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Question 3 (***)

Find a general solution of the following differaaitequation

dy_y(yz- 3%+ 1)

dx x(xz- 3y*- 1) '

xy(x2- v 1): constar{t
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Question 4 (***)

Solve the differential equation

4e2*- y( 2% ?

dx e2X+ x

dy_

subject to the boundary condition=2 at x=0.

26X

X+ x
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Question 5 (***+)

Find a general solution of the following differaaitequation

dy _ COsx cosy+ sifi X
dx sinxsiny+ cody

sinxcosy-%r(sin% sin 3)+ —%(x Y& constg
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