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Question1  (*¥)
Find a general solution of the differential equatio

d’y_ . dy
——+5—2+6y =12 x+ &).
oé  dx 2( )

[ Ti|y=Ae¥+Be®+é+ -3

Question 2 (*¥)
Find a general solution of the differential equatio

d?y . dy
2462413y =134 - x+ 2%
dé  dx ¥

ly=e(Acosx+BsinX+ ¥- » [
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Question 3

(**)
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Find a solution of the differential equation

2
a7y ,dy,

dx? dx

2y= 10sinx,

subject to the boundary conditioys= 6 and% =5 atx=0.

[

y=2e+ &€+ 3cox + SiX
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Question 4 (**)
Find a general solution of the differential equatio

[ 1. [y=(av2) v Be?
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Question5  (**)
Find a solution of the differential equation
d2y

dy .
—— - 3—+ 2y= 20sin X,
o2 Cax

subject to the boundary conditioys=1 and% =-5atx=0.

y=3cosX- sinx & H#

Question 6 (**)
Find a general solution of the differential equatio

d’y dy .2
_— =2 12 @’5 e<X|.
d¢ dx ¥ ( )

y =(A+4x) e+ Be*- 3
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Question 7 (**)

2
M+y=sin2x, with y=0, %’:o atx=
X

dx?

Show that a solution of the above differential a&eun is

= %cosx( 1= sinx).

proof
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Question 8  (**+)

with y=3 andﬂ:-z at x=0.
dx

Show that the solution of the above differential&upn is

y=2€"+(1- ) &**.
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Question 9  (**+)

Find a general solution of the differential equatio

dx?
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Question 10  (**+)
Find the solution of the differential equation

d?y  dy

Z X ooy +3,
dxé - dx
dy _

subject to the conditiong =2, o 5atx=0.
X

y = + X- 4+ 6€ X
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Question 11 (**+)
Find a solution of the differential equation

2
d y+2$l

+5y =34cos X,
2 o

subject to the boundary conditiorys=18 and% =0 atx=0.

y:2(8e' X+ ]) cos+ 8sing
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Question 12 (**+)
The curveC has a local minimum at the origin and satisfiesdlfferential equation

d’y . dy
— 2 +4=248y =32¢.
dx® dx y

Find an equation fo€ .

y =e*(sin2+ cos &) +( X- )1_2
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Question 13 (**+)

2
%(+9x+125in3= (t30,

with x=1, 2(=2 at t=0.
dt

a) Show that a solution of the differential equatien i
x=(2t+1) cos3.
b) * Sketch the graph of.

proof
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Question 14  (**+)

d?y  dy
— Y414y =16+ 328%,
dx® dx y

with y=8 andﬂzo at x=0.
dx

Show that the solution of the above differential&upn is

y=8(:osf? X.

proof
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Question 15 (**+)
d2y

dy o
— 2 ok KPy=12xe&%, k>0
oty ax T

a) Find a general solution of the differential equatgiven thaty = P e,
where P is a constant, is part of the solution.

b) Given further thaty =1, %’ =0 at x=0 show that
X

y:ekx(2x3- ko ])

y=ekx(2x3+Ax+B)
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Question 16 (**+)
Show that the solution of the differential equation

d’y _dy
—2- 82+ 16y= 24€&%,
o2 Cax Y

subject to the boundary conditioys= - 1, S—y =-4 at x=0, can be written as
X
y:(12x2- 1) .

proof
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Question 17 (***)

d?y _dy
— 2. 62+ 9y= 4€%.
dx? dx y

a) Find a solution of the differential equation givibat y =1, %’ =0 atx=0.
X

b) Sketch the graph of .
The sketch must include ...

the coordinates of any points where the graph nibetsoordinate
axes.

the coordinates of any stationary points of thereur

clear indications of how the graph looks for lapgesitive or negative
values ofx.

y=e3x(2x2- 3x+ ])
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Question 18  (***+)

The curve with equatiory = f(x) is the solution of the differential equation

d?y  dy .
——=- 4—+ 4y= 8sin X.
dx? dx y

The first two non zero terms in Maclaurin seriepansion of f(x) are x+ ke,
wherek is a constant.

Determine in any order the value bfand the exact value of (%p)

[ 1. k=2, |f(1p)=4(30- 4 &’
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Question 19  (***+)

The functiony = f(x) satisfies the following differential equation

d’y _dy X[ o
—=-2—+ 5y=.2e7(sinX- 2cos¥,
dx? dx y ( 2)

subject to the boundary conditioys=0, dy =2 atx=0.

Solve the differential equation to show that

y =coshx sinh X.

No credit will be given for verification methods
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2N\° ORDER or HIGHER
CAUCHY EULER TYPE
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Question1  (*¥)
Find the general solution of the following diffeteh equation.
2 d2X dx

4% =S+ &—- x= 0.
dt dt

Question 2 (**+)
Find the general solution of the following diffetith equation.
2d%y

dy
@’ —2+4—2+y=0.
dt? at

y=Pcos I/t +Psin In/t
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Question 3 (***)

d’y ,_dy

2

Xc—=-2x—= 4 9)&3
dx® dx ¥

Determine the solution of the above differentiab&ipn subject to the boundary
conditions
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Question 4 (***)
Find the general solution of the following diffeteh equation

2
207y oy Y n(n+ 1) y= 0.

X
dx® dx
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Question 5 (***+)

Given thatifx=¢€' andy = f(x), show clearly that ...

a) ... xd—y:y.
dx . dt

b) de_zyzﬂ/_ iy
d®  d?  dt

The following differential equation is to be solved

2
XZM - 3x$l+

4y= 2Inx
o2 Tax
subject to the boundary conditiory;% %’ =g at x=1.
X

c) Use the substitutiox=€' to solve the above differential equation.

y :%+—%(2x2 +1) In X
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Question 6 (***+)

d?y dy

3 2

X' ——=- 2X"—- 4xy¢ 5.
dx? dx ¥

Find the solution of the above differential equatsubject to the boundary conditions
y=4, 0|—:20 at x=0.
dx

y=5x"- %(1+ In %)

Created by T. Madas



Created by T. Madas

Question 7 (***+)

Find the general solution of the following diffeteh equation.

dty 2d3y_dy 1dy

0, x>0.
dx* de3 ><2d>(2 dx

ml

D

y = Aln x+ BX + CXIn x+ D
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Question 8  (***+)

The curve with equatioty = f(x) satisfies

2
XZM+5xy+13y: 0, x>0.

dx® dx

By using the substitutionx = €', or otherwise, determine an equation jor f (x) :

given further thaty =1 and%/ =-2 atx=1.
X

coq 3Inx
, - cos(3in]
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Question 9

(***+)
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d?y

XD 8x$/+ 9y= 0, x>0.

dx? dx

3
Use the fact thayy = Ax2 satisfies the above differential equation, to fihe full

solution subject toy =4 and 3— =10 at x=1.
X
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Question 10 (***¥)
Find the general solution of the following diffetith equation.
dy . 2d’y_ dy

=2+ 2% —F +x—2 - y= 2%, x>0.
ax

dxC @

[ lily=Ax+ Bcog( In ¥ + Csir( In} + xIn X
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Question 11 (***¥)

Use variation of parameters to determine the sigesiblution of the following
differential equation

2
2d%y _ dy
Xc—= - 7Xx—=+ 16y= 16Inx,
o ax
given further thaty:%, % =2 atx=1.
X
-1 4
y—2+(1+x )Inx
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2N ORDER ODEs
WITH MISSING
INDEPENDENT
VARIABLE
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Question 1 (****+)

The curveC, has gradien% at the point with coordinate(stn 2%) and satisfies the

differential relationship

d?y _ dy 1
o2 g V<D

Find an equation fo€, giving the answer in the forrg = f(x) .

eX

y

Tlr e g e

sechx

N
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Question 2 (****)

Use appropriate techniques to solve the followiiffgiential equation.

d?y

dx?
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Question 3 (****+)

The curveC, has a stationary point @D 2) and satisfies the differential relationship

d?y 4

Y

a) Given further thatg—y3 0 alongC, determine a simplified expression for the
X

Cartesian equation ot .

b) Verify by differentiation the answer to p4&).

y - x=4
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Question 4 (****+)

The curveC, has a stationary point @4) and satisfies the differential equation

d?y 2

y_2
e 2 Y

a) Given further thatg—y3 0 alongC, determine a simplified expression for the
X

Cartesian equation ¢, giving the answer in the form= f(y).

b) Verify by differentiation the answer to p4&).

X = 4arcosf(%\/§/) +J V- 4
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Question 5 (****+)

The curveC with Cartesian equatioth (x, y) =0, satisfies the differential equation
(L- y) o2 (2 y)(y)8.

It is further given thaty(0) = 0 and y§0) =1

a) Determine a simplified expression for the Cartegiguation ofC.

b) Verify by differentiation the answer to p4a).

x=vye Y
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Question 6 (*****)
The function with equatiory = f (x) satisfies the differential equation
d2y 1 dy 2

dy
—2-= =2 =2yIn3, 0)=1, —Z(0)=2In3.
d y dx yin3, ¥(0) dx( )=2in

2
Solve the above differential equation to show that3* 2,

, |proof
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Question 7 (*****)

The curve with equatiory = f (x) satisfies the differential equation

d?y _ . - dy
2 -6y +ay, 230,
dx? R AR

If y=3, %’ =12 at x=- %In 3, solve the differential equation to show that
X

y= COSECﬁ X.

proof
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Question 8  (*****)

The curve with equatiory = f (x) satisfies the differential equation

d?y _ dy?
a7y, W gy
e Sax Y

Given further that the curve has a stationary palr(t%,—i), solve the differential

equation to show that

y=xX+x+3.

proof
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Question 9  (*****)

The curve with equatiory = f (x) satisfies the differential equation

d’y | . dy
—+e7Y=0, —230.
dx? dx

If y=0, %’ =-1latx :%p , solve the differential equation to show that
X

y=In(1- cosx).

, |proof
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Question 10 (*¥****)
The curveC, has gradient at the origin and satisfies the differential riglaship

y,/l 2y= (3y- 2, y<i.

Find an equation fo€, giving the answer in the forng= f (x).

_sinx
1+ sinx

=(secx- tarx) tary
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Question 11 (*¥***¥)

The curveC, has gradien% at the point with coordinate(i,%) and further satisfies

the differential relationship
d?y 2 dy
2y? =2 +(2y+ -1)"—= ¢, 1 0.
Y dx? ( Y ])(y ]) dx y

Find an equation fo€, giving the answer in the form = f(x) .
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2N ORDER
BY
SUBSTITUTIONS
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Question 1 (***)

2

d’y _ dy dy
oy Y gy M 2= LY yio,
Voo Vad 1= 5 Y

Find the general solution of the above differentiaduation by using the
transformation equatioh= \/9 :

Give the answer in the forng= f ().

y= ( Ae®*+ Bxez")2
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Question 2 (***)

The differential equation

2
xu+2ﬂ:3x, x1 0,
dx’  dx
. : .3 dy_1 _
is to be solved subject to the boundary condltlgmssE dx 2 at x=1.
X
a) Show that the substitutiong—y, transforms the above differential equation
X
into
g’+é’ =3.
dx x

b) Hence find the solution of the original differemtgguation, giving the answer
in the formy = f(x).

y:1 N
2 X
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Question 3 (***)

The curveC has equatiory = f(x) and satisfies the differential equation

2

2d%y dy

x2—2_ox=L 2y[2)¥ 3 &, x1 0
dx? dx y( # X

is to be solved subject to the boundary conditigmsg , %’ =% at x=1.

X

a) Show that the substitutiog = xv, wherev is a function ofx transforms the
above differential equation into

d?v
— - 4v= 3¢€.
dx?

It is further given thaC meets thex axis atx=In2 and has a finite value foy as
X gets infinitely negatively large.

b) Express the equation & in the formy = f(x).

xe?*- xe&

<
I
N
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Question 4 (***+)

The differential equation

2
(x3+1)ﬂ- 32 W 5 43
dx? dx

is to be solved subject to the boundary conditigrs0, 3— =4 at x=0.
X

Use the substitutiong—y- 2x, whereu is a function ofx, to show that the
X

solution of the above differential equation is

y= x> +4x.
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Question 5 (****)

Z—;'- (1- Gé‘)% 10 8 5@ si(1 zxe).

a) By using the substitutiom =Int or otherwise, show that the above
differential equation can be transformed to

d’y _dy .
—=+6—+10y =5sin 2.
dt2 dt Oy

b) Hence find a general solution for the original eliintial equation.

[ ] |ly=e? Acos( é)+Bsi|(| é) +% si(1 2%—% c()s é)(%
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Question 6 (***+)

Solve the differential equation

subject to the boundary conditioys= 2, %’ =-latx=1.
X

2%

T 2x

e"+X
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Question 7 (***+)

d?y dy
X—=+(6X+2)— +9xy= 27x- 6\.
v G i )

Use the substitution = xy, whereu is a function ofx, to find a general solution of
the above differential equation.

[ ] |y=2e¥+pe¥+32
X

X
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Question 8  (***+)

d’y dy
— 2. 2 7tanx ysebx
dx® dx y

The above differential equation is to be solvealsubstitution.

a) If t=tanx show that ...

oAy dy e
dx dt
d?y d?y

i sed x + Zd%yse%x tam

Sy Rt

b) Use the results obtained in péaj to find a general solution of the differential
equation in the formy = f(x).

’—;, y= Aetanx+ Be tanx
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Question 9  (***+)

Show clearly that the substitutiar= sin x, transforms the differential equation

2
MCOSX + ﬂl

dx? dx

Sinx - 2yco§x= 2cOsx,

into the differential equation

2
%- 2y= 2(} z2)

proof
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Question 10 (***+)

By using the substitutioz =%’, or otherwise, solve the differential equation

X

2
(x2 +1)M+2xy: 6X° + 2,
dx® dx

dy_

subject to the conditiong=0, y=2, r
X

y = X2 +2 +arctanx
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Question 11 (***¥)

Use the substitutioz =/y, wherey = f (x), to solve the differential equation

2 2
d_y+1 y - E/+ 2y: 0,
d@ y dx dx

subject to the boundary conditioys= 4 %’ =44 at x=0.
X

Give the answer in the forng = f(x).

y=9e°*- 6&+ e
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Question 12 (***¥)

2 1
2xu+ 1- 3x? E’+ y= 0.
dx

dx?

The above differential equation is to be solvealsubstitution.

1
a) Giventhaty= f(x) andt=x2 , show clearly that ...

dy_1dy
Todx 2tdt

o diy_1.d'y 1 dy
S dd 4 dt® atdt

b) Hence show further that the differential equation

2 1
2Xd_y+ 1- 3x2 Q+ y= O'
dx

dx?

can be transformed to the differential equation

d?y _dy
=Y 379 oy=0.
dt2 dt y

c) Find a general solution of tlegiginal differential equation, giving the answer
in the formy = f(x).

y= Ae*/;+ Bez‘/;
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Question 13 (***¥)

Show clearly that the substitutia= y2 wherey = f (x) , transforms the differential
equation

2 2
M+£ E’ - 5$/+ 2y: 0,
dx® y dx dx

into the differential equation

d?z dz
—F - 5—+ 4z=
dx®  dx

proof
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(****)

Question 14

1
Given that ifx=t2 , wherey = f(x), show clearly that

The following differential equation is to be solved

d?y dy
x—2 - (8x2+ 1)=2+ 123 y= 12%,
a2 ( )dx ¥

. .10 d?y _ _
subject to the boundary COI‘IdI'[IOIySZE, d_x2 =10 atx=0.

1
c) Show further that the substitution=t2, wherey= f(x), transforms the

above differential equation into the differentiguation

2
Y4 Y, 3y a2,

dt>  dt
d) Show that a solution of theriginal differential equation is
Y= + & +x2 +%.

proof
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Question 15 (****)

2
dy. ZEI cotx+ 2ycose%x= 2co8  2cds.

dx*  dx

Use the substitutiory = zsin x, where z is a function ofx, to solve the above

differential equation subject to the boundary ctods y =1, 3— =0 at ng.
X

Give the answer in the form
y = asin® x+ b(1- siny) sin2,

wherea andb are constants to be found.

[
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Question 16 (****)

Y b oy
L = 0.
o ax

1
Use the substitutiox = z2 , wherey = f(x), to find a general solution of the above
differential equation.

2

’ [ 1, y=Ae%X2+ Be 2 + ¥
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Question 17 (****)
Use a suitable substitution to solve the differdrgguation

2d2y 2
X°—=-6y= 2- 2Inx Inx)~,
2 o g Inx)

subject to the boundary conditiory§1) =1, %’(1) =3
X

Give a simplified answer in the formp= f(x).

[ Lly=x+(n x)2
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Question 18 (****)
Use a suitable trigonometric substitution to sahefollowing differential equation

d? d d
(1- xz)ﬁ XEYF ¥ 0, y(0)=1 d—i(o):4

y =3x- coq arcsirx)
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Question 19  (***¥)

2 2
4Xd_y+ 4x y + Ziy: .
dx? dx dx

By using the substitutioh=+/x , or otherwise, show that the general solutionhef t
above differential equation is

y=A- Jx+ In 1+ B&* |

where A and B are arbitrary constants.

|, [proof
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VARIOUS TYPES
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Question 1 (**+)
Find the general solution of the following diffeteh equation.
d4

Y 09 4 o
dx* dx /

IV = Acod x+ Bsih X

Question 2 (***)

Solve the differential equation

d_2y+2$/:

dx>  dx

given thaty:-% and j—i=l at x=0, giving the answer in the form = f(x).
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Question 3 (***+)

Solve the differential equation

d?y , dy’
—+4 —= =1,
dx? dx
given thaty =0 and %’=% at x=0, giving the answer in the form= f(x).
X
_L, Lr2e
3
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Question 4 (***+)

2 2
M+ Q =1.
dx®  dx
. _dy _ _
Given thaty—d— =0 at x=0, show that
X

y=-x+ In %(1+ ezx) :

proof
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Question 5  (***+)

The function with equatiory = f(x) satisfies the differential equation

d?y 2 dy dy
Rl 1- =2 y(0)=1, ZX(0)=
e 1 a0 YO (0)

Solve the above differential equation giving thevaer in the formy = f (x) :

y=x+1+In|2x- 1
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Question 6 (****)

XZZ_Xz x—- (%+ 1?) =

The above differential equation is known as moditdessel’'s Equation.

Use the Frobenius method to show that the genedakien of this differential

equation, forn = % is

y= x'%[ Acoshx+ Bsinhy.

proof
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Question 7 (****)

Use the Frobenius method to find a general soluta@nan infinite series, for the
following differential equation

d’y . dy
2
4x W' 4X$(+ (3’ 4)(2)y: C.

Give the final answer in terms of elementary funrcs.

y =+/x( Acoshx+ Bsinhy)
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Question 8  (****)

Find the solution of following differential equatio

dy d?y _ Py

dx o dd’
subject to the boundary conditions.
(3ol Bk o vk d

Given the answer in the form= f(x).

[ . ly= 2In‘se&<% X+%fp)‘
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Question 9  (****+)

Nl

).

The rate of change of the gradient function ofdhere is given by

A curve has a stationary point (at%,—

X+y+2,
wherex+ y+2 >0.

Determine the equation of the curve, giving theagran the formy = f(x) .

[ 1 ly=e“2-x 2
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Question 10 (****+)

Solve the following differential equation

d?y  dy? dy dy 1
S+ I oy oo, y(0)=2, ZX(0)=-1.
o2 T ax TWac 0 0=2 g (0)=-3
Give the answer in the forng® = f(x).
[ 1

y2=3+e-2x
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Question 11 (****+)

By writing %’ = p and seeking a suitable factorization find a gdrssfation for the
X

non linear differential equation

dy *_dy ®- ¥
dx dx  xy

Give the solution in the fornfF (x, y) G( x ) = 0.

(xy+ A)( Y s E%: 0
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Question 12 (****+)

By writing %’ = p and seeking a suitable factorization find a gdrssfation for the
X

non linear differential equation

2
dy dy_ 2
—  +y—=X"+Xxy.
dx 7 dx d

Give the solution in the fornf (x, y) G( x y) =0.

(2y- yan A)(XI- v ¥ Be'x)z q
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Question 13 (*¥***¥)
A curve C is described implicitly by the equation

xy? =¢e.

a) Show, by a detailed method, that

e e

b) Use an analytical method, with suitable boundargd@mons, to obtain the
equation of C by solving the above differential equation.

, , |proof
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Question 14 (*¥***¥)
Find a general solution of the following differential equation.

dy
y= Xﬂ+eﬁ,
dx

[ L {(y+Ax+B(y- sn % C¥=0
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