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Question 1 (***)
a) Write down the first two non zero terms in the enxgans ofsin 3x and cos X.
b) Hence find the exact value of

3xcos X- sinX
x® 0 3)(3

Sin3x » 3(%)(3 cosX» + 4|, |-

N

Created by T. Madas



Created by T. Madas

Question 2 (***)

Use standard expansions of functions to find tHeevaf the following limit.

) cosik- 1
im — .
x®0 © XSsinXx
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Question 3 (***)

Use standard expansions of functions to find tHeevef the following limit.

.5 1
im ——— .
x® 0 Sin4x.sin X
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Question 4 (***)

Use standard series expansions to evaluate tloavialy limit.

lim Xx-

X®¥

Question 5 (***)
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By considering series expansion, determine theevafuhe following limit.
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Question 6 (***+)
Use standard expansions of functions to find tHeevaf the following limit.

cod X- 1

lim >

x® 0 X
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Question 7 (***+)
Use standard expansions of functions to find theevaf the following limit.

_In(1- x)
lim ——5—+cosex .
x®0  sin® X
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Question 8  (****+)

Use standard expansions of functions to find tHeevaf the following limit.

im X2+ 2x+ 4 - 2

x® 0 X

No credit will be given for using alternative metiscssuch as L’ Hospital’s rule.
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LIMITS BY
L'HOSPITAL
RULE

Created by T. Madas



Created by T. Madas

Question1  (*¥)
Find the value of the following limit

. XCOSX
lim —m
x®0 X+arcsinx
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Question 2 (**+)

Find the value of the following limit
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Question 3

(***)
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Find the value of the following limit

Question 4

(***)

. cod X- 1
lim 55— .
x® 0 X

ton snb= 6 - T 8
X

- Lo [ L] 1 T o]
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Find the value of the following limit

. cosx- 1
im — .
x®0  XSinX
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Question 5 (***)

Use L'Hospital's rule to find the value of the dolling limit

’ tanx- x
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Question 6 (***+)

Show clearly that the following limit convergesto

lim ¥x

X®¥

You must justify the evaluation.
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Question 7 (****)

If pT (0¢ ), show that

lim “xPInx =0, xI (O¢ ).
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Question 8  (****)
Find the value of the following limit

. B¢ 1
im ————— .
x®0 Sin4x sin X
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(****)

Question 9
Find the value of the following limit
- sinx
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Question 10 (****+)

Find the value of the following limit

. sin(p cos x)
lim SGFog—
Xx® 0 X
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Question 11 (****+)

Find the value of the constakt given that

x2+(k-2)x- 2k tar(x 3
lim = =5,
x® 2 X-4x+ 4
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Question 12 (****+)

Show with detailed workings that

a bx
im - 1+2 = e
X®¥ X
1
| |, |proof
- ey = b‘i"‘x [ '70%72—7] Wl
- Lu [(v2)™] - 4
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Question 13 (*¥***¥)
Find the value of the following limit

. sin®x- tarf x
lim —
er - (x-p)

Question 14 (¥+++)

L= lim —4—  a>0.
x® 0 X

Given thatL is finite, determine its value.
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Question 15 (*¥***¥)
Find the value of the following limit

y

. 1 .
lim — sin®x dx .
y® 0 y 0
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VARIOUS
LIMITS
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Question1  (*¥)
Find the value of the following limit

. 3%+ 7x- 1
lim —— .
X®¥ X°+5

Question 2~ (**)
Find the value of the following limit

) - x%- x 2
im ——
xX® 2 X- 2
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Question 3 (**+)

Find the value of the following limit

; 1 1 1
lim —-= ——
x®3 X 3 X-3
Sl
9
@ g - &
[(=-£)(
Question 4 (**+)
Given thatn is a positive integer determine
x" e
lim
x®0 1- &
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Question 5 (***)

Find the value of the following limit

. x3-8
lim )
x®2 X-2

You may not use the L’ Hospital’s rule in this glos

Question 6 (***)

Find the value of the following limit.

lim Vx+5-x .

X®¥
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Question 7 (***)
Find the value of the following limit.

lim xyx@+1-3x3+1 .

X®¥
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Question 8  (***)

The Fibonacci sequence is given by the recurremeeula
Upo =Upyg + Uy, U =1, u, =1,

It is further given that in this sequenite ratio of consecutive termsconverges to a
limit 7, known as thé&olden Ratio

Show, by using the above recurrence formula, tha%(lh/g).
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Question 9  (***+)  Limits

Evaluate the following limit.

. 1 1
im —- =
xX®0 XJ1+X X

You may NOT use L’Hospital’s rule in this question
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Question 10 (***+)

f(n):222n, nl and f(n)leOOlOOd], ni
Determine whether or naim g ( n) exists.
ne¥  f(n)
im 90 S
ne¥  f(n)
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Question 11 (***+)
Show clearly without the use of any calculating thiak

\/6+\/6+ 6+ 6+ ... =k,

wherek is an integer to be found.

Question 12 (***+)

\/x+2+\/x+2+\/x+2+\/x+2+«/ X+2+...,

It is given that the above nested radical convetgeslimit L, L1

Determine the range of possible values<of

@ T W ey T F - b-lac Do
= e i) S0
= | 4 i(x2) 2o
= 4+l +8 Do
L >-9
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Question 13 (***+)

%/4+ Far S ar A 2 A &5 .

Given that the above nested radical convergestrdete its limit.

| , [L=2]
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Question 14 = (***%)
Find the value of the following limit

You may not use the L’ Hospital's rule in this question.
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Question 15 (****)
Find the value of each of the following limits.

_1-x
a) lim .

x®1 1- X

) fim SN
x®0 SINX

You may not use the L’ Hospital’s rule in this question.

Question 16 (****)
Find the value of the following limit

| NX+4-2
lim ————— .

x®0  x(x+1)

You may not use the L’ Hospital’'s rule in this question.
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Question 17 (****)
The function f is defined as

f(x)°\/x+\/x+\/x+1/x+\/x+—... , xI (0¢ ).

Determine the value of

v e T e
HG= A xedx e fas T =rs xeR 2>
SN (ONUNEENCE T 4 UwT L, L > O
= L =Jxs
"
G B
AT+ NN
= L= x 1L

‘m»u; O e
3

.
. o I
AR R N C N P

Created by T. Madas



Question 18  (****+)
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Find the value of the following limit

Question 19 (****+)

lim \/x2+5x- X .

X®¥

1.
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Find the value of the following limit
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Question 20  (****+)

Use two distinct methods to evaluate the following limit

. Ix- 2
lim 55— .
x®8 X“- 9x+ 8

Question 21 (****+)

Find the value of the following limit

i (8+cosx)( + cosR) |
x®0 Xtan 3x

You may not use the L’ Hospital’'s rule in this dies
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Question 22 (****+)

Use two distinct methods to evaluate the followlingt

im Vi + x+3 - 2+ 4

x® 1 x2- X

V10
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Question 23 (****+)

Find the value of the following limit

_ ¥Yx-2
lim )
x®8 X-8

You may not use the L’ Hospital’s rule in this digs

1
12
Question 24 (****+)
By considering the limit of an appropriate functmw that0® =1.
proof
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Question 25  (****+)

Find the value of the following limit

im JX- 2+ x%- 3% 2
X® 2 \/XZ_ 4 '

You may not use the L’ Hospital’s rule in this dices

1
2
Question 26 (****+)
Find the value of the following limit
_ Ix?-25 Jx 5
lim .
®5  x3-125
You may not use the L’ Hospital’s rule in this digs
J10- 1
V60
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Question 27  (****+)

Find the value of the following limit

im Vx2"-x"- x"  ni

X®¥
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Question 28  (****+)

Find the value of the following limit

. 1
lim 1+—+—2
X®¥ 5 X
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Question 29  (****+)

Use two distinct methods to evaluate the followingt.

o JIx+3- 20x
im ————= .
x®1 \/;-1

1
Nolw
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Question 30  (****+)

Use two distinct methods to evaluate the followlingt

lim vn%+3n-n .

n®¥

You may not use the L’ Hospital’'s rule in this dies
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Question 31 (****+)
f(x)=v1+x*, xi

Use the formal definition of the derivative asraiti to show that

X

V1+ %2 |

fx)=

proof
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Question 32 (****+)

F(x)=——a—, xI , [¥>1.
x2-1

Use the formal definition of the derivative asraiti to show that

proof
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Question 33 (****+)

100
1

100 =
f(x) © 300, 10100 1(x+ r), xi
r:
Use a formal method to find
lgg f(x).
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Question 34  (****+)

Find the value of the following limit

1- cos(xz)
im ———~ .
x®0  x°tan® X
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Question 35  (*¥***¥)

f£(x)= /%, X [x<L.

Use the formal definition of the derivative asraiti to show that

1

qu):-m.
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Question 36 (*****)
Solve the following equation over the set of reanters.

ax
. X+a
lim = {e?.

X®¥ X-a

You may assume that the limit in the left hand siithe equation exists.

You must clearly state any results used in thetwwiu

I+

|
Nl
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Question 37 (****¥)
It is given that for some real constamstsandb,

lim Vx%-2x+ 2- (ax B = 2, xI , x>0.

X®+¥

Determine the value od and the value ob.

la=1], [b=-3
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Question 38 (*****)
Determine the exact value of the following limit.

lo+h .
im L7 sinx o
h®0o h X

34

You must justify the evaluation.
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Question 39 (****¥)
Evaluate the following limit.

Created by T. Madas

lp+h
im ® 24/ sinx dx
h® 0 ph

6
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Question 40  (*¥***¥)

a) Use L’Hospital’'s rule to evaluate

im F+sinx-J1 sinx
X® 0 X '

b) Verify the answer to pafg) by an alternative method.

You must state clearly any additional results used.
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Question 41 (****¥)

The positive solution of the quadratic equaticn- x E 0is denoted by, and is
commonly known as the golden section or golden rermb

This implies that*2-f - £ 0, f:%(lwé) »1.62.
Show, with full justification, that

)|(I®I‘Q x(xf +1)1-f = 1.

D , |proof
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Question 42 (*¥***¥)

A curve has equatioy = f(x).

The finite regionR is bounded by the curve, theaxis and the straight lines with
equationsx = a and x=b, and hence the area Bf is given by

I(a,b) =  f(x) dx.

a

The area ofR is also given by the limiting value of the sumtloé areas of rectangles
of width gx and height (X ), known as a “right (upper) Riemann sum”

1 (a,b) = r!g@rg f(x) dx

wherea’ng1 and x =a+idx.
n

Using the “right (upper) Riemann sum” definitiomdawith the aid of a diagram where
appropriate, show clearly that

1

X2 dxz%.
0

Created by T. Madas



Created by T. Madas

Question 43 (*¥***¥)

The LambertW function, also called the omega function or pradogarithm, is
a multivalued function which has the property

W( xex) ° X,
and hence ifke* = y thenx=W( y).
For example

-xe*= 2 -x=W(2), (x+p)er = X+p =W(—%) and so on.

N

Use this result to show that the limit of
in(e+ In(e+ In e+ I e ))))
is given by

-e W- €°¢ .
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Question 44 (¥***¥)
No credit will be given for using L’'Hospital’s rulen this question.

a) Use the formal definition of the derivative of atable expression, to find the
value for the following limit

U@ + 2% - 12

X® 4 X-4

b) Verify the answer to pafg) by an alternative method.
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Question 45  (*¥***¥)
Use the formal definition of the derivative to pecthat if

y=f(x) (X,
thenj—i= fax) g(x) + f(x gf»

You may assume that
lim f(x)+g(x =lm f(x + gm o ¥
Cc

im £ 9(x) = m (3 " im o)

M. . oo
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Question 46 (*****)

A curve has equatioy = f(x).

The finite regionR is bounded by the curve, theaxis and the straight lines with
equationsx = a and x=b, and hence the area Bf is given by

I(a,b) =  f(x) dx.

a

The area ofR is also given by the limiting value of the sumtloé areas of rectangles
of width g and height (X ), known as a “right (upper) Riemann sum”

1 (a,b) = r!g@rg f(x)dax

wherea’ng1 and x =a+idx.
n

Using the “right (upper) Riemann sum” definitiomdawith the aid of a diagram where
appropriate, show clearly that

6
x% dx=63.
3

(» [proof|
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Question 47  (¥***¥)

A curve has equatioy = f(x).

The finite regionR is bounded by the curve, theaxis and the straight lines with
equationsx = a and x=b, and hence the area Bf is given by

I(a,b) =  f(x) dx.

The area ofR is also given by the limiting value of the sumtloé areas of rectangles
of width g and height (X ), known as a “right (upper) Riemann sum”

1 (a,b) = r!g@rg f(x)dax

wherea’ng1 and x =a+idx.
n

Using the “right (upper) Riemann sum” definitiomdawith the aid of a diagram where
appropriate, show clearly that
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Question 48 (*¥***¥)
Use Leibniz rule and standard series expansionsaio&te the following limit

X

1 tin(t+1)

3 A1
®0 1
x®0 X o r+5

dt
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Question 49  (*¥***¥)
Determine the limit of the following series.

. 1 1 1 1 1 1 1
lim + + + +..+ + + + .

¥ n+l n+2 n+3 n+4  n+n-2 nnl m n

M 1
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Question 50  (*¥***¥)

a) Show with detailed workings that

im Vx2+2x-1- & 1= 1.
X®¥

b) Hence determine in exact simplified form the vabdfie

lim (\/x2+2x-1- \/ x& 1)X :

X®¥

1
N~

Je
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