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SUMMARY OF THE LAPLACE TRANFORM 

The Laplace Transform of a function ( )f t , 0t ³  is defined as 

( ) ( ) ( )
0

e stf t f s f t dt
¥

-º º� �� � �� , 

where sÎ � , with ( )Re s  sufficiently large for the integral to converge. 

The Laplace Transform is a linear operation 

( ) ( ) ( ) ( )a f t b g t a f t b g t+ º +� � � � � �� � � � � �� � � . 

Laplace Transforms of Common Functions 

·  ( ) 1
n

n
n

t
s +=�  

( ) 1
1

s
=� ,   ( ) a

a
s

=� ,   ( ) 2
1

t
s

=� ,    ( )2
3
2

t
s

=� ,     ( )3
4
3

t
s

=� , …. 

·  ( ) 1
eat

s a
=

-
� , ( ) 1

e at

s a
- =

+
�  

·  ( ) 2 2cos
s

at
s a

=
+

� , ( ) 2 2sin
a

at
s a

=
+

�  

·  ( ) 2 2cosh
s

at
s a

=
-

� , ( ) 2 2sinh
a

at
s a

=
-

�  

Laplace Transforms of Derivatives 

·  ( ) ( )x t x t=� �� ��  

·  ( ) ( ) ( )0x t sx t x= -� �� ���  

·  ( ) ( ) ( ) ( )2 0 0x t s x t sx x= - -� �� ��� ��  

·  ( ) ( ) ( ) ( ) ( )3 2 0 0 0x t s x t s x sx x= - - -� �� ���� � ���  
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Laplace Transforms Theorems 

·  1st Shift Theorem 

( ) ( )e at f t f s a-� � = +� ��    or   ( ) ( )eat F t f s a� � = -� ��  

 

·  2nd Shift Theorem 

( ) ( )e asf t a f s-- =� �� �� , t a>    or   ( ) ( )easf t a f s+ =� �� �� ,  t a> - . 

( ) ( ) ( )H e ast a f t a f s-- - =� �� ��    or   ( ) ( ) ( )H east a f t a f s+ + =� �� ��  

 

·  Multiplication by nt  

( ) ( )
n

n d
t f t f s

ds
� �� � � �= -� 	 � �� � 
 �

�    or   ( ) ( )d
t f t f s

ds
� �= -� �� � � ��  

 

·  Division by t  

( ) ( )
s

f t
f d

t
s s

¥� �
=� 


� � ��  

provided that  
( )

0
lim
t

f t

t®

� �
� 	

 �

 exists and the integral converges. 

·  Initial/Final value theorem 

( ) ( )
0

lim lim
t s

f t s f s
® ®¥

� �=� �� � � �    and    ( ) ( )
0

lim lim
t s

f t s f s
®¥ ®

� �=� �� � � �  
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The Impulse Function / The Dirac Function 

1. ( )
0

t c
t c

t c
d

¥ =�
- = �

¹�
   ,    ( )

0

0 0

t
t

t
d

¥ =�
= �

¹�
 

2. ( )
1

0 otherwise

b

a

a c b
t c dtd

£ £�
- = �

��  

3. ( ) ( ) ( )
0 otherwise

b

a

f a a c b
f t t c dtd

� £ £
- = �

��  

4. ( ) e cst cd -- =� �� ��  

5. ( ) ( ) ( )e csf t t c f cd -- =� �� ��  

6. ( ) ( )H
d

t c t c
dt

d- = -� �� �  
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LAPLACE 
TRANSFORMS 
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Question 1 

Find, from first principles, the Laplace Transform of 

( )f t k= , 0t ³  

where k  is non zero constant. 

( ) a
f s

s
=  

 

 

Question 2 

Use integration to find the Laplace Transform of 

( ) eatf t = , 0t ³  

where a  is non zero constant. 

( ) 1
f s

s a
=

-
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Question 3 

Find, from first principles, the Laplace Transform of 

( ) ( )cosf t at= ,  0t ³  

( ) ( )sing t at= ,  0t ³  

where a  is non zero constant. 

( ) 2 2
s

f s
s a

=
+

, ( ) 2 2
a

g s
s a

=
+
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Question 4 

Use integration to find the Laplace Transform of 

( ) ( )coshf t at= , 0t ³  

where a  is non zero constant. 

MM1C , ( ) 2 2
s

f s
s a

=
-
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Question 5 

Find, from first principles, the Laplace Transform of 

( ) ( )sinhf t at= ,  0t ³  

where a  is non zero constant. 

( ) 2 2
a

f s
s a

=
-

 

 
 

 

Question 6 

Use integration to find the Laplace Transform of 

( ) nf t t= , 0t ³  

where ... 4, 3, 2, 1, 0n ¹ - - - - . 

( ) ( )
1 1

1 !
n n

n n
f s

s s+ +

G +
= =  
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Question 7 

The Heaviside function ( )H t  is defined as 

( )
1 0

H
0 0

t
t

t

³�
= �

<�
 

Determine the Laplace transform of ( )H t c- . 

( )( ) e
H

cs
t c

s

-
- =�  
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Question 8 

The Heaviside step function ( )H t  is defined as 

( )
1 0

H
0 0

t
t

t

³�
= �

<�
 

Determine the Laplace transform of ( ) ( )H t c f t c- - , where ( )f t  is a continuous or 

piecewise continuous function defined for 0t ³ . 

( ) ( )( ) ( )( )H e cst c f t c f t-- - =� �  

 

 

Question 9 

Find the Laplace transform of  ( )t cd - , where c  is a positive constant, and hence 

state the Laplace transform of  ( )td . 

( ) e cst cd -- =� �� �� , ( ) 1td =� �� ��  
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Question 10 

Given that ( )F t  is a piecewise continuous function defined for 0t ³ , find the 

Laplace transform of  ( )F t ( )t cd - , where c  is a positive constant. 

( ) ( ) ( )e csF t t c F cd -- =� �� ��  
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Question 1 

Find each of the following Laplace transforms or inverse Laplace transforms, showing, 
where appropriate, the techniques used. 

a) ( )3 22e tt -+�  

b) ( )2e cosh3t t-�  

c) ( )2 sint t�  

d) 
e 1t

t

� �-
� 	� 	

 �

�  

e) 1 2
2 3s

- � �
� 	-
 �

�  

f) 1
2
6 17

6 9

s

s s
- -� �

� 	
- +
 �

�  

MM1D , 4
6 2

2ss
+

+
, 2

2

4 5

s

s s

+

+ -
, 

( )
2

32

6 2

1

s

s

-

+
, ln

1
s

s
� �
� 	-
 �

, 
1
2e
t

, 3 36e et tt+  
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Question 2 

Find each of the following Laplace transforms or inverse Laplace transforms, showing, 
where appropriate, the techniques used. 

a) ( )3cos2 2sinh3t t-�  

b) ( )32e cosh 4t t-�  

c) ( )4 e tt -�  

d) 
sint

t
� �
� 	

 �

�  

e) 
( )

1
3

6

4s
-

� �
� 

� 
-� �

�  

f) 1
2

2

4 13

s

s s
- +� �

� 	
+ +
 �

�  

2 2
3 6

4 9

s

s s
-

+ -
, 2

2 6

6 7

s

s s

+

+ -
, 

( )2
4

1s+
, 

1
arctan

s
� �
� 	

 �

, 2 43 e tt , 2e cos3t t-  
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Question 3 

Find each of the following Laplace transforms or inverse Laplace transforms, showing, 
where appropriate, the techniques used. 

a) ( )3e 3sin 2t t+�  

b) ( )33e sin 2t t�  

c) ( )cosh 2t t�  

d) 
1 cost

t
-� �

� 	

 �

�  

e) 1
2
5 1

12

s

s s
- +� �

� 	
- -
 �

�  

f) 1
2 6 10

s

s s
- � �

� 	
- +
 �

�  

2
1 6

3 4s s
+

- +
, 2

6

6 13s s- +
, 

( )
2

22

4

4

s

s

+

-
, 

2

2
1

ln
s

s

+
, 4 33e 2et t-+ , 

( )3e cos 3sint t t+  
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Question 4 

Find each of the following Laplace transforms or inverse Laplace transforms, showing, 
where appropriate, the techniques used. 

a) 
4 22 5t t

t

� �+
� 	� 	

 �

�  

b) ( )2e cost t�  

c) ( )4 sinh3t t�  

d) 
e 1t

t

-� �-
� 	� 	

 �

�  

e) 1
2
9 8

2

s

s s
- -� �

� 	
-
 �

�  

f) 1
2
2 10

2 17

s

s s
- -� �

� 	
+ +
 �

�  

4 2
12 5

s s
+ , 2

2 6

6 7

s

s s

+

+ -
, 2

24

9

s

s +
, ln

1
s

s
� �
� 	-
 �

, 24 5e t+ , ( )e 2cos4 3sin 4t t t- -  
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Question 5 

Find each of the following Laplace transforms or inverse Laplace transforms, showing, 
where appropriate, the techniques used. 

a) ( )22 5t -�  

b) ( )e sinh 2t t�  

c) ( )3 2e tt�  

d) 
sin 2t

t
� �
� 	

 �

�  

e) 1
2

3 4

9

s

s
- +� �

� 	
+
 �

�  

f) 1
2

2

4 12

s

s s
- -� �

� 	
+ -
 �

�  

3
4 5

ss
- , 2

2

2 3s s- -
, 

( )4
6

2s-
, 

2
arctan

s
� �
� 	

 �

, 43cos3 sin33t t+ , 6e t--  
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Question 6 

Find each of the following Laplace transforms or inverse Laplace transforms, showing, 
where appropriate, the techniques used. 

a) ( )( )2 3t t+ +� �� ��  

b) ( )4e sin 2t t�  

c) ( )18 cosh 2t t� �
� �

�  

d) 
1 cos2t

t
-� �

� 	

 �

�  

e) 1
2
2 14

8 20

s

s s
- -� �

� 	
- +
 �

�  

f) 
( )( )

2
1

2
15 41

2 3

s s

s s
-

� �- +
� 

� 
+ -� �

�  

3 2
2 5 6

ss s
+ + , 2

6

6 13s s- +
, 

( )
2

22

128 32

4 1

s

s

+

-
, 

2

2
4

ln
s

s

+
, ( )4e 2cos2 3sin 2t t t- , 

( )2 33e 2 et tt- + -  
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Question 7 

Determine each of the following inverse Laplace transforms, showing, if appropriate, 
the techniques used. 

a) 
( )( )

2
1

2

4 5 6

1 4

s s

s s
-

� �
- +� 


� 
+ +
� �

�  

b) 
( )2

1
4

3 3

81

s

s
-

� �+
� 

� 
-
� �

�  

c) 

( )
2

1
22

4

4

s

s

-
� �

+� 

� 


-� 
� �

�  

d) 

( )
2

1
32

6 2

1

s

s

-
� �

-� 

� 


+� 
� �

�  

3e cos2 3sin 2t t t- + - , ( )1 sin3 2sinh33 t t+ , cosh 2t t , 2 sint t  

 

 



Created by T. Madas 
 

Created by T. Madas 
 

Question 8 

Find each of the following Laplace transforms or inverse Laplace transforms, showing, 
where appropriate, the techniques used. 

a) ( )cos6t�  

b) ( )5 2e tt�  

c) 1
2

6

6 18s s
- � �

� 	
+ +
 �

�  

d) ( ) ( )33 H 2t t� �- -
� �

�  

e) ( )4 2td -� �� ��  

f) 1 5e s

s

-
- � �

� 	� 	

 �

�  

2 36

s

s +
, 

( )4
120

2s-
, 32e sin3t t- , 

5

4
6e s

s

-
, 24e s- , ( )5H 1t -  
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Question 9 

Find each of the following Laplace transforms or inverse Laplace transforms, showing, 
where appropriate, the techniques used. 

a) ( )3e cosh 4t t�  

b) ( )2 cosht t�  

c) 1
2

6

6 18

s

s s
- +� �

� 	
- +
 �

�  

d) ( ) ( )H 1 sin 3 3t t- -� �� ��  

e) ( )e 2t td� �-� ��  

2
3

6 7

s

s s

-

- -
, 

( )
3

32

2 6

1

s s

s

+

-
, ( )3e cos3 3sin3t t t+ , 2

3e

9

s

s

-

+
, ( )2 2e s- +  
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Question 10 

Find each of the following Laplace transforms or inverse Laplace transforms, showing, 
where appropriate, the techniques used. 

a) 
1
22 e
t

t
-� �

� 	

 �

�  

b) 1
2

6 1

9 1

s

s
- +� �

� 	
+
 �

�  

c) ( )5e H 5t t-� �-� ��  

d) 
4

1
2

8e

4

s

s

-
- � �

� 	� 	+
 �
�  

e) ( )
1
33e 3
t

t td� �-� 
� �
�  

f) ( )e H 2t t� �-� ��  

( )3
16

2 1s+
, ( ) ( )2 1 1cosh sinh3 3 3t t+ , 

5e
1

s

s

-

-
, ( ) ( )4H 4 sin 2 8t t- - , 24e s- , 

2 2e
1

s

s

-

-
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Question 11 

Find each of the following Laplace transforms or inverse Laplace transforms, showing, 
where appropriate, the techniques used. 

a) ( )1sin 2t t� �
� �

�  

b) 
( )

1
6

1

2s
-

� �
� 

� 
-� �

�  

c) ( ) ( )5 H 5t t- -� �� ��  

d) 
2

1
2

3e

1

s

s

-
- � �

� 

-� 
� �

�  

e) ( )2 2t td� �-� ��  

f) ( )2t�  

( )22

16

4 1

s

s +
, 

5 2e
120

tt -
, 

5e s

s

-
, ( ) ( )3H 2 sinh 2t t- - , 39e s- , 

1
ln 2s-
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Question 12 

Find each of the following Laplace transforms or inverse Laplace transforms, showing, 
where appropriate, the techniques used. 

a) ( ) ( )1H 2 sin 12t t� �- -
� �

�  

b) 
4

1
2

e s

s

-
- � �

� 

� 
� �

�  

c) 2 sin
2

t t t
p

d
� �� �-� 	� 

 �� �

�  

d) ( )
1
22t e H 2
t

t
-� �-� 
� �

�  

2

2
2e

4 1

s

s

-

+
, ( ) ( )4 H 4t t- - , 

1
2e

spp -
, 

( )

( )

2 2
2

3
8e

4 8 5
2 1

s

s s
s

- +
� �+ +� �+
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Question 1 

The Heaviside function ( )H t  is defined as 

( )
1 0

H
0 0

t
t

t

³�
= �

<�
 

Determine the Laplace transform of ( )H t c- . 

( )( ) e
H

cs
t c

s

-
- =�  
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Question 2 

The Heaviside step function ( )H t  is defined as 

( )
1 0

H
0 0

t
t

t

³�
= �

<�
 

Determine the Laplace transform of ( ) ( )H t c f t c- - , where ( )f t  is a continuous or 

piecewise continuous function defined for 0t ³ . 

( ) ( )( ) ( )( )H e cst c f t c f t-- - =� �  
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Question 3 

The piecewise continuous function ( )f t  is defined as 

( )
4 0 2

12 4 2 4

8 4

t

f t t t

t t

£ £�
�

= - < £�
� - >�

 

a) Sketch the graph of ( )f t . 

b) Express ( )f t  in terms of the Heaviside step function, and hence find the 

Laplace transform of  ( )f t . 

MM3-B , 

( ) ( ) ( ) ( ) ( ) ( )4H 4 2 H 2 5 4 H 4f t t t t t t= - - - + - - , ( )( )
2 4

2 2
8 4e 5es s

f t
s s s

- -
= - +�  
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Question 4 

The piecewise continuous function ( )f t  is defined as 

( )

8 0 4

12 4 6

6 6 10
111 102

t

t t
f t t

t t

£ £�
� - < £�

= � < £
�
� - >�

 

Express ( )f t  in terms of the Heaviside step function, and hence find the Laplace 

transform of  ( )f t . 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )18H 4 H 4 4 H 6 10 H 102f t t t t t t t t= - - - + - - - - - , 

( )( )
4 6 10

2 2 2
8 e e e

2

s s s
f t

s s s s

- - -
= - + -�  
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Question 5 

The piecewise continuous function ( )f t  is defined as 

( )

7 2 0 3

1 3 7

6 7 15

0 7.5 7.5

t t

t
f t

t t

t

- < £�
� < £�

= � - < £�
� - >�

 

Express ( )f t  in terms of the Heaviside step function, and hence find the Laplace 

transform of  ( )f t . 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )7 2 H 2 3 H 3 7 H 7 15 H 15 9H 15f t t t t t t t t t t= - + - - + - - - - - - - , 

( )( )
( )15 3 7 15

2

7 9e 2 2e e es s s ss
f t

s

- - - -- - + + -
=�  
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Question 6 

The piecewise continuous function ( )f t  is defined as 

( )
3

1
2 2

2 3e 3es s
f t

s s s

- -
- � �

= + -� 	� 	

 �

� . 

Sketch the graph of ( )f t . 

graph  
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Question 7 

The piecewise continuous function ( )f t  is defined as 

( ) ( )
2

1 2
2

e
3 e 4e 5

s
s sf t s

s

-
- � �

= - +� 

� 
� �

� . 

a) Determine an expression for ( )f t . 

b) Sketch the graph of ( )f t . 

( ) ( ) ( ) ( ) ( ) ( )3H 4 1 H 1 5 2 H 2f t t t t t t= - - - + - -  
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Question 8 

The piecewise continuous function ( )f t  is defined as 

( ) ( )1 4 6
2
1

2 2e es sf t
s

- - -� �= - -� 
� �
� . 

Sketch the graph of ( )f t . 

MM3-A , graph  
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Question 9 

The piecewise continuous function ( )f t  is defined as 

( )
4 8

1
2

2 3e es s
f t

s

- -
- � �- +

= � 

� 
� �

� . 

Sketch the graph of ( )f t . 

graph  
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Question 10 

The piecewise continuous function ( )f t  is defined as 

( )
( )15 3 7 15

1
2

7 9e 2 2e e es s s ss
f t

s

- - - -
-

� �- - + + -
� 
=
� 

� �

� . 

Sketch the graph of ( )f t . 

graph  
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Question 11 

The piecewise continuous function ( )f t  is defined as 

( )
( )( )2 4

1
2

1 e 1 es s

f t
s

- -
-

� �- +
� 
=
� 

� �

� . 

Sketch the graph of ( )f t . 

graph  
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Question 1    

The piecewise continuous function ( )f t  is defined for 0t ³  and further satisfies     

( ) ( )f t f tw+ = . 

Show from the definition of a Laplace transform, that 

( ) ( )
0

1
e

1 e
st

sf t f t dt
w

w
-

-=� �� � - �� . 

proof  
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Question 2   

( )
1 0 1

1 1 2

t
f t

t

£ £�
= �

- < <�
        and       ( ) ( )2f t f t+ = , 0t ³ . 

Determine the Laplace transform of ( )f t . 

( )( ) ( )
21 2e e

1 e

s s

s
f t

s

- -

-

- +
=

+
�  
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Question 3   

( )
1 0 1

0 1 2

t
f t

t

£ £�
= �

< <�
        and       ( ) ( )2f t f t+ = , 0t ³ . 

Determine the Laplace transform of ( )f t . 

( )( ) ( )
1

1 e s
f t

s -
=

+
�  

 

 

Question 4   

( )
2 0 3

0 3 4

t
f t

t

£ £�
= �

< <�
        and       ( ) ( )4f t f t+ = , 0t ³ . 

Determine the Laplace transform of ( )f t . 

( )( )
( )
( )

3

4

2 1 e

1 e

s

s
f t

s

-

-

-
=

-
�  
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Question 5   

( )
2 0 1

0 1 3

t
f t

t

£ £�
= �

< <�
        and       ( ) ( )4f t f t+ = , 0t ³ . 

Determine the Laplace transform of ( )f t . 

( )( )
( )
( )3

2 1 e

1 e

s

s
f t

s

-

-

-
=

-
�  
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Question 6  

( ) etf t = , 0t ³       and       ( ) ( )2f t f t+ = . 

Determine the Laplace transform of ( )f t .  

( )( )
( )

( )( ) ( )( )
2 1 2 2

2 2

e 1 e e

1 1 e 1 e 1

s s

s s
f t

s s

-

-

- -
= =

- - - -
�  
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Question 7   

( ) 2f t t= , 0t ³       and       ( ) ( )2f t f t+ = . 

Show that the Laplace transform of ( )f t  is 

( )
( )

2

2 2

2 e 2 1

e 1

s

s

s

s

- -

-
 

proof  
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Question 8   

( )
sin 0

0 2

t t
f t

t

p
p p

£ £�
= �

< <�
        and       ( ) ( )2f t f tp+ = , 0t ³ . 

Show that the Laplace transform of ( )f t  is 

( )( )2

1

1 1 e ss p-+ +
 

proof  
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Question 9  

( ) 2f t t= , 0t ³       and       ( ) ( )3f t f t+ = . 

Show that the Laplace transform of ( )f t  is 

( )
3 2

3 3

2e 2 6 9

e 1

s

s

s s

s

- - -

-
 

proof  
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Question 10 

The piecewise continuous function ( )f t  is defined as 

( )
( )

2
1

2

1 2e e

1 e

s s

s
f t

s

- -
-

-

� �
- +� 
=

� 
-
� �

� . 

Find an expression for ( )f t . 

( ) ( ) ( )
1 0 1

2
1 1 2

t
f t f t f t

t

£ £�
= + =�

- < <�
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Question 11 

The piecewise continuous function ( )f t  is defined as 

( )
( )
( )

1
3

2 1 e

1 e

s

s
f t

s

-
-

-

� �-
� 
=
� 
-
� �

� . 

Find an expression for ( )f t . 

( ) ( ) ( )
2 0 1

3
0 1 3

t
f t f t f t

t

£ £�
= + =�

< <�
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Question 12 

The piecewise continuous function ( )f t  is defined as 

( )
( )

3 2
1

3 3

2e 2 6 9

e 1

s

s

s s
f t

s
-

� �
- - -� 
=

� 
-
� �

� . 

Find an expression for ( )f t . 

( ) ( ) ( )2 0 3 3f t t t f t f t= £ £ + =  
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Question 1 

Use Laplace transforms to solve the differential equation 

2 4
dx

x
dt

- = , 0t ³ , 

subject to the initial condition 1x =  at 0t = . 

MM1A , 23e 2tx = -  

 
 

 

Question 2 

Use Laplace transforms to solve the differential equation 

32 10e xdy
y

dx
+ = , 0x ³ , 

subject to the boundary condition 6y =  at 0x = . 

3 22e 4ex xy -= +  
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Question 3 

Use Laplace transforms to solve the differential equation 

2 44 2e ex xdy
y

dx
- = + , 0x ³ , 

subject to the boundary condition 0y =  at 0x = . 

4 4 2e e 2ex x xy x= + -  

 
 

 

Question 4 

Use Laplace transforms to solve the differential equation 

2
3

2 3 2 2e xd y dy
y

dxdx
- + = , 0x ³ , 

subject to the boundary conditions 5y = , 7
dy
dx

=   at 0x = . 

32e 4ex xy = +  
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Question 5 

Use Laplace transforms to solve the differential equation 

2
2

2 2 10 10etd z dz
z

dtdt
- + = , 

subject to the initial conditions 0z = , 1
dz
dt

=   at 0t = . 

2e cos3 sin3ty t t= + +  
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Question 6 

Use Laplace transforms to solve the differential equation 

2

2 4 24cos2
d y

y x
dx

- = , 0x ³ , 

subject to the boundary conditions 3y = , 4
dy
dx

=   at 0x = . 

MM1E , 2 24e 2e 3cos2x xy x-= + -  
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Question 7 

Use Laplace transforms to solve the differential equation 

2

2 5 6 36 6
d y dy

y t
dtdt

+ + = + , 

subject to the initial conditions 4y = , 17
dy
dt

= -   at 0t = . 

2 3e 7e 6 4t ty t- -= + + -  
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Question 8 

e tdx
y

dt
-+ =        and      etdy

x
dt

- = . 

Use Laplace transformations to solve the above simultaneous differential equations, 
subject to the initial conditions 0x = , 0y =   at 0t = . 

MM1A , cosh sin cos , cosh sin cosx t t t y t t t= - + + = + -  
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Question 9 

2
3

dx
x y

dt
= +        and      33 2

dy
y x

dt
= - . 

Use Laplace transformations to solve the above simultaneous differential equations, 
subject to the initial conditions 1x = , 3y =   at 0t = . 

2 2 2 23e e , 3e e2
t t t tx t y t= + = +  
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Question 10 

2

2 15 9 22et
d x dy

y
dtdt

= - +        and      
2

3
2 2 e td y

x
dt

= + . 

The functions ( )x f t=  and ( )y g t=  satisfy the above simultaneous differential 

equations, subject to the initial conditions 

2x = ,  3y = - ,  10
dx
dt

= ,  1
dy
dt

= -    at  0t = . 

a) By using Laplace transforms, show that 

( ) ( )( )

5 4 2
4 3 11 90 384 198

30 18
1 3

s s s s
s s y

s s
- + + - +

- + =
- -

, 

where ( )y g t= � �� �� . 

b) Given further that 4 30 18s s- +  is a factor of  5 4 23 11 90 384 198s s s s- + + - + , 
find expressions for x  and y . 

3 34e 2e , e 4et t t tx y= - = -  
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Question 11 

Use Laplace transforms to solve the differential equation 

( )
2

2
d x

x f t
dt

+ = , 

given further that   1x = , 1
dx
dt

=  at 0t = , and  ( )
0 0

0

t

f t t t

t

p
p p

<�
�

= £ £�
� >�

 

( ) ( ) ( ) ( )cos H sin Hx t t t t t tp p p p= + - - - + - -  

  

 

 

 

 

 

 

 

 



Created by T. Madas 
 

Created by T. Madas 
 

Question 12 

Use Laplace transforms to solve the differential equation 

( )
2

2 2 5 2
d x dx

x t
dtdt

d+ + = - , 

given further that   0x = , 1
dx
dt

=  at 0t = .  

( ) ( )4e sin 2 e sin 2 4 H 2tx t t t- � �= - - -� �  
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Question 13 

Use Laplace transforms to solve the differential equation 

( )
2

2 4 3 2 6
d x dx

x t
dtdt

d+ + = - , 

given further that   0x = , 2
dx
dt

=  at 0t = .  

( )3 2 3 6 12 2e e 1 e e e e H 6t t t tx t- -� � � �= - + - -� � � �  
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Question 14 

Use Laplace transforms to solve the differential equation 

( )
2

2
d y

y f t
dt

+ = , 

given further that   0y = , 1
dy
dt

=  at 0t = , and  ( )f t  is a known function which has a 

Laplace transform. 

You may leave the final answer containing a convolution type integral. 

( ) ( )
0

sin sin
t

y t f u t u du= + -�  
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Question 15 

( )
2

2 2 2
d x dx

x f t
dtdt

+ + = . 

a) Use Laplace transforms to solve the above differential equation, given further 

that   0x = , 0
dx
dt

=  at 0t = , and  ( )f t  is a known function which has a 

Laplace transform. 

You may leave the answer containing a convolution type integral. 

b) If ( ) 2e tf t =  find ( )x x t=  explicitly. 

( )
0

e sin
t

ux f t u u du-= -� , [ ] 21 1e 3sin cos e10 10
t tx t t-= - + +  

 

 

 

 

 

 

 


