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SUMMARY OF THE LAPLACE TRANFORM

The Laplace Transform of a functioh(t), t 3 0 is defined as
_ ¥
f(t) ©f(s)e e i(t) dt,
0
wheresl , with Re(s) sufficiently large for the integral to converge.

The Laplace Transform is a linear operation

af(t)+bg() ©a f(§+b oJ .

Laplace Transforms of Common Functions

()2 )
s-a s+a
. a
(cosat) = et (sinat) = 27
. a
(coshat) = el (sinhat) = 7.2

Laplace Transforms of Derivatives

X(t) =sx(9- X0)
x(t) = £%(1)- s{0) %0)
x(t) =%(1)- ${0)- sk0} * 0)
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Laplace Transforms Theorems

15t Shift Theorem

e f(t) =f(s+a) or €'F(t) =f(s- a)

2" Shift Theorem

f(t-a) =e®f(s),t>a or f(t+a) =e*f(s), t>-a.

H(t- a) f(t a)= €®f(g or  H(t+a)f(t+a) =e*T(s

Multiplication by t"

ds ds

Division by t

f(t

flY) f(s) ds

t S
: T :
provided that Igr(l) 5 exists and the integral converges.
t

Initial/Final value theorem

!|®rr2) f(t) =]g!!)r£| sf(s) and tlg@rg f (t) :gmo sf(s
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The Impulse Function / The Dirac Function

¥ t=c ¥ t=0
1. t-c)= t) =
a(t-) 0 ttc | a(t) 0 t* o0
b
2. d(t-c) dt= ! a£c£.b
a 0 otherwise
° f(a) afcEb

3. f(t)d(t-c) dt=

a 0 otherwise

4. d(t-c) = e
5. f(t)d(t-c) = f(c)e™

6. % H(t- ¢) = d(t o)
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LAPLACE
TRANSFORMS
FROM FIRST
PRINCIPLES
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Question 1
Find, from first principles, the Laplace Transfoofn

f(t)=k,t20

wherek is non zero constant.

—h|
—
[
N
Il
nlo

Question 2
Use integration to find the Laplace Transform of

f(t)=e",t20

wherea is non zero constant.
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Question 3
Find, from first principles, the Laplace Transforin o

f (t)=cog(at), t3 0
g(t)=sin(at), t3 0

wherea is non zero constant.
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Question 4
Use integration to find the Laplace Transform of

f (t)=coshat), t3 0

wherea is non zero constant.
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Question 5
Find, from first principles, the Laplace Transfoofn

f (t) =sinh(at), t3 0

wherea is non zero constant.

Question 6
Use integration to find the Laplace Transform of

wheren?! ..- 4. 3, 2, 1 C

YEmtan & - BY & peduial) oo ( MEHOD B — BY GaMMA FontmalS

®ou st I r
HE]- L Ea ) drel

( MEUPD C — & DIFFQONTATIN M ReecT o
) A PARAMETR
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Question 7

The Heaviside functiomd(t) is defined as

1 130
HZ <0

Determine the Laplace transform if(t - c).
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Question 8

The Heaviside step functioH(t) is defined as

1 130
H="5 (<o

Determine the Laplace transform Kift- c) f (t- c), where f (t) is a continuous or
piecewise continuous function defined tcr 0.

(e (v oF e (1(0)

Question 9

Find the Laplace transform otb’(t - C) , Wherec Is a positive constant, and hence
state the Laplace transform af(t).

dt-c)=e, | dt) =1
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Question 10
Given thatF (t) Is a piecewise continuous function defined ér0, find the

Laplace transform ofF (t) d(t- c), wherec is a positive constant.

F(t) d(t- c) = F(c)e*®
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LAPLACE
TRANSFORM
GENERAL
PRACTICE
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Question 1
Find each of the following Laplace transforms orerse Laplace transforms, showing,
where appropriate, the techniques used.

a) (t3 +2¢€ 2‘)
b) (e‘ 2 cosh B)

c) (tzsint)

d) W
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Question 2
Find each of the following Laplace transforms orerse Laplace transforms, showing,

where appropriate, the techniques used.

a) (3cos2- 2sinhf

b) (2e‘ % cosh 4)

c) (4te't)
sint
d sint
) t
6
e) 1! -
(s- 4)
¢ S+2
e
S°+4s+13
+
235 S 4 225 6 | 2 Ak arctan = |, [32€"], [e% cos8
*+4 -9 |§°+6s-7 (s+1) s
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Question 3

Find each of the following Laplace transforms arerse Laplace transforms, showing,
where appropriate, the techniques used.

a) (e3t+35in2)
b) (3e3t sinz)

c) (tcosh2)

d) 1- cog
t
. 5s+1
e) 1 g n
$?- 5 12
S
f SR
) s?- 63 10
2 2
S S+42,|n\/5;1,3e4t+2e'3‘,
S-3 s°+4| |s°- 6s+13 (52-4) S

e3t(cost+ 3sit)
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Question 4

Find each of the following Laplace transforms arerse Laplace transforms, showing,
where appropriate, the techniques used.

2% + 52
a) —t

b) (e2t cost)

c) (4tsinh3)

i
e -1
d
) t
.1 9s-8
e)
$?- 2s
. 2s5-10
f) g
Sc+2s+17
12 5 2s+6 24s S _ )
20 , I 14+5&|, let(2cos4- 3sin
st Pl |+6s- 7] |s?+9 s-1 ( 4
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Question 5

Find each of the following Laplace transforms arerse Laplace transforms, showing,
where appropriate, the techniques used.

a) (2tz— 5)

b) (et sinh 2)

c) (tsez)
d) sin2
t
.1 3s+4
e) 1 ="2
2 +9
2-s
f 1
) s?+4s- 12
%-5. 5 2 , 6 | arctang : BCOS$+%’ sing, |- e ®
s° s| |s°-2s 3 |(s-2) S
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Question 6

Find each of the following Laplace transforms arerse Laplace transforms, showing,
where appropriate, the techniques used.

D (42t
b) (e4t sin 2)

C) 8t cost(%t)

d) 1- cos2
t
. 2s- 14
e) 1 —
s“- 8st 20
2_
f) .1 S°-15st 41

(s+2)(s- 3)2

5 6 6 1285° + 32 2 +4
33 52 S , 52- 6st 13 (452_ 1)2 S

e (2cos®- 3sind

3e2+(t- 2 &
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Question 7

Determine each of the following inverse Laplac&sfarms, showing, if appropriate,
the techniques used.

., 4s®- 53 6

Y Al
b) 1%
c) '1(;2_—+4‘32
y (iil)zf*

3e¢ '+ cos®- 3sing, |£(sind + 2sinh8)|, [tcosh 2], [t*sint

wl—
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Question 8

Find each of the following Laplace transforms arerse Laplace transforms, showing,
where appropriate, the techniques used.

a) (cos@)
b) (t5 e2t)
1 6
C - %
) s> +6s5+18

d) (t-3)°H(t 2)

e) 4d(t- 2)
-S
f) 1 5€
S
- bs
25 , 1204 ,26* sing, 6e4 ,14e25|,|5H(t- 1)
s“+36 (s- 2) S
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Question 9

Find each of the following Laplace transforms arerse Laplace transforms, showing,
where appropriate, the techniques used.

a) (e3t cosh@)
b) (tzcosh)

S+6

o =22
s?- 63+ 18

d)  H(t- 1)sin(3- 3

e) €dt-2

s-3 25 + 65
$-6s 7| (Sz_ 1)3

3e°® -2(s2)
s?+9

, |€*(cos8+ 3sing
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Question 10

Find each of the following Laplace transforms arerse Laplace transforms, showing,
where appropriate, the techniques used.

a) t2g2
.1 6s+1l
b 1
) 9s? +1

d
) 2 +4

16 2 N e s . r 3 e? %
(25+1)3 , §cosf( t)+ smhé—t) , J|4H(t- 4)sin( 2- 9|, |[4€°°], ~
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Question 11

Find each of the following Laplace transforms arerse Laplace transforms, showing,
where appropriate, the techniques used.

a) tsin(%t)
py 11
e op

3e
q) -1
) T
e) t?d(t-2)

5.2 - 5s
16 J1te” | 1€} [BR(t- 2) sint- 3], oe ], |-
(452+1) 120 S s-In2
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Question 12

Find each of the following Laplace transforms areirse Laplace transforms, showing,
where appropriate, the techniques used.

a) H(t-2) sin(%t- ])

-4s

by 1!

c) Zsintdt-%

28-25 -l,DS 8e'2(3+ 2)
- 2) A 4)], lpe 2], 28—
42 +1 (t- 4) H(t- 4)|, e (25+1)3

4s° +8s+5
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HEAVISIDE
FUNCTION
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Question 1

The Heaviside functiomd(t) is defined as

1 130
HZ <0

Determine the Laplace transform it - c).
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Question 2

The Heaviside step functioH(t) is defined as

1 130
HZ <0

Determine the Laplace transform Kift- c) f (t- c), where f (t) is a continuous or
piecewise continuous function defined tcr 0.

()i (c_oF e (1(0)
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Question 3

The piecewise continuous functidn(t) is defined as

4 OE£t£2
f(t)= 12- 4 X t£ 4
t-8 t> 4

a) Sketch the graph of (t).

b) Expressf (t) in terms of the Heaviside step function, and heficé the
Laplace transform off (t).

f(t)=4H(t)-4(t- Ht 3 Ht 4 Ht 4

b SxPuesoig THe GUARA i Thaus of "eavisines”

-4 = WO - e x
+ (-t Hen) - (a-ueicey) ot
+ &) H(t-4)

=L = ) + (8- ¢ (st-20) ey
~ 48 = tHE - 4(E)HE2) + SCE-9HEY)

=80 Ly () es(8)
ﬂ@):%~%67$+ v

NE B ;mmf:‘: 6]
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Question 4

The piecewise continuous functidn(t) is defined as

8 O0L£tf£4
12-t & t£ 6
f(t)= " 6 6<t£10

11- %t t> 10

Express f (t) in terms of the Heaviside step function, and heioe the Laplace
transform of f (t).

f(t)=8H(t)- (t- 4H(t 4 (t AHt H %—(t 10 Ht 10

_8 e—4s é -elos
(f(t))_g- 52+ £  2¢
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Question 5

The piecewise continuous function(t) is defined as

7- 2 < tE 3

) 1 3<t£7
= 6 7<t£ 15
0 t- 7.9> 7.E

Expressf (t) in terms of the Heaviside step function, and heficg the Laplace

transform of f (t).

fO=(7-2)Ht+ At- JHE F (£ I He -J-(t 154 -1p 9kt 1y,

7. ge-15s)_ 2 283 -als - El5s

(1)<
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Question 6

The piecewise continuous functidn(t) is defined as

;S ~3s
f(t): -1 §+Se 3e

s 53

Sketch the graph of (t).
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Question 7
The piecewise continuous functidn(t) is defined as

- 2

f(ty= "t esz (3se23- 4% % .

a) Determine an expression fdt(t).

b) Sketch the graph of (t).

fU=3n()- 4 JHE 3 § 3 3

9 do-§ | E e

[ = L oE
e
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Question 8

The piecewise continuous functidn(t) is defined as

HOERS 3—12(2 264 %)

Sketch the graph of (t).
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Question 9

The piecewise continuous functidn(t) is defined as

:4s, - 8s
f(t): -1 2'36 +e )

S2

Sketch the graph of (t).

[omaone | 2tk [-eqtecd |_eoee) | 4o
EEEaES
S ]
P & { 12-3¢ | 7{77‘
\ THe
/N
/
u | /
v
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Question 10

The piecewise continuous functidn(t) is defined as

. s(?- 9e‘153)- 2 28% -e’s - gl5s

ft)=" 2

S

Sketch the graph of (t).
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Question 11

The piecewise continuous functidn(t) is defined as

Sketch the graph of (t).
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PERIODIC
FUNCTIONS
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Question 1

The piecewise continuous functioh(t) is defined fort3 0 and further satisfies
f(t+w)="f(t).

Show from the definition of a Laplace transformatth

e % (t) dt.

proof
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Question 2

1 O0£t£1
f(t)= 1 wico and f(t+2)=f(t), t3 0.

Determine the Laplace transform 6{t).
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Question 3

1 O0£t£1
f(t)= 0 1<t<p 2N f(t+2)=f(t), t30.

Determine the Laplace transform 6{t).

Question 4

2 O£t£3

(t)= 0 3<t<gq 0d f(t+4)=f(t),t30.

Determine the Laplace transform 6{t).
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Question 5

2 O0ft£1l
f(t)= 0 1<t<3 and f(t+4)=f(t),t30.

Determine the Laplace transform 6{t).
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Question 6
f(t)=€,t20 and f(t+2)=1(t).

Determine the Laplace transform 6{t).
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Question 7
f(t)=2t,t30 and f(t+2)=f(t).
Show that the Laplace transform 6{t) is

2(e- 5 1)
sz(ezs- 1)

proof
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Question 8

sint Oft£p
f(t)= 0 pet<a and f(t+2p)="f(t),t30.

Show that the Laplace transform 6{t) is

(s2 +1)(11+ &)

proof
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Question 9
f(t)=t?,t30 and f(t+3)=1(t).
Show that the Laplace transform 6{t) is

26%- 2 6 &
TR

proof
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Question 10
The piecewise continuous functidn(t) is defined as

1 1-26% %
f(t)= —S(l_ e_ZS) .

Find an expression fof (t).

()= + UL rhe2) =1

-1 kt< 2
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Question 11

The piecewise continuous functidn(t) is defined as

Find an expression fof (t).

2 O0ft£l
f(t)= 0 1<t<3 f(t+3)="(t)
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Question 12

The piecewise continuous functidn(t) is defined as

12882 6 &F
f(ty= "t s3(e33-1) .

Find an expression fof (t).

f(t)=t> 0£t£3 f(t+3 =f(t)
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SOLVING
SIMPLE
O.D.E.s
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Question 1
Use Laplace transforms to solve the differentialagipn

subject to the initial conditiox=1 att =0.

, |x=3€*-
Question 2
Use Laplace transforms to solve the differentialagpn
ﬂ+2y=1oéx, X3 0,
dx
subject to the boundary conditign=6 at x=0.
y=26%+46%
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Question 3
Use Laplace transforms to solve the differentialagipn

Y gy= 2% & x3 0,
dx

subject to the boundary condition=0 at x=0.

y= Xe4x+ eAx_ Zéx

Question 4
Use Laplace transforms to solve the differentialagpn
d’y dy

=23 oy= 26X x30,
dx? dx y

subject to the boundary conditioys=5, %’ =7 atx=0.
X

y =2+ 4&
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Question 5
Use Laplace transforms to solve the differentialagipn

2
d—zz- 292 10p= 108
diz2 “dt

subject to the initial conditiong=0, j_f =1 att=0.

y=€e”+cos3+ sinf
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Question 6
Use Laplace transforms to solve the differentialagipn

d?y
—— - 4y= 24cos X, x3 0,
dx? Y

subject to the boundary conditioys= 3, 3— =4 atx=0.
X

[ ] |y=4e*+26%- 3cosg
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Question 7
Use Laplace transforms to solve the differentialagipn
d®y, . dy

F+5a+6y:36+6,

subject to the initial conditiong =4, %’ =-17 att=0.

y=e?+7¢3+ 8- 4

ol
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Question 8

Q(+y:e't and Y. x=¢.
dt dt

Use Laplace transformations to solve the above Isameous differential equations,
subject to the initial conditiongs=0, y=0 att=0.

, |[X=-cosht+ sint+ co$ ,y= cos+ sth ¢
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Question 9

dx 2 dy 3
—=X+%5 and —=3y-3X.
dt 37 a V2

Use Laplace transformations to solve the above Isameous differential equations,
subject to the initial conditiong=1, y=3 att=0.

x=e+te?, y= 3@+%t é
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Question 10

2 2
a™x_y5dy. oy+ 224  and A s
dt? dt dt?

The functionsx = f(t) and y=g(t) satisfy the above simultaneous differential
equations, subject to the initial conditions

X=2, y=-3, 2(:10, ﬂ/:-1 att=0.
dt dt

a) By using Laplace transforms, show that

-3+ 11sM+ 90~ 3848 109
(s-1)(s 3

(54- 308t 18)_),c

wherey = g(t) .

b) Given further thats® - 30s+ 18 is a factor of - 35>+ 11s*+ 90~ 3848 19,
find expressions fox and y .

x=4€et- 2& , y= & 4k
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Question 11
Use Laplace transforms to solve the differentialagipn

d?x
—+x=f(t),
dt? Y
q 0 t<0
givenfurtherthatle,d—)t(:l att=0,and f(t)=t OEftfp
p t>p

x=t+cost- (t- p) Ht py sift p) Ht p)
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Question 12
Use Laplace transforms to solve the differentialagipn

2
d—2X+29(+5x:a’(t- 2),
dt®  dt

given further that x=0, %zl att=0.

x=¢' sin2- ésif 2 Bt P
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Question 13
Use Laplace transforms to solve the differentialagipn

2
d—2X+49(+3x=2d(t- 6,
dt dt

given further that x=0, %:2 att=0.

x=e¥ &-1+e28 & & R )¢
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Question 14
Use Laplace transforms to solve the differentialagipn

d?y
CYiy=1(1),
dt® y=*t()

given further that y =0, %’ =l att=0, and f(t) is a known function which has a

Laplace transform.

You may leave the final answer containing a contvoitutype integral.

t
y=sint+ f(u)sin(t- u) dy
0
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Question 15

d?x _ dx _
F+ZE+ZX— f(t)

a) Use Laplace transforms to solve the above diffeaeatjuation, given further
that x=0, %:O att=0, and f(t) is a known function which has a
Laplace transform.

You may leave the answer containing a convolutype tintegral.

b) If f(t)=¢€” find x=x(t) explicitly.

t
X = i f(t-u) e sinu du, x:-%)e't[BsinH cosl;]+1—1O g
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