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SUMMARY OF THE LAPLACE TRANFORM

The Laplace Transform of a functioh(t), t 3 0 is defined as
_ ¥
f(t) ©f(s)e e i(t) dt,
0
wheresl , with Re(s) sufficiently large for the integral to converge.

The Laplace Transform is a linear operation

af(t)+bg() ©a f(§+b oJ .

Laplace Transforms of Common Functions

()2 )
s-a s+a
. a
(cosat) = et (sinat) = 27
. a
(coshat) = el (sinhat) = 7.2

Laplace Transforms of Derivatives

X(t) =sx(9- X0)
x(t) = £%(1)- s{0) %0)
x(t) =%(1)- ${0)- sk0} * 0)
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Laplace Transforms Theorems

15t Shift Theorem

e f(t) =f(s+a) or €'F(t) =f(s- a)

2" Shift Theorem

f(t-a) =e®f(s),t>a or f(t+a) =e*f(s), t>-a.

H(t- a) f(t a)= €®f(g or  H(t+a)f(t+a) =e*T(s

Multiplication by t"

ds ds

Division by t

f(t

flY) f(s) ds

t S
: T :
provided that Igr(l) 5 exists and the integral converges.
t

Initial/Final value theorem

!|®rr2) f(t) =]g!!)r£| sf(s) and tlg@rg f (t) :gmo sf(s
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The Impulse Function / The Dirac Function

¥ t=c ¥ t=0
1. t-c)= t) =
a(t-) 0 ttc | a(t) 0 t* o0
b
2. d(t-c) dt= ! a£c£.b
a 0 otherwise
° f(a) afcEb

3. f(t)d(t-c) dt=

a 0 otherwise

4. d(t-c) = e
5. f(t)d(t-c) = f(c)e™

6. % H(t- ¢) = d(t o)
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VARIOUS
LAPLACE
TRANSFORM
QUESTIONS
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Question 1

The functionx = x(t) is suitably defined fot 3 0.

a) Show from first principles that

dx

il x(t) = x0).
b) Hence show further that

Ex =2 () - siop o).

dt?

proof
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Question 2

0 O<t£4 3 O0<t£4
f(t)° t)° .
() 3 t>4 and g() 0 t>4

a) Find the Laplace transform o‘f(t) from first principles.

b) Hence determine the Laplace transfornggt).

Question 3

By considering a suitable differential equation hwappropriate initial conditions
show clearly that

(te‘Z‘):(S_lz)z,t3 0.

You may not use integration in this question.

proof
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Question 4
Use the differential equation

2
d—2y+a2x:0,t3 0,
dt

with appropriate initial conditions to show that

(cosat) = >— and (sinat) = -

s +a s +a

You may not use integration in this question.

proof
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Question 5
Find each of the following Laplace transforms.

-at_ 5 bt
a) % ,a>0,b>0

b) (1+te't)3

s (srf (sv2° (59"

e - e —In st b (1+te‘t)3 1 3 6 6
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Question 6
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Invert each of the following Laplace transforms.

f(t)=tH(t- p)- sintH(t p)|,
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Question 7
Find each of the following Laplace transforms.

sinht
c)
t
2t
Jt
sinht _ 1, s+1 e _[p
=1p S e - | A
t 2" g g Jt S+2
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Question 8
Find the inverse following Laplace transforms d# tbllowing functions.

2s
?+4s+10

e 2s
82 + a2

1

32(32+1)

2e2 cos/_ﬁ-%\/_Gcsin/_B

iH(t- a)- sin a(t a) |, [t- sint

O [T e
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Question 9
Find the following Laplace transform

sin’t

sint

t
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Question 10
Itis given that

f(t) =%exp —i , t30.

Determine a simplified expression for

e f(3)
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Question 11
Find a simplified expression for

cosit 4 .

s?- 32

cost? 4 =S(§—_64)

Question 12

The functiony = y(t) satisfies the differential equation

dy
— =1, t30, 0)=0.
Y y(0)

Use the initial-final value theorem to finlgn y(t) -
(¥

A
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Question 13

The functiony = f(t) satisfies

1
f(t) = -

Determine a simplified expression fdr(t).
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Question 14

1
(s+1)(s+2)

h(s)=

Invert the above Laplace transform by ...
a) ... partial fractions

b) ... the convolution theorem
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Question 15
The convolution] f * g](t), of two functionsf (t) and g(t) is defined as

[f*g](t)=  f(t- u)g(u) du

Show that

proof
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Question 16
Use the differential equation

d?x
—Z:azx, t3 0,
dt

with appropriate initial conditions to show that

) .
coshat)=——— and sinhat) =———
( ) 2. g2 ( ) 2- 5

You may not use integration in this question.
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Question 17
The functiony = f(t), t3 0, is twice differentiable.

a) Show from first principles that

dt? dt
A second functiong(t) is defined fort 3 0.
b) Show further that
t
f(t-u)g(u) du= (9 o1
0
, |proof
a)  STTNG B THe DEfngron of A ) b snreng 3y .
Ll&T- m éi&é’ﬂ i[& £ 30 & | = X ‘B 4(603&” at
D._ns@ ootk s ﬂm\»&memwmm«r\m

{Stj i ;S E d& E j :
J S ( “((m)acm de du
a=o t

s( dy dt
L . ( go((b e de| &
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Question 18
f(t) ©f(s),t20.
a) Show clearly that
e f(t)°f(s a).

b) Find in its simplest form

e? cos? sing .

s?- 4sr 20
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Question 19
Use the definition of a Laplace transform to shbatt

proof

Question 20
Determine a simplified expression for

te® coss .

?-4s 5

te cosBd = >
(- 45 13
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Question 21
Find the following inverse Laplace transform

1

-1 In 1+—2
S

[ 1 1+i2 :?2(1- cog)

S

ook A € £0] e sieo i & o oo
Tonsom oF £ o Soue £6)

147 - g*—“"“ -3

He s bGeg)
29 - 2(n0ga) = & lnce]
=4 h - w) = & Dl - 2s ]

s gl s a0 ()

WE RECOGNIZE THIS AS STNOALD 2ROTE
24 o] - 2 ()
ST pyrarn
HONCE b tVE NOTING. THE RUEISAL OF THE SIGNS DO TO THE INIEROATN UMTS
i ‘Lln(w‘t\] = L'fﬂ //,/

B eIV C e S VIV SRV IS
plrzogen] . Glfes - Gilamde- (3 2
= Q- WDy = Dbl = ChGEITY
= M= W) = WD) - () ()

Sovrmprarowtitonsad.
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Question 22
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Find the following inverse Laplace transform

1 12
$$+8

[0 1.

-1

12
$$+8

=g 2424 \/_3Sir(\/_3)- co(sft:}

= &+ Je E(id_t-s%p)
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Question 23
Find and verify the following inverse Laplace triois

-1 pF s
= 2tcoszt+4 sin®
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Question 24

Use the definition of a Laplace transform to shbetif x= f (t) then

proof
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Question 25

proof

b nw Tace e @) 4
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Question 26
f(t) ©f(s),t20.

a) Show clearly that

K'f(t) © f(s Ink, k>0.

b) Find in its simplest form

t3gtd .

t°e

t2

6

(s+1-In 2)4
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Question 27
Find the following inverse Laplace transform

-1 1

s3(sz+1) '

——— =5t°- 1+ cog

33(sz+1) 2
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Question 28
Find the following inverse Laplace transform

1 1
52(s+1)2

41

=t- 2+ (t+ 1) e
52(s+1)2 (t+3)
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Question 29
Itis given that

Determine a simplified expression for

e'f(2)

SORT &Y GRS THe Dol o dey = gk (L)
feged = - d(aw)

= i[k((&)] ® 9:5

Tinoay Y W CW 400 dcoike. B0l

) “‘;%@(s.\] = @j
=Ll = j Tis‘"‘d\ ds = J[ 3(@)] = %lﬁ[@%ﬁ]
> I[etm] = §h[ 2]

S dlet] - {\“[WJ .

= Ao e T

= Tey s B e S 2es]
S0 - (e
THOE s No NEED TO_Fn Tue ﬁt\~%ceeo&ioum&
gl - 1503

NEE

= L] g %]

5 1 e = B ]

= de = 1l s
o 5
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Question 30
Use an appropriate method to show that

e o),

wherea is a positive constant.
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Question 31
Use an appropriate method to show that

t, su
1-e du =—1In s+—1.
u

S S
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Question 32
Use an appropriate method to show that

erf(\ﬁ) = !

sVst+l

proof
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Question 33

a) Show clearly that

where T (s)= ((1)).

b) Verify the validity of the result of pafg) by using f (x) =sinx and finding
(g(t)) by its integral definition.

c) Use the result of pa(d) to determine

t .
sinx
— dx

o X

1 1
Zarctan =
S S
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Question 34
The functiony = y(t) is infinitely differentiable and defined fdr® 0.

Show that
Iy 5309 =i, )
wherey(s)= Y1)

proof
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Question 35
The Laplace transform of (t), t2 0, is denoted byf (s) = ( f(t)).

. fs) .
Show that the inverse Laplace transformﬂg satisfies
S

proof
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Question 36

d?y dy

t—2 +—2

e +ty, t>0.

The functiony = Jy(t) is a solution of the above differential equation.

It is further given thalig(]) Jo(t) =1.
t

By taking the Laplace transform of the above dédfdéial equation, show that

Jo(t) =

N

s +1

proof
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Question 37

By forming and taking the Laplace transform of &ahle second order differential
eqguation, show that

1

4s

sinv/t =\/’Ee3 :
2s2

proof
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Question 38

The Sine integral functio8i(t) is defined as

t .
sift)e 2™ du, t2 0.
0 u

Show that

Si(t) :larctan 1 .
S s

proof
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Question 39
Find the following inverse Laplace transform Bydifferent methods.

-1 S

w ,a>0.

1 S tsin at

(Sz N a2)2 2a

Created by T. Madas



Created by T. Madas

Question 40

The Cosine integral functio@i(t) is defined as

¥
ci()e  ZHdu,t>0.
¢ u
Show that
In(sz+l)
Ci(t) =———~.
2s

proof
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Question 41

The Exponential integral functioBi(t) is defined as

Show that

proof
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Question 42

By differentiating the integral definition of thea@®ma function,G(x), with respect
to x, show that

gtins
Int| =- :
[ing =- £~

You may assume tha®{(1) =-g.

proof
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Question 43

f(t) =f(s)° ' f(t)e s dt, t2 0.

a) Show from the above definition thataf is a non zero constant, then

f(at) =

Q|
—h|
o lwn

b) By taking the Laplace transform of Bessel's equatio

2
tz%ﬂgu(tz - n2) x=0,nl
X

and assuming further tha (0) =1, show that

1

2 +1

Jo(t) =

c) Deduce in simplified form the Laplace transform af ( at)

1

Vs?+ a°

Jo(at) =
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Question 44

b) Show further that

c) Giventhat "~ € = , use partg(a) and(b) to prove that

3
2t2/p
a5
1 & —erfc 2 |
s 2t

wherea is a positive constant.

proof
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Question 45
The Laplace transforny(s), of a functiony = y(t), t 2 0 is given by

a) Show thaty(s) satisfies the differential equation

453089 +27(®- Y = 0

b) Hence show further that
4t2%+(6t- Jy= o

c) Use partga) and(b) to prove that

proof
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INVERSION

BY
COMPLEX
VARIABLES
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Question 1
Use the method of residues to find

11
s-2
1 1 _a
s-2
Question 2
Use the method of residues to find
19
(s+1)(s- 2)
1 9 =d+(3- 1) &

(s+1)(s 2
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Question 3
Use the method of residues to find

(32 +1)2 |

=sint - t cog
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Question 4
Use complex integration to find the following ingerLaplace transform.

-1 S

w ,a>0.

1 S _ tsinat

(52 N a2)2 2a
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Question 5
Use the method of residues to find

=(2t-1)é+ (2 22)
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Question 6
Use complex variables to find

1 ?-4s 5

(sz- 4t 13)2 |

(52 - 4sr 13)

2
. s°-4s 5
1—2 =te? cos8
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Question 7

Use complex variable methods to invert the abovyadce transform.
Use a detailed method, describing briefly eachestaghe workings.

Give the final answer in terms of Heaviside funeio

f(t)=

Nl

H(t- p) sin(t- p} (t p)coft p)
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Question 8

- as
f(s):V“SL)e a>0.

52(52+1) ’
Use complex variable methods to invert the abovyadae transform.

f(s) =tH(t- a- H(t asin(t & aHft Jcoft 3
Use a detailed method, describing briefly eachestaghe workings.

proof
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Question 9

iy _S+F+l-g¥
R e

Use complex variable methods to invert the abovyadce transform.

Use a detailed method, describing briefly eachestaghe workings.

0 t<0
f(t)= t +cost OEt£p
p+cost - sirt t>p
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Question 10

Given thata is a positive constant, use complex variable nught find the
following inverse Laplace transform.

-1 1 .
S(e+ &)

Use a detailed method, describing briefly eachestaghe workings.

2
t 2 2 t .
f (t) :—4- _6+ —Gcosat+ 5 Sinat
2a° a a 2a
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Question 11
Use complex variable methods to find the followingerse Laplace transform.

-1 In 1+ 82
s(s+1)

Use a detailed method, describing briefly eachestaghe workings.

f(t)=} 1+e'- 2cos
t
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Question 12
The functiony = f(t), t3 0 satisfies

S
f(t) = )
(t) st+1

Use complex variable methods to show that

f (t) =sin s sinhL .

NN

Use a detailed method, describing briefly eachestaghe workings.

proof
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Question 13

The Bromwich integral for inverting a Laplace triorm f_(s) is given by

a) Describe briefly the contour used in this integratl the general method used
to invert the transform.

b) Given thata is a positive constant, show that

exp -iz
4

1. a
lgals _ :
2t2

ST

c) Hence find in a simplified form of a convolutiortégral the following inverse
Laplace transform

JRNE

Js

[ solution overleaf ]
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