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SUMMARY OF THE LAPLACE TRANFORM

The Laplace Transform of a functioh(t), t 3 0 is defined as
_ ¥
f(t) ©f(s)e e i(t) dt,
0
wheresl , with Re(s) sufficiently large for the integral to converge.

The Laplace Transform is a linear operation

af(t)+bg() ©a f(§+b oJ .

Laplace Transforms of Common Functions

()2 )
s-a s+a
. a
(cosat) = et (sinat) = 27
. a
(coshat) = el (sinhat) = 7.2

Laplace Transforms of Derivatives

X(t) =sx(9- X0)
x(t) = £%(1)- s{0) %0)
x(t) =%(1)- ${0)- sk0} * 0)
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Laplace Transforms Theorems

15t Shift Theorem

e f(t) =f(s+a) or €'F(t) =f(s- a)

2" Shift Theorem

f(t-a) =e®f(s),t>a or f(t+a) =e*f(s), t>-a.

H(t- a) f(t a)= €®f(g or  H(t+a)f(t+a) =e*T(s

Multiplication by t"

ds ds

Division by t

f(t

flY) f(s) ds

t S
: T :
provided that Igr(l) 5 exists and the integral converges.
t

Initial/Final value theorem

!|®rr2) f(t) =]g!!)r£| sf(s) and tlg@rg f (t) :gmo sf(s
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The Impulse Function / The Dirac Function

¥ t=c ¥ t=0
1. t-c)= t) =
a(t-) 0 ttc | a(t) 0 t* o0
b
2. d(t-c) dt= ! a£c£.b
a 0 otherwise
° f(a) afcEb

3. f(t)d(t-c) dt=

a 0 otherwise

4. d(t-c) = e
5. f(t)d(t-c) = f(c)e™

6. % H(t- ¢) = d(t o)
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SOLVING
SIMPLE
O.D.E.s
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Question 1
Use Laplace transforms to solve the differentialsgpn

2(- 2x= 4,13 0,
dt

subject to the initial conditiox=1 att =0.

,Ix=3&2-

Question 2
Use Laplace transforms to solve the differentialagmpn

ﬂ+2y=10e’“, X3 0,
dx

subject to the boundary condition=6 at x=0.

y=2e%+46%
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Question 3
Use Laplace transforms to solve the differentialsgpn

N gy= 284 & x3 0,
dx

subject to the boundary condition=0 at x=0.

Question 4
Use Laplace transforms to solve the differentialagpn
d’y dy

— 2.3 oy= 26X x30,
dx? dx y

subject to the boundary conditiogs=5, %’ =7 atx=0.
X

y=2eX+ 4&
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Question 5
Use Laplace transforms to solve the differentialsgpn

2
d—zz- 292 10p= 108
42 dt

subject to the initial conditiong=0, j_f =1 att=0.

y=e”+cos3+ sinf
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Question 6

Use Laplace transforms to solve the differentialsgpn

d?y
—— - 4y= 24cos X, x3 0,
dx? Y

subject to the boundary conditioys= 3, d—i =4 atx=0.

[ ], ly=4e*+26%- 3cosg

(DUFTING- AL QK0S
‘%g-%: aloa , x>o | 2o, y=3 aiu ————
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Question 7
Use Laplace transforms to solve the differentialsgpn

2
9,5 Yiey=3a+e
dt dt
dy _

subject to the initial conditiong =4, ik 17 att=0.

y=e?+76%+ 8- 4

ol
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Question 8

By using Laplace transforms, or otherwise, solve fiollowing simultaneous
differential equations, subject to the initial cdimhs x=-1, y=2 att=0.

dx dy
—=x-2 and —==5x-vy.
at y at y

X=-Ccos 3- % sinB,y 2cos3 % Sirtf.
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Question 9

2(+y:e't and 5L
dt dt

Use Laplace transformations to solve the above Isameous differential equations,
subject to the initial conditiongs=0, y=0 att=0.

, |[X=-cosht+ sint+ co$ ,y= cost+ ~sth ¢

\
Sy,
at

! ) X=0, Y=
8x =4 ’ s =1
SEty=¢ =1
[

@ Lot N wm
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Question 10

dx 2 dy 3
—=X+%5 and —=3y- 35X.
dt 3Y a 772

Use Laplace transformations to solve the above Isameous differential equations,
subject to the initial conditiong=1, y=3 att=0.

x=e+te?, y= 3@+%t é
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Question 11

Q(=y+2e't and Y iox. 3y= 0.
dt dt

Use Laplace transformations to solve the above Isameous differential equations,
subject to the initial conditiong=0, y=1 att=0.

x=4te'- e+ e? | y=- 4+ 34 28
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Question 12

2 2
dx_ gy gy+ 22&  and LS JEPNP-
dt? dt dt?

The functionsx= f(t) and y=g(t) satisfy the above simultaneous differential
equations, subject to the initial conditions

X=2, y=-3, 2(:10, ﬂ/:-1 att=0.
dt dt

a) By using Laplace transforms, show that

-38%+ 11sM+ 90~ 3848 10
(s-1)(s 3 '

(54- 308t 18)_3,c

wherey = ‘g(t) .

b) Given further thats® - 30s+ 18 is a factor of - 35>+ 11s*+ 90~ 3848 19,
find expressions fox and y .

x=4et- 248  y= & 4%
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Question 13
Use Laplace transforms to solve the differentialsgpn

d?x
X x=1(1),
dt? (1)

given further that x=1, %zl att=0, and

0 t<O0
f(t)=t OEtEp
P t>p

x=t+cost- (t- p) Ht p} sift p) Ht p)
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Question 14
Use Laplace transforms to solve the differentialsgpn

2
X 2Pk =gt 9,
a2 dt

given further that x=0, %zl att=0.

x=¢' sin2- ésif 2 Bt P
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Question 15
Use Laplace transforms to solve the differentialsgpn

2
d—2X+4Q(+3x=2d(t- 6,
dt dt

given further that x=0, %:2 att=0.

x=¢¥ Z-1+228 & & R ﬁ
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Question 16
Use Laplace transforms to solve the differentialsgpn

d?y
CYiy=t(1),

given further that y =0, %’ =l att=0, and f(t) is a known function which has a

Laplace transform.

You may leave the final answer containing a contioiutype integral.

t
y=sint+ - f(u) sin(t- u) dy
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Question 17

d?x _ dx _
F+ZE+ZX— f(t)

a) Use Laplace transforms to solve the above diffeaeatjuation, given further

that x=0, %:O att=0, and f(t) is a known function which has a

Laplace transform.
You may leave the answer containing a convolutype tintegral.

b) If f(t)=¢* find x=x(t) explicitly.

t

x= f(t-u)e"sinudd, :-%)e't[BsinH co$]+1—10@
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Question 18
Use Laplace transforms to solve the differentialsgpn

d?x
—+16x = f(t),
dt? (1)

given further that x=0, % =1 att=0, and

cos4 COEtEp
f(t): 0 t>p

[You may find the Laplace transform t$in 4 useful in this questioh.

x(t):%sinm+%tsin4-%(t- p) Ht p) sino{
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Question 19
Use Laplace transforms to solve the differentialagipn

d°x  dx
~ 44— ax =1t
dt2+ gt ().

given further that x=0, %:o att=0, and

0 t<0
f(t)=t OFft£2
0 t>2

0 t<0

x(t)= t- 1 (t+)e? & t£ 2

e t+1+€'(3- 5 t> 2
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EVALUATION
OF
INTEGRALS
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Question 1

¥

te? cog dt.
0

Given that the above integral is finite, use Lapla@nsform techniques to find its
exact value.

3
25
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Question 2
¥

xe Xsin 2 dx.

Given that the above integral is finite, use Lapla@nsform techniques to find its
exact value.

12
169
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Question 3

Given that the above integral is finite, use Lapla@nsform techniques to find its
exact value.

In3
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Question 4

sinx
— dX.

Given that the above integral is finite, use Lapla@nsform techniques to find its
exact value.

iy 5!
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Question 5

Wl

-3X .
€ ° sIinXx

X

dx.

Given that the above integral is finite, use Lapla@nsform techniques to find its
exact value.
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Question 6

Given that the above integral is finite, use Lapla@nsform techniques to find its
exact value.

In2
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Question 7

¥
COSBX- cos#

X

ax.

Given that the above integral is finite, use Lapla@nsform techniques to find its
exact value.
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Question 8

x>e ®sinx dx, a>0.

Given that the value of the above integral is zas® Laplace transform techniques to
find the value ofa.
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Question 9
Use Laplace transforms techniques to show that

¥
ueV’ erf(u) du=1J2.
0

You may assume that

erfit =

1
sVs+l

proof
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Question 10

-t
e sinu
du dt.

Given that the above integral is finite, use Lapla@nsform techniques to find its
exact value.

NG
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Question 11

¥
e Xsirf x

X

ax.

Given that the above integral is finite, use Lapla@nsform techniques to find its
exact value.

¥,
4In5
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Question 12

s

e V<X sinhx sinx

X

dx.

Given that the above integral is finite, use Laplaansform techniques to find its

exact value.
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Question 13
f(t)° e ™ dx.

0

By considering the Laplace transform b(t), show that

proof
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Question 14
Y 2
F(t)° cog tx“] dx.
e o)

By considering the Laplace transform Ié(t) , Show that

proof
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Question 15

1(t)° ' sin(txz) dx.

By considering the Laplace transform I((Tt) , Show that

¥
. sin(xz) dx= \/% .

proof
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Question 16

¥

f(t)° xcod tx®) dx.
e o)
By considering the Laplace transform b(t), show that

v ¥E
. xcos( ><3) dx=ng—(z) .

proof
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Question 17

P

2" exp|- L tanx)- exé J 3ta|x)

| = V3 / dx.
sin 2x

0

Use Laplace transforms to show that
=1
| = 5In3

proof
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Question 18

¥
sin® x

X2

dx.

Given that the above integral is finite, use Lapla@nsform techniques to find its
exact value.
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Question 19

The Exponential integral functioBi(t) is defined as

¥ _-u
Ei(t)e  Z— du,t20.
t u

By considering the Laplace transformBf(t), show that

¥
2te ' E(t) dt = In4- 1.
0

proof
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Question 20

x (1+ x) sin( Inx) dx
In X

Given that the above integral is finite, use Laplaansform techniques to find its
exact value.

INGR
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SOLVING
O.D.E.s, P.D.E.s
&

INTEGRAL
EQUATIONS
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Question 1
Use Laplace transforms to solve the following d#feial equation
d2y

dy
= Y402 = = =0.
X— OIX+xy 0, y(0+)=1, y(p)=0

y(X)zsinx
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Question 2
Use Laplace transforms to solve the following d#feial equation
d’y dy

dy
t—+—+4ty =0, =1, = =

y(1)= 3 (2Y
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Question 3
Use Laplace transforms to solve the following d#feial equation
d’y _dy

dy
5~ - :11 :l, —— :2
dx? de+ y ¥(0) dx(o)

y(X)=2x+1
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Question 4

The function u = u(t, y) satisfies the partial differential equation

E-}-yﬂ:y’ t3 O’ y>0,

it " Ty
subject to the following conditions
i. u(0,y)=1+y?, y>0.

i. u(t0)=1, t30.
Use Laplace transforms into show that

u(t,y)=1+y- ye'+ ye?.
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Question 5

The function z= z( X 1) satisfies the partial differential equation

subject to the following conditions
i. z(x0)=6e%, x>0.

i. z(x1), is bounded foralk® 0 andt? 0.

Find the solution of partial differential equatiby using Laplace transforms.

1. [e(x)=6e® 2
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Question 6
g(x)=8sin( 2vx), 0Ex£1

The above equation represents the temperaturebdistn g °C, maintained along
the 1 m length of a thin rod.

At time t =0, the temperaturg is suddenly dropped tg =0 °C at both the ends of
the rod atx=0, and atx=1, and the source which was previously maintaining t
temperature distribution is removed.

The new temperature distribution along the gdc, t), satisfies the heat equation

2
M=%, 0EXEL, t30.

'S

Use Laplace transforms to determine an expressiog(fx, t).

[ 1 lg(xt) =86 sir( 2x)
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Question 7

The temperatur@(x, t) in a semi-infinite thin rod satisfies the heat &iipn

The initial temperature of the rod °C, and fort >0 the endpoint atx=0 is
maintained af °C.

Assuming the rod is insulated along its length, Laplace transforms to find an
expression fory(x,t).

You may assume that

Js
=erfc

1€ L

S 2\/f
t
k

1 f(ks) :% f — , wherek is a constant.
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Question 8

The function x = f(t) satisfies the differential equation

d?x
——+x=tH(t-a),t30,
dt? ( )

whereH(t) is the Heaviside function aral is a positive constant.
Use Laplace transforms followed by inversion usstogiplex variable to show that
x=tH(t- a)- H(t a)sin(t & aHft gdcoft 3.

proof
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Question 9

The function x, = f (t,n) satisfies the differential equation

2
td—;(+(1- t)Q(+ nx=0,t30, nl
dt dt

Use Laplace transforms in followed by inversion using a unit circle contpto
show that

You may assume that

St n

© ds:%(Zpi), where C:s=€9,- p<¥£ p

Sr1+1

C

proof
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Question 10

The functiony = y(t), t 2 0 satisfies the following equation.

d2y t
= - y+ 2 sin(t- u) y(u) de cost.
dt 0

Use Laplace transforms to show that

y(t) =sin L sinn L

V2 V2

proof
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Question 11

The one dimensional heat equation for the tempmraTL(x, t) , satisfies

2
TT_LI
s s 1t

wheret is the timex is a spatial dimension argl is a positive constant.
The temperaturé'(x, t) is subject to the following conditions.

i. )I(gg T(xt) =0

i. T(0t)=1
ii. T(x0)=0

a) Use Laplace transforms to show that

T(xt) = T(x9 = Texp \/SE X

S

b) Use contour integration to show further that

T(xt)=1- erf Ext .

You may assume without proof that
¥ 2

e ™ codx dx= ‘/ﬁ exp- K

0 4a 4a

X 2
e dx
0

erf(x) =

S

proof

[ solution overleaf ]
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