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SUMMARY OF THE GAMMA FUNCTION

The Gamma functioi®(x), is defined as

wherex?! ..- 4. 3, 2, 1C

¥
G(x) o t¢te! dt,
0

Gamma function common rules and facts

G(x +1) °xG(x) xI
G(n+1) °n!, ni or G(n) °(n-1)!, ni
G(1) =1, 6(2) =1, 6(3) =Jp

G(0) =+¥, G(-1)==+¥ , G(-2)=+¥, G(-3)=+¥, etc

[JUR=®
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Question 1

Evaluate each of the following expressions, leavthg final answer in exact
simplified form.

M s0. o). [71=5040
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Question 2

Evaluate each of the following expressions, leavthg final answer in exact
simplified form.

a) 60G( 5) .
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Question 3

Evaluate each of the following expressions, leavthg final answer in exact
simplified form.

c) e ¥ dx.
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Question 4

By using techniques involving the Gamma functiang the value of
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Question 5

By using techniques involving the Gamma functiang the value of

¥
\/;e'& dx.
0
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Question 6
By using techniques involving the Gamma functiang the value of

" (%)

X2

dx.

Question 7
By using techniques involving the Gamma functiamg the exact value of

¥
2J/x e X dx.
0

Give the answer in the forr@(k) , Wherek is a rational constant.
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Question 8
By using techniques involving the Gamma functiang the exact value of

¥

2
x8e ¥ dx.
0

Give the answer in the form\/,L_J , Wherek is a rational constant.

2048
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Question 9
By using techniques involving the Gamma functiang the exact value of

1 . !
In = dx,
X

wherea! 1, 0- 1 2, 3, .

Give the answer in terms of a Gamma function.

Question 10
By using techniques involving the Gamma functidmgws that
1

[Inx]" dx=(-2)" ', ni

proof
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Question 11
By using techniques involving the Gamma functidmgw that

¥

-k
ez ds = 3/,? ,
S 8k?2

proof

Question 12

a) Show clearly that
G(x +1) °xG(x), xt 0, xi-
b) Hence show further that

G(n+1) °ont , ni

proof
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Question 13
By using techniques involving the Gamma functidmgw that

ot A
xMe X gx=— 1
0 nan

proof

Question 14
By using techniques involving the Gamma functidmgws that

dx=e*a%G(1-n), 0<n<Ll.

proof
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Question 15
The gamma function is defined as

¥
G(x)= e't*td, x:0- 1 2
0

i Show that forx>0

G(x +1) =x GX).

ii. ~Express the integral
| (s)= e P’ dp, s>0,

in terms of Gamma functions.

iii. -~ Deduce that

Slgg I(s) =1.
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Question 16

a) Write down the definition of the Gamma functi@®{x) , for Re(x) > 0.

b) Use the standard recurrence relation of the Gammetibn to extenG(x),

for Re(x)£ 0, and hence find the residues at the simple pdies=a n,
n=0,12,3..

(-3

n!

Created by T. Madas



Created by T. Madas

Question 17
=2 X dx and 1=2 &Y dy.

By finding an expression for, show that
1) -
o[3) =Vp.

proof

Created by T. Madas



Created by T. Madas

Question 18
It is given that the following integral converges

1

In x|'% dx.
0

Evaluate the above integral by a suitable subgiruhtroducing Gamma Functions.

You may assume that

o) -7

e

Created by T. Madas



Created by T. Madas

Question 19
It is given that the following integral converges

1

(xInx)™ dx, n
0

Evaluate the above integral by a suitable subgiriuhtroducing Gamma Functions.

(-1)"n!
(n+1)n+l

1
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Question 20
It is given that the following integral converges

¥

-1t
e 2 Int dt.
0

Evaluate the above integral by introducing a neveipetric term in the integrand and
carrying out a suitable differentiation under theegral sign.

You may assume that

2(-g+ In2)
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Question 21

Prove the validity of Legendre’s duplication forradbr the Gamma function, which
states that

G(2n)Vp -
6{n+1) °—22(n-2‘)G (f)' N
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Question 22
Legendre’s duplication formula for the Gamma fumetistates that

o Gl2mVp -

G(m +%) ZZTG(m)

Show that
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Question 23

y
1(/,%) = e /tt* Lint dt.

a) By carrying a suitable differentiation over theeigtal sign, show that
1(/,x)=/ 7 Gx)-G(x) In

b) Find simplified expressions fot (/,1), 1(/,2) and1(/,3).
¥

1
% th . >
ou may assume aGI(X) G(X) 9 +X * a k x+k

|(/,2):/—12[1-g- A

1. |(/,1):-/1g;+|n/]

|(/,3)=/—13[3- Z- 2]

Q) s b v T £(a%) = a* R T
* A @ -~ - 2 = -t S -de)
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Question 24
By considering standard power series expansionsigimg Gamma functions, show

r=1

You may assume that integration and summation ceenmu

Dol HE 104RANN
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Question 25
By considering standard power series expansionsigimg Gamma functions, show

1
idx:1+i+1 1,1

<+ =+
o XX 22 .3 4 7

You may assume that integration and summation céeamu
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Question 26

Y ()
7 ) mdx.

Show by the means of partial fractions and a slatabbstitution that
¥ -1
| =-6+ u3e'“(]: é”) du,
0

4
and hence show thdt:%- 6.

You may assume without proof that

r=1

proof
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Question 27

By using the substitution = x+ w/ x in the integral definition of3(x +1), show that
for large values oh

proof
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BETA FUNCTION
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SUMMARY OF THE BETA FUNCTION

The Beta functiorB(m, n), is defined as

1
B(mn°o X"(& >§”’1 d».
0

Alternative definitions of(m, n) are

p

B(mn)° “2sif™lg cod” g dg.
0

¥

B(m, n)° 0 (x+l)m+n dx
Beta function common rules and facts
B(mn)°B(nmn
B(m, n)° Gé(r?r)l?n;) , or B(m, n)OW mi ,nl
or B(m, n)° (m-2)(r 3 B(m 1,n 1
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Question 1
Show clearly that

NS

2n 1

B(mn)=2 “(sing)’™*(sing)

proof

Question 2
By using techniques involving the Beta functiomdfithe exact value of

1
7x° (1-%)
0

4 dx.
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Question 3
By using techniques involving the Beta functiomdfithe exact value of

p

2
sinfgcoqg dg.
0

Question 4
By using techniques involving the Beta functiomdfithe exact value of

1
x*1- X% dx.

0
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Question 5

D

2\/sinx dx.

0

Express the value of the above integral in termSarhma functions, in their simplest
form

Question 6
By using techniques involving the Beta functiomdfithe exact value of

NI

sin’g dg.
0
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Question 7
By using techniques involving the Beta functiomdfithe exact value of

dax.

4096
35

Question 8
By using techniques involving the Beta functiomgdfthe exact value of

S

4
sin® 2x co$ X dx.
0
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Question 9
By using techniques involving the Beta functiomdfithe exact value of

- dx.
. 41 A
2
Question 10
By using techniques involving the Beta functiomdfithe exact value of
p
sin® (% x) co§(—% x) dx.
0
16
105
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Question 11

a) Show clearly that

1

-1
xm'l(l- x”)p de g ™ p,nto.
0 n n
b) Hence, find the exact value of
1
2
X° (1- x3) dx
0
1
24
Question 12
By using techniques involving the Beta functiomdfithe exact value of
1
th- Ix dx.
0
1331
1564
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Question 13

Use Beta functions to show that

| -2
" (n+2)(n+1) "

proof
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Question 14

a 4
X2 a- x dx.

Find an exact simplified value for the integral boby using a suitable substitution
to transform into a Beta function.

You may assume that is a positive constant.
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Question 15
p
lon = 2sinchoé‘q dg,mi ,nl

0

a) Show clearly that

=M1

m, n m+ n m2,n
b) Hence, show further that

(m-1)(n 9

B(m, n)= B(m-1n 1).

(m+n-1)(m n 2)

proof

Created by T. Madas



Created by T. Madas

Question 16
Show clearly that

(m+n)
proof
Question 17
By using techniques involving the Beta functiomdfithe exact value of
p
2
vJtang dg.
0
P
J2
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Question 18
By using techniques involving the Beta functiomdfithe exact value of

4

x%\/16- X% dx.

Question 19
By using techniques involving the Beta functiomdfithe exact value of

2

V16x%- X8 dx.
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Question 20
By using techniques involving the Beta functiomdfithe exact value of

1
1

. NN

dx.

2p
J3
Question 21
By using techniques involving the Beta functiomdfithe exact value of
p
2 1 7
(sing)2(cogy)? dx.
0
502
64
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Question 22
By using techniques involving the Beta functiomdfithe exact value of

2

5
(Zx- x2)2 dx.
0
5
16"
Question 23
By using techniques involving the Beta functiomdfithe exact value of
2 7
(4- x2)2 dx.
0
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Question 24
By using techniques involving the Beta functiomdfithe exact value of

‘/1+_x dx.
1- x

1

-1

Question 25
By using techniques involving the Beta functiomdfithe exact value of

NS
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Question 26

Use the substitution® =sing to show that

2
1 1
1 g o o{3)
o Vi-x* V3%
proof
Question 27
By using techniques involving the Beta functiomdfithe exact value of
P
3
sin(%x)\/Ssin& dx.
0
V2,
3

Created by T. Madas



Created by T. Madas

Question 28
By using techniques involving the Beta functiomdfithe exact value of
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Question 29
By using techniques involving the Beta functiomdfithe exact value of

¥

X3

O —(1+ 8)(3)2 dx.

e,
I
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Question 30
By using techniques involving the Beta functiomdfithe exact value of

4
1

9 %

dx.

Question 31
By using techniques involving the Beta functiomdfithe exact value of

2p
cos4q+ sir?q dg.
0
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Question 32
By using techniques involving the Beta functiomwithat

proof
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Question 33
1
B(mn)°e X"(& )9”’1 d>
0
a) Usethe substitutiorxzi to show that
y+1
( ¥ ym-l
B(m, n)° dy
) 0 (y+1)m+n
b) Hence find the exact value of
¥
3
5 dx.
o (4+x)
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Question 34

a) Show clearly that
b
(b- )™ (% &"" dx (b 3" "'B(mh

a

b) Hence find the exact value of

— dx.
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Question 35
By using techniques involving the Beta functiomdfithe exact value of

¥
1 3 dx.
3
0 (1+x )
1w
2743
Question 36
By using techniques involving the Beta functiomdfithe exact value of
¥ 2
X 7 dx.
y 1+X
1%
V2
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Question 37
By using techniques involving the Beta functiomdfithe exact value of

p
3
Question 38
By using techniques involving the Beta functiomdfithe exact value of
¥
Y
2
0 (2+x )
502
512
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Question 39

The figure above shows the curve with parametriaggns
x=8cos't, y=sin3t, O£t E%p.

The finite region bounded by the curve and the dimate axes is revolved fully about
the x axis, forming a solid of revolutio.

Determine thex coordinate of the centre of mass®f

x|
"
N

[EEN
»
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Question 40
By using techniques involving the Beta functiomwithat

1
1 il
dx=—
o V1- X" sm(%)
proof
Question 41
By using techniques involving the Beta functiomwithat
' 1
dx = Bcosecg :
X" +1 n n
0
proof
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Question 42
1
B(mn)e X"(& >§n'1 d>
0
a) Use the substitutiox =Y to show that
y+1
( ¥ ym-l
B(m, n)° dy
) 0 (y+1)m+n
b) Hence find the exact value of
¥
Jx
5 dx.
0 16+x
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Question 43
By using techniques involving the Beta functiomdfithe exact value of
P
2 Jtanx

— dx.
o (cosx+ sinx)

12
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Question 44
By using techniques involving the Beta functiomdfithe exact value of

NS
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Question 45

Use techniques involving the Beta function to shbat

_ 22n+1(n!)2
(2n+1)t
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Question 46
By using techniques involving the Beta functiomdfithe exact value of
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Question 47
By using techniques involving the Beta functiomdfithe exact value of
p
2 /
tanx dx

0 cos x+ 4sirf x '

INGR
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Question 48

¥
2
e u?*?! du.
0

a) Determine the value of the above integral in teoff@amma functions.

b) Show that

1
P

(COSC]) 2y 1

2X- 1(

sing)” ~ dg 0% Hx.y).

c) Use the results of paf@) and(b) to show further that

B(x,y)= G(x) qy)

G(x +y)
d) Hence deduce that
30

2 _ 2n p
(cosg)™ dg = n
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Question 49

a) By using techniques involving the Beta function ahéd Gamma function,
show that

)2k+1 dg = (k!)222k
2k’

b) Use a suitable substitution in the above integraléduce an expression for

p
2

(Sinq)2k+l d

qg.
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Question 50
f(z)==——, 2zl ,pl ,0<p<Ll

a) By integratingf(z) over a keyhole contour with a branch cut along the
positive x axis, show that

b) Hence show further that
1

G(x) q1 -x) = i wH(1- 07" du

c) Use the substitution =tL+1 to deduce that

__p <x<l
G(x) d1 -x) “sn(ox)’ 0 1

, , |proof

[solution overleaf]
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Question 51
1

B(m, n)° )(“'1(1- )9”’1 d>.
0

a) Use a suitable substitution to show that

1

B(k, k):% (140 (1 0** d

-1

b) Hence show further

proof
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Question 52

a) Expressl(x) in terms of Gamma functions.

b) By considering the symmetry of the integrand alibatlinet :% and using

2
the substitutiony = 4( - %) , Show that

G(x) qx 4] 2">Vp G2K).
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Question 53

You may assume that dx=— , 0<p<l.
o (x+1) sinpo

proof
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Question 54
It is given that for any real constantsand y

G(x +1) qy ) |

B(x+1Ly+1) = G(x +y +2)

a) Use the integral definition oB(x+1,y+1), with a suitable substitution to
derive Gauss’ definition of the gamma function

X

G(x) =r|1gg x(x+1)(x+2)..().<+ n-)(x n

b) Hence show

proof

Created by T. Madas



Created by T. Madas

Question 55

L 1- x

| = xy(1- % y)% dyab.

0
0

Determine the exact value of by transforming it into an expression involvingt8e
functions.

16
945
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Question 56
A finite region R defined by the inequalities

x3+y3+23£1, x30, y20, z30.
Show that the volume dR is
k
1
o4)

wherek is a positive integer to be found.

=
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