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Question 1
Itis given that the following integral converges.

1,
x3In x dx.
0

a) Evaluate the above integral by introducing a paramahd carrying out a
suitable differentiation under the integral sign.

b) Verify the answer obtained in pge) by evaluating the integral by standard
integration by parts.
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Question 2
It is given that the following integral converges

¥
xTe 4% dx,

wherea is a positive parameter amdis a positive constant.

By carrying out a suitable differentiation undee thtegral sign, show that
G(n +1) =n!.

You may not use integration by parts or a reductitormula in this question.

proof
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Question 3

1
8

0 mdx.

Evaluate the above integral by introducing a patanie and carrying out a suitable
differentiation under the integral sign.

You may not use standard integration techniqueghis question.
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Question 4
x2e? dx.

Find a simplified expression for the above integmaintroducing a parameter and
carrying out a suitable differentiation under theegral sign.

You may not use integration by parts or a reductitmrmula in this question.
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Question 5

By introducing a parameter in the integrand andyoag a suitable differentiation
under the integral sign show that

| = 2p.

proof
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Question 6

4

—(1_ 4x2) dx.

Find a simplified expression for the above intedmalintroducing a parameter and
carrying out a suitable differentiation under theegral sign.

You may assume

1 1 X
5~ dx=—artanh = + constar, x| < a.
a‘- x a a

d
— (artanhu) =
du(ar antu) Y

You may not use standard integration techniqueghis question.

artanh X+

1- 4x2
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Question 7
Itis given that the following integral converges

1
XM[Inx" dx,
0

wheren is a positive integer anoh is a positive constant.

By carrying out a suitable differentiation undee thtegral sign, show that

1 n
x™[In x]n dx:(_L::1 .
0 (m+1)

You may not use standard integration techniqueslinns question.
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Question 8

By introducing a parameter in the integrand andyoag a suitable differentiation
under the integral sign show that

proof
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Question 9

1
o @- Ccosx

| (a) =

dx, |a|>1.

a) Use an appropriate method to show that

| (a)=—2—.
a -1

b) By carrying out a suitable differentiation undee thtegral sign, evaluate

p
1

— dx.
0 (\/5 COSX)

You may not use standard integration techniquestis part of the question.
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Question 10

By introducing in the integrand a paramekeand carrying a suitable differentiation
under the integral sign show that

| = arccotz.
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Question 11

e’-e
XSecx

By introducing in the integrand a parameferand carrying a suitable differentiation
under the integral sign show that

| =In5.

proof
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Question 12
It is given that the following integral converges.

x°-1
0 In x

dx.

Evaluate the above integral by introducing a patamand carrying out a suitable
differentiation under the integral sign.

You may not use standard integration techniqueghis question.

Created by T. Madas



Created by T. Madas

Question 13

y
COSX . )
| = 227 gl a8 gx.

By introducing in the integrand a parameteiand carrying a suitable differentiation
under the integral sign show that

I
Nl
o
N

proof
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Question 14
It is given that the following integral converges.

1
x-1

= =—= dx.
o Inx

Evaluatel by carrying out a suitable differentiation undee tntegral sign.

You may not use standard integration techniqueglis question.

]:l,lnz
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Question 15

By introducing in the integrand a parameteiand carrying a suitable differentiation
under the integral sign show that

| =In5-In4.

proof
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Question 16

1

——dx.
(5+4x- xz)

Nlw

Find a simplified expression for the above inted¢malintroducing a parameter and
carrying out a suitable differentiation under theegral sign.

You may assume

X
dx=arcsin = + constar, |X £ a.
a%- x2 a

You may not use standard integration techniqueglis question.

X- 2

5+ 4x- X

+C
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Question 17
It is given that the following integral converges

¥ .
sint dt .
t

Evaluate the above integral by introducing the teff', wherea is a positive
parameter and carrying out a suitable differertratinder the integral sign.

You may not use contour integration techniques hig question.

NS
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Question 18
Show, by carrying out a suitable differentiatiordanthe integral sign, that

¥ - aX .
e “" sinbx b
———— dx=arctan —
X a

wherea andb are positive constants.

You may assume

proof
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Question 19
Given thata is a positive constant, find an exact simplifiedue for

¥ ¥

2 sinxy 72 sinxy
a ——— X - — ——— dx.
0 x(a2+x2) W, ><(a2+ xz)
You may assume
o ¢t 2

NS
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Question 20

N~

= X" dx, n=0,123,..
0

By introducing in the integrand a paramekeand carrying a suitable differentiation
under the integral sign show that

e
Ir‘=2n+1 r(_l)nr! ) (ZT

r=0

proof
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Question 21

1
N = 2" dx, n=0,1,2,3, ..
0

By introducing in the integrand a paramekeand carrying a suitable differentiation
under the integral sign show that

proof
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Question 22

¥
| = arctan&- arctan®
0 X

dax .

By introducing a parameter in the integrand andyitag a suitable differentiation
under the integral sign show that

| =pln2.

proof
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Question 23
It is given that the following integral converges

¥
-ax = bx
e "-e
dx,
X

where a andb are positive constants.

By carrying out a suitable differentiation undee thtegral sign, show that

e "-e€
—— dx =1In

¥ -ax = bx b
X a

proof
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Question 24
It is given that the following integral converges
¥

coskx .
e ax_ é bx dX,
0 X

wherek, a andb are constants wit >0 andb > 0.

By carrying out a suitable differentiation undee thtegral sign, show that

¥
coskx
0 X

i+ K
UL

a2_|_k2

e ™ g gx= —ll
2

proof
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Question 25
It is given that the following integral converges
1
X - xP

dx,
In x

0
where a andb are constants greater thaf.
By carrying out a suitable differentiation undee thtegral sign, show that

1 a b

proof
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Question 26
It is given that the following integral converges

sinmx _ _
e ax_ é bx dX,
0 X

where a, b and mare constants, witim® 0,a>0, b>0.

By carrying out a suitable differentiation undee thtegral sign, show that

¥y .
sinmx . i b a

e & 6P dx arctan— - arctans

0 X m m

proof
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Question 27
It is given that the following integral converges

¥
arctanx

: x(1+x2) dx, a>-1.

By carrying out a suitable differentiation undee thtegral sign, show that

¥

arctarax dx:%In(a+1) .

x(1+ xz)

0

proof
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Question 28
It is given that the following integral converges

a) By introducing a parametdr and carrying out a suitable differentiation under
the integral sign, show that

¥ o -
e X er

0 X

dx=In2.
b) Use the result of pafa) and differentiation under the integral sign towho
further that
¥

- X
P
0 X X X

proof
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Question 29

The integral functiony = y(X) is defined as

X2

y(x) = cosx cos/q
152 1+ sinzx/a '

16

Evaluatey{p).
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Question 30
An integral | is defined in terms of a parameteras

proof

Created by T. Madas



Created by T. Madas

Question 31
An integral | with variable limits is defined as

a) Use a suitable substitution followed by integratignparts to find a simplified
expression for

b) Verify the answer obtained in pdg) by carrying the differentiation over the
integral sign.

[ ], %( 1 (x) =2xe- e/
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Question 32
It is given that the following integral converges

¥
1- cosz(% x) g
X

X.

By introducing a parameter in the integrand andyoag out a suitable differentiation
under the integral sign, show that

¥

1- 1
ofbl,

proof
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Question 33
It is given that the following integral converges

¥

2L
e 2 Int dt.
0

Evaluate the above integral by introducing a nevaipatric term in the integrand and
carrying out a suitable differentiation under theegral sign.

You may assume that

2(-g+ In2)
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Question 34

P | (1 )

2 In(1+cosa cox

| = dx.
0 COSX

By carrying out a suitable differentiation dnunder the integral sign, show that

2

| =2p -—%az.

ool

proof
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Question 35

p
2 In(l+35ir?x)
sin“ x

By introducing a parametex in the integrand and carrying out differentiatiom |
under the integral sign, show that

| =p.

proof
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Question 36

By carrying out a suitable differentiation anunder the integral sign, show that for
all ni

| =In2.

proof
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Question 37

P

21 N
o exp e tanx) exé \/_ 3ta|x) o

sin 2x

By carrying out a suitable differentiation dnunder the integral sign, show that

-1
| —2In3.

proof
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Question 38

P
2 1

J= > =
0 1+k? tar? x

dx, |k 1.
a) Use appropriate methods to find, in termskofa simplified expression fad .

3 arct nk tarx)
2 arcta arx

| (k) = - dx, [kl 1.
0

b) By carrying out a suitable differentiation dnunder the integral sign, show
that

P
2 xcotx dx= %p In2.

0

c) Deduce the value of

NS

In(sinx) dx.

= 1
J= : 2pln2
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Question 39

The integral function (k) is defined as
p ~
| (k)= €“**cogk sin) dx, kI
0

By carrying out a suitable differentiation dnunder the integral sign, show that

p
gCosX

0

cog sirx) dx = p.

proof
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Question 40

P In(1+cosa cog)
0 cosg

dg.

By carrying out a suitable differentiation dnunder the integral sign, show that

P In(1+ cox)
0 cosg

2
Jo,
dg=£_.
777

proof
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Question 41

p
(k) ° In(1- kcosx) dx, |k|<1.
0

By differentiating both sides of the above equatiotin respect tdk, show that
I (k) =pin %(1 VI kz) .

proof
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Question 42

Find the following inverse Laplace transform, byings differentiation under the
integral sign.

-1 S

w ,a>0.

-1 S _ tsinat

2, .2\? 2a
(5°+#)
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Question 43
The integrall is defined in terms of the constasandk, by

¥

I (ak)° g ax’ cogkx) dx, a>0.
0

By differentiating both sides of the above equatwith respect td, followed by
integration by parts, show that

¥ 2
e X cogkx) dx = v exp-k— :
o \4a 4a

You may assume without proof that
¥
2

e dx =%\//_7
0

You may not use contour integration techniques hig question.

proof
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Question 44
It is given that the following integral converges

¥ -x

e 1 1.

= 3- =+ g dx.
0 X X X

By introducing a parameter and carrying out a suitable differentiation unties
integral sign, show that

¥

- X
€7 3 L Yo ge=- 3 In2se.
o X X X

proof
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Question 45
The following integral is to be evaluated

P
> In a2cofg+b?sirfg dg,

wherea andb are distinct constants such tleat b >0.

By carrying out a suitable differentiation undee thtegral sign, show that

P
> In a%cog+b?sirfg dg = ,olna—;b .

proof
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Question 46
It is given that

. a+cosx
y=arcsin ——— ,
1+a cosx
wherea is a constant.

a) Show that

dy_ V1-a?

dx 1+acosx

The integral function (a,x) is defined as

o
I(a)= In(1+a co) dx.
0

b) By differentiating both sides of the above relasioip with respect ta& , show
further that

1(1)=-pln2.

proof

[ solution overleaf ]
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Question 47
By carrying out suitable differentiations dnunder the integral sign, show that

¥
| = arccof X) arccdt #) dx = %p I(|2—47)

proof
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Question 48

By differentiating both sides of the above equatioth respect ta, followed by the
substitutionx =ty, show that

proof
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Question 49
| (t)° e dx

By differentiating both sides of the above equatioth respect ta, followed by the
substitutionx =ty, show that

¥

cos(xz) dx = ' sir( x2) dx= %ﬁ

0 0

proof
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INTEGRATION
UNDER
THE INTEGRAL SIGN
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Question 1

By integrating both sides of an appropriate integetationship, with suitable limits,
show that

whereb>a>0.

X
You may assume that fok >0, k* dx= Ik_k +constan.
n

proof
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Question 2

By integrating both sides of an appropriate integetationship, with suitable limits,
show that

whereb>a>0.

¥
2
You may assume that €' dt :%
0

s

proof
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Question 3
The integrall is defined as

| = e sinx dx.

wherek is a constant.
a) Use a suitable method to show that

1
kKZ+1

b) By integrating both sides of an appropriate integetationship with respect to
k, with suitable limits, show further that

¥ oy
e %X sinx
0 X

dx = arccotz.

¥ .
sinx
You may assume that —— dx %

0 X

proof
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Question 4

By integrating both sides of an appropriate integetationship with respect tb,
with suitable limits, show that

(on

¥ oy .
€ " sinhbx dx = _lIrl i .
0 X 2 1-Db

proof
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