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Summary of Bessel Functions 

Bessel’s Equation 

( )
2

2 2 2
2 0

d y dy
x x x n y

dxdx
+ + - = . 

If n  is an integer, the two independent solutions of Bessel’s Equation are 

·  ( )nJ x , Bessel function of the first kind, 
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Generating function for ( )nJ x  
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·  ( )nY x , Bessel function of the second kind 
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Other relations for ( )nJ x , nÎ � . 

·  ( ) ( ) ( )1 n
n nJ x J x- = - . 

·  ( ) ( ) ( )1 1
1
2n n nJ x J x J x- +¢ = -� �� �  

·  ( ) ( ) ( )1 12n n n
x
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n - += +� �� �  
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Question 1 

( )
2

2 1 2 0
d y dy

x n xy
dxdx

+ - + = ,   0x ¹ . 

Show that ( )n
nx J x  is a solution of the above differential equation. 

proof  
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Question 2 

Starting from the generating function of the Bessel function of the first kind  

( ) ( )
1 1
2e tx n
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n

t
t J x

¥

=-¥

- � �= � �
 , nÎ � , 

show that  

( ) ( ) ( )1 n
n nJ x J x-= - . 

proof  
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Question 3 

Starting from the series definition of the Bessel function of the first kind  

( ) ( )
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 , nÎ � , 

show that  

( ) ( ) ( )1 n
n nJ x J x- = - . 

proof  

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Created by T. Madas 
 

Created by T. Madas 
 

Question 4 

Starting from the generating function of the Bessel function of the first kind  

( ) ( )
1 1
2e tx n

n

n

t
t J x

¥

=-¥

- � �= � �
 , nÎ � , 

show that  

( ) ( ) ( )1 1
1
2n n nJ x J x J x- +¢ = -� �� � . 

proof  
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Question 5 

Starting from the generating function of the Bessel function of the first kind  

( ) ( )
1 1
2e tx n

n
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t
t J x

¥
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- � �= � �
 , nÎ � , 

show that  

( ) ( ) ( )1 1
2

n n n
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J x J x J x
x - += + . 

proof  

 
 

 

 

 

 

 

 

 

 



Created by T. Madas 
 

Created by T. Madas 
 

Question 6 

The generating function of the Bessel function of the first kind is 

( ) ( )
1 1
2e tx n

n

n

t
t J x

¥

=-¥

- � �= � �
 , nÎ � . 

a) By differentiating the generating function relation with respect to x , show that 

( ) ( ) ( )1 1
1 1
2 2n n nJ x J x J x- + ¢- = . 

b) By differentiating the generating function relation with respect to t , show that 

( ) ( ) ( )1 12n n n
x

J x J x J x
n - += +� �� � . 

c) Hence find a simplified expression for 

( ) ( )n n
n

d
x x J x

dx
-� �+

� �
. 
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Question 7 

Starting from the generating function of the Bessel function of the first kind  

( ) ( )
1 1
2e tx n

n

n

t
t J x

¥

=-¥

- � �= � �
 , nÎ � , 

determine the series expansion of ( )nJ x , and hence show that 
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Question 8 

The generating function of the Bessel function of the first kind is 

( ) ( )
1 1
2e tx n

n

n

t
t J x

¥

=-¥

- � �= � �
 , nÎ � . 

Use the generating function relation, to show that for 0n ³  

a) ( ) ( ) ( )1 n
n nJ x J x- = -  

b) ( ) ( ) ( )1 1 2n n nJ x J x J x- + ¢- = . 

c) ( ) ( ) ( )1 1
2

n n n
n

J x J x J x
x- ++ = . 

Use parts (b) and (c) to find simplified expressions for 

d) ( )n
n

d
x J x

dx
� �
� � . 

e) ( )n
n

d
x J x

dx
-� �

� �  

f) Use parts (d) and (e) to show that the positive zeros of ( )nJ x  interlace with 

those of ( )1nJ x+ . 

( ) ( )1
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d

x J x x J x
dx -

� � =� � , ( ) ( )1
n n
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x J x x J x
dx
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Question 9 

The Bessel function of the first kind is defined by the series 

( ) ( )
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 , nÎ � . 

Use the above definition to show 

( ) ( )
1 1
2e tx n
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n

t
t J x

¥

=-¥

- � �= � �
 ,     nÎ � . 

MM3-B , proof  
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Question 10 

The generating function of the Bessel function of the first kind is 

( ) ( )
1 1
2e tx n

n

n

t
t J x

¥

=-¥

- � �= � �
 , nÎ � . 

Use the generating function relation, to show that  

( ) ( ) ( )n m n m

m

J x y J y J x

¥

-

=-¥

+ = � �� �
 . 

MM3-C , proof  
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Question 11 

The Bessel function of the first kind is defined by the series 

( ) ( )
( )

2

0

1

! ! 2

r r n

n

r

x
J x

n r r

¥ +

=

� �- � �� �= � �+ 	 
� �� �

 , nÎ � . 

Use the above definition to show 

( )
0

1
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2 !
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n nx

J x

x n®
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, nÎ � . 

MM3-D , proof  
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Question 12 

( )
2

2 2 2
2 0

d y dy
x x x n y

dxdx
+ - + = . 

The above differential equation is known as modified Bessel’s Equation. 

Use the Frobenius method to show that the general solution of this differential 

equation, for 1
2n = , is 

[ ]
1
2 cosh sinhy x A x B x

-
= + . 

proof  
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Question 13 

Find the two independent solutions of Bessel’s equation 

( )
2

2 2 2
2 0

d y dy
x x x y

dxdx
n+ + - = , n Ï � . 

Give the answer as exact simplified summations. 
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Question 14 

Find the two independent solutions of Bessel’s equation 

( )
2

2 2 2
2 0

d y dy
x x x n y

dxdx
+ + - = , nÎ � . 

Give the answer as exact simplified summations. 
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Question 15 

Find the two independent solutions of Bessel’s equation 

( )
2

2 2 2
2 0

d y dy
x x x n y

dxdx
+ + - = , 0n = . 

Give the answer as exact simplified summations. 
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Question 16 

The generating function of the Bessel function of the first kind is 

( ) ( )
1 1
2e tx n

n

n

t
t J x

¥

=-¥

- � �= � �
 , nÎ � . 

a) Use the generating function, to show that for 0n ³  

i. ( ) ( ) ( )1 n
n nJ x J x- = -  

ii.  ( ) ( ) ( )1 1 2n n nJ x J x J x- + ¢- = . 

iii.  ( ) ( ) ( )1 1
2

n n n
n

J x J x J x
x- ++ = . 

b) Use part (a) deduce that 

i. ( ) ( )1
n n

n n
d

x J x x J x
dx -

� � =� � . 

ii.  ( ) ( )1 1
1

n n
n n

d
x J x x J x

dx
- -

-
� � = -� �  

c) Use part (b) to show further that 

( ) ( ) ( ) ( )2 2 2 0n n nx J x x J x x n J x¢¢ ¢+ + - = . 

proof  

 

[solution overleaf] 
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Question 17 

2

2
d y dy

t ty
dtdt

+ + , 0t > . 

The Bessel function of order zero, ( )0J t , is a solution of the above differential 

equation. 

It is further given that ( )0
0

lim 1
t

J t
®

=� �� � . 

By taking the Laplace transform of the above differential equation, show that 

( )0 2

1

1
J t

s
=� �� �

+
� . 

proof  
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Question 18 

It can be shown that for nÎ �  

( )
( ) ( ) ( )

( ) ( )

1
2

1

2 i

1 0

1 11 2 21 e
2 ! 1

m
n xt

m

m n
t dt

m m n

¥
-

- =

� �- G + G +
� �- =
� �G + +
� �


� . 

Use Legendre’s duplication formula for the Gamma Function to show 

( )
( ) ( ) ( )

1
2

1
2

1
0

1 cos
12 2

n n
n n

x
J x t xt dt

np

-

-
= -

G + � . 

MM3-E , proof  
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Question 19 

Legendre’s duplication formula for the Gamma Function states 

( ) ( )
( )2 1

21
2 2 n

n
n

n

p
-

G
G + º

G
, nÎ � . 

a) Prove the validity of the above formula. 

b) Hence show that  

( )1
2

2
cosJ x x

xp- = . 

c) Determine an exact simplified expression for 

( ) ( )1 1
2 2

2 2
J x J x-
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Question 20 

a) By using techniques involving the Beta function and the Gamma function, 
show that 

( ) ( )
( )

2 22 2 1

0

! 2
cos

2 1 !

k
k k

d
k

p

q q+ =
+� . 

The series definition of the Bessel function of the first kind  

( ) ( )
( )

2

0

1

! ! 2

r r n

n

r

x
J x

n r r

¥ +

=
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 , nÎ � . 

b) Use the above definition and the result of part (a), to show that 

( )2
1

0

1 cos
cosJ x d

x

p
q

q q
-

=� , 

proof  
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Question 21 

The Bessel function ( )nJ xa  satisfies the differential equation 

( )
2

2 2 2 2
2 0

d y dy
x x x n y

dxdx
a+ + - = , nÎ � , 

where a  is a non zero constant. 

If  ( )1nJ xa   and  ( )2nJ xa  satisfy ( ) ( )1 2 0n nJ Ja a= = , with 1 2a a¹ , show that 

( ) ( )
1

1 2
0

0n nx J x J x dxa a =� . 

proof  
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Question 22 

The series definition of the Bessel function of the first kind  

( ) ( )
( )

2
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! ! 2

r r n

n

r

x
J x

n r r

¥ +

=
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 , nÎ � . 

Use the above definition to show that 
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( )

2
1 ! 2

n m

n
I x

J x
n m

-
� �= � �- - 	 


, 

where ( ) ( )
1

1 1

0

1 n m m
mI t t J xt dt- - += -� ,   1n m> > - . 

proof  
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Question 23 

( )
1
2

1
2 i

1

1 e
n xtt dtI
-

-

= -�  

a) By using the series definition of the exponential function and converting the 
integrand into a Beta function, show that 
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m m
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n mx
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¥
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 . 

Legendre’s duplication formula for the Gamma Function states 

( ) ( )
( )2 1

21
2 2 m

m
m

m

p
-

G
G + º

G
, mÎ � . 

b) Use the above formula and the result of part (a) to show further 

( )
( ) ( ) ( )

1
2

1
2

1
0

1 cos
12 2

n n
n n

x
J x t xt dt

np

-

-
= -

G + � . 

proof  
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Question 24 

The Bessel function of the first kind ( )nJ x , satisfies 

( ) ( )
( )

2
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! ! 2

p p n

n

p

x
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n p p
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Show that  
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J x
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where ( ) 2

0

cos sin cosnI x d
p
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proof  
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Question 25 

The generating function of the Bessel function of the first kind is 

( ) ( )
1 1
2e tx n

n

n

t
t J x

¥

=-¥

- � �= � �
 , nÎ � . 

a) Use the generating function, to show that for 0n ³  

i. ( ) ( ) ( )1 n
n nJ x J x- = -  

ii.  ( ) ( ) ( )1 1 2n n nJ x J x J x- + ¢- = . 

iii.  ( ) ( ) ( )1 1
2

n n n
n

J x J x J x
x- ++ = . 

b) Given that ( )ny J xl=  satisfies the differential equation 

( )
2

2 2 2 2
2 0

d y dy
x x x n y

dxdx
l+ + - = ,  0, 1, 2, 3,...n =  

verify that 

( ) ( )
2

2 2 2 2 2 0
d dy d

x x n y
dx dx dx

l
� �� � + - =� �� �

	 
� �� �
, 

and hence show that if il  is a non zero root of ( ) 0nJ l =  

( ) ( ) ( )
1

2 2 2
1 1

0

2 n i n i n ix J x dx J Jl l l- +� � � � � �= =� � � � � �� . 

proof  

 

[solution overleaf] 
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