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Summary of Bessel Functions

Bessel's Equation

LYW )y

If n is an integer, the two independent solutions afsB&s Equation are

J, (), Bessel function of the first kind,
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Generating function fod,, (x)

Y,(X), Bessel function of the second kind
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Other relations forJ, (x), ni
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Question 1
d2y

dy
X—=+(1- 2n)—+ xy= 0, x1 0.
e T 2n) g Xy

Show thatx"J,, (X) is a solution of the above differential equation.

proof
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Question 2
Starting from the generating function of the Be$settion of the first kind

show that

proof
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Question 3
Starting from the series definition of the Besseildtion of the first kind

(_ l)r X 2r+n R
(n+r)tir! 2

show that

proof
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Question 4
Starting from the generating function of the Be$settion of the first kind

show that

proof
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Question 5

Starting from the generating function of the Be$settion of the first kind

show that

proof
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Question 6
The generating function of the Bessel functionhef first kind is

n=-¥

a) By differentiating the generating function relatiwith respect tox, show that

b) By differentiating the generating function relatiorth respect ta, show that

‘]n(x):_ Jn—l(x)"' ‘]Ffl( %

2n

¢) Hence find a simplified expression for

b)  vor merosie

e .
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Question 7
Starting from the generating function of the Be$settion of the first kind

7
1) X N X X
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Question 8

The generating function of the Bessel functionhaf first kind is

Use the generating function relation, to show foatn 3 0
a) 3.0(¥)=(-1"3(%

b) Jn1(%)- Ina(X= 2 3( Y.

9 I+ (9= 3.

Use partgb) and(c) to find simplified expressions for

d) — x"J (% .

e) — X "I (¥

f) Use partdd) and(e) to show that the positive zeros IM(X) interlace with
those ofJ 1 (X).

d d

g 000 =g [ (=X ")

[solution overleaf]
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Question 9
The Bessel function of the first kind is definedthg series
¥
(_ 1)r 2r+n R
Jn(x) = = , ni
(n+r)irr 2
r=0
Use the above definition to show
¥
t-4) _ n 1
e = t"3,(x) , ni
n=-
, |proof
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Question 10
The generating function of the Bessel functionhaf first kind is

n=-¥

Use the generating function relation, to show that

In(x+y) = In(Y Hml -

=¥
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Question 11
The Bessel function of the first kind is definedthg series

(_ 1)r X 2r+n R

lim = , nl
x®0 X" 2" n!
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Question 12

x2%+x—- (x2+ n)

The above differential equation is known as moditdessel’'s Equation.

Use the Frobenius method to show that the genedakien of this differential
equation,forn—l is

21
1
y =X 2[ Acoshx+ Bsinhy .

proof
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Question 13

Find the two independent solutions of Bessel's &qna

2

2d7y  _dy 2 .

=L x2+(x%-n =0, nl
a2 dx( )y

Give the answer as exact simplified summations.

vas LTI

r=0

r=0
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Question 14
Find the two independent solutions of Bessel's &qna

2

2d7y  _dy -

L x4 - 1P 0, nl
a2 dx( ) v

Give the answer as exact simplified summations.

Cp LN Y g
y=AX" A r'(n+l’)'(§x) or J,(§= r_o ri(n+r) (5%
_ T g g R N PR
y_B(Inx)%’r_O H(nH)!(?ﬁ B%r_l r,(nH).(?’) ‘2m_la+—2m_lm+n
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Question 15

Find the two independent solutions of Bessel's &gna

2

2d7y  _dy

XL xZ4(- 1P 0, n=0.
a2 dx( ) v

Give the answer as exact simplified summations.
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Question 16

The generating function of the Bessel functionhaf first kind is

i 3a(X)+ 32D =22 3.

b) Use paria) deduce that
. = X"Jn (9 =xX"3.4( 3.

i — XT"Ja(®) =- % "3 (Y
C) Use pari(b) to show further that

X363+ x4 +( £- 7) A k0.

proof

[solution overleaf]
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Question 17

d?y _ dy

t—2 +—2

o2 +ty, t>0.

The Bessel function of order zerdy(t), is a solution of the above differential
equation.

It is further given thali®rrg) Jo(t) =1.
t

By taking the Laplace transform of the above ddfeial equation, show that
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Question 18
It can be shown that faml
1 ¥
n-3 .
(1- 1) "2 dt=

-1 m=0

(-)"G (m+%) G( n +%)
(2m)! G(m+n+1)

Use Legendre’s duplication formula for the Gammad&on to show

n 1

_ X ¥
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Question 19
Legendre’s duplication formula for the Gamma Funtstates

. G(2n)Vp o

G(n +%) ZZTG(I‘])’

a) Prove the validity of the above formula.

b) Hence show that
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Question 20

a) By using techniques involving the Beta function ahd Gamma function,
show that

)2k+1 dg = (k!)222k
ke’

The series definition of the Bessel function of fingt kind

(_ l)r 2r+n R

Jn(x) = WEX , ni

r=0
b) Use the above definition and the result of ga)tto show that
p

? 3 (xcosg) dqzl_ﬂ,
0 X

proof
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Question 21

The Bessel functiod,(ax) satisfies the differential equation

2

2d°y dy (22 2 -

X—=+Xx—+[a“x- n 0, nl
a2 dx( ) ¥

wherea is a non zero constant.
If J,(a;x) and J,(a,x) satisfy J,,(a;,) = J,(a,) =0, with a; * a,, show that

1
X Jo(a1x) J,(a,® dx=0.
0

proof
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Question 22

The series definition of the Bessel function of fingt kind

1

wherel =  (1-t)" ™ ™ g (xt) dt, n>m>-1.
0

proof
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Question 23

_ ' _ZH'%'t
| = _1(1t) e dt

a) By using the series definition of the exponentiaidtion and converting the
integrand into a Beta function, show that

o (ymen entd)dm)
(2m)! G(n+m+)

m=0

Legendre’s duplication formula for the Gamma Funtstates

G(2mvp .
o{m+1) °—22(m _qg(nfj) i

b) Use the above formula and the result of g@rto show further
n 1

— X n-
J”(X)_Z”'lx/,EG(n +%) 0(1_ tz)

Nl

cog xt) dt.

proof
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Question 24

The Bessel function of the first kindj, ( ), satisfies

P TR G
nit e (n+p)p 2 '
p=0
Show that
()= X
ST

p
wherel = cos(x sig) co¥'g dg.
0

proof
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Question 25
The generating function of the Bessel function effilst kind is

i 32 (X 32 =20 33,

b) Given thaty=J,(/ X) satisfies the differential equation

2

2d°y dy (,220 2

X—=+Xx—+(/“X"- n 0, n=0,1, 2, 3,..
a2 dx( )

verify that

%( X2 %( i +(/ 2x2- nz)Fdx( yz): 0,

and hence show that if is a non zero root of,(/)=0

1

2 xR dx= dal) "= Rd)

0

proof

[solution overleaf]
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