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Question 1 (**+)

In this question take g =10 ms 2.

A particle of mass M kg is released from rest from a height H# m, and allowed to
fall down through still air all the way to the ground.

Let v ms | be the velocity of the particle ¢ s after it was released.

2
The motion of the particle is subject to air resistance of magnitude o0

Given that the particle reaches the ground with speed 14 ms™ ", find the value of H .

[ | |H= 3011{@) ~11.865...
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Question 2 (**%)
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An object is released from rest from a great height, and allowed to fall down through
still air all the way to the ground.

Let v ms ' be the velocity of the object ¢ seconds after it was released.

The velocity of the object is increasing at the constant rate of 10 ms”! every second,
but at the same time due to the air resistance its velocity is decreasing at a rate

proportional its velocity at that time.

The maximum velocity that the particle can achieve is 100 ms .

By forming and solving a differential equation, show that

v=100(1—e‘0~”).
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Question 3 (**%)

A small raindrop of mass m kg, is released from rest from a rain cloud and is falling
through still air under the action of its own weight. The raindrop is subject to air

resistance of magnitude kmv N, where v ms~' is the speed of the raindrop ¢ s after
release, and k 1is a positive constant.

a) Show clearly that

The raindrop has terminal speed V .

b) Show that the raindrop reaches a speed of Ly intime L1n2 seconds.

2 k

proof
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Question 4 (**%)

A particle of mass 2 kg is attached to one end of a light elastic spring of natural

length 0.5 m and modulus of elasticity 5 N . The other end of the string is attached to
a fixed point O on a smooth horizontal plane.

The particle is held at rest on the plane with the spring stretched to a length of 1 mand
released at time £=0s.

During the subsequent motion, when the particle is moving with speed v ms™! it
experiences a resistance of magnitude 8v N. At time ¢ s after the particle is released,

the length of the spring is (0.5+x) m, where —0.5<x<0.5.

a) Show that x is a solution of the differential equation

2
L S0y
dr dr

where a and b are positive integers to be found.
b) Hence express x in terms of 7.

¢) Show further that the particle almost comes to rest, as the spring returns to its
natural length.

a=4|,|b=5|, x:%e_2t[2sint+cost]
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Question 5 (**%)

A particle P of mass M kg is attached to one end of a light elastic spring of natural
length a m and modulus of elasticity 4Ma N . The other end of the string is attached
to a fixed point O on a smooth horizontal plane.

The particle is held at rest on the plane with the spring at its natural length.

Attime r=0s, P is projected with speed J4 ms~! in the direction PO.

During the subsequent motion, when the particle is moving with speed v ms ! it

experiences an additional resistive force of magnitude SMv N. At time ¢ s after the
particle is released, the length of the spring is (@ +x) m, where —a<x<a.

a) Show that x is a solution of the differential equation

2
d—f+5ﬂ+4x=0.
dr dr

b) Hence express x in terms of ¢.

¢) Determine the greatest value of x.

xz%%[e_t+e_4t} s [Xmax =0.25 m
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Question 6 (**%)

A small truck, of mass 1500 kg, travels along a straight horizontal road, with the

engine working at the constant rate of 30 kW . The truck starts from rest and ¢'s later

its speed is v ms™.

The truck during its motion experiences air resistance proportional to its speed.

When the speed of the truck reaches 20 ms ™! its acceleration is 0.6 ms 2.

a) Show clearly that

2
5OQZIOOO y '
dt y

b) Calculate the time it takes the truck to reach a speed of 27 ms™!.

1=32.64s

¢ Q) | o
o
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Question 7 (***4)

A small truck, of mass 1800 kg, travels along a straight horizontal road, with the
engine working at the constant rate of 45 kW .

The total resistance experienced by the truck during its motion is 25v, where v ms™!
is the speed of the truck at time ¢ s.

The track takes T’ s to accelerate from 18 ms™" to 24 ms_l, and in that time it coves
a distance X m.

a) By forming and solving a differential equation, show clearly that
T =36In(%).

b) Determine the value of X .

X = —216+10801n( ) ~222 m

\S1[9%}
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Question 8 (***4)

An object is placed on the still water of a lake and allowed to fall down through the
water to the bottom of the lake.

Let v ms ' be the velocity of the object ¢ seconds after it was released.

The velocity of the object is increasing at the constant rate of 9.8 ms ™! every second.

At the same time due to the resistance of the water its velocity is decreasing at a rate
proportional to the square of its velocity at that time.

The maximum velocity that the particle can achieve is 14 ms .

Show clearly that ...

a) ... 204 2196 —v2.
dt

proof
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Question 9 (*¥*%*%)

A particle P of mass m 1is attached to the midpoint of a light elastic spring AB ; of
natural length / and modulus of elasticity 4. The end A of the spring is attached to
a fixed point on a smooth horizontal floor. The end B is held at a point on the floor

where |AB|=2a, a>1l.

Attime =0, P is atrest on the floor at the point M , where |MA| =a.

The end B is now moved along the floor in such a way that AMB remains in a
straight line and at time ¢ s, t 20

|AB|=2a+ Asin2t,
where A is a positive constant.
a) Show that, for >0

d’x 2 .
—+—x=——-sin2t,
di?  ml ml

where x = |MP| for t >20.

It is now given that m=0.5kg, /=1m, A=4 N and A=1.5m.

b) Find the time at which P first comes to instantaneous rest.

W=
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Question 10  (¥**%¥)

A car of mass 1440 kg i1s moving along a straight horizontal road.
The engine of the car is working at a constant rate of 43.2 kW .
When the speed of the car is v ms™!, the resistance to motion has magnitude 12v N.

Calculate the distance travelled by the car as it accelerates from a speed of v ms™! to

a speed of v ms™'.

d =36001n (%) — 2400 ~899 m
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Question 11  (¥**%)

The engine of a racing car, of mass 1600 kg , is working at constant power. of
100 kW .

a) Given the total resistances to motion is 800 N, determine the time it takes the

car to accelerate from 25 ms™ to 75 ms~".

b) Given instead that the total resistances to motion have magnitude %v N,

where v is the speed car, determine the distance the car covers in accelerating

from 25 ms™! to half the maximum speed of the car.

f=—-100+250In2~73.29 5| . xzmln(%)z&.& m

Created by T. Madas



Created by T. Madas

Question 12 (¥**%)

A small raindrop of mass m kg, is released from rest from a rain cloud and is falling
through still air under the action of its own weight.

The raindrop is subject to air resistance of magnitude kmv* N, where v ms™! is the
speed of the raindrop x m below the point of release, and k is a positive constant.

a) Solve the differential equation to show that

V2 =%(1—e_2k’6).

The raindrop has a terminal velocity U .

b) Show further that the raindrop reaches a speed of %U , after falling through a

- U2 (4
distance of oF ln(3) metres.
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Question 13  (¥**%)

A particle of mass m kg, is attached to one end A of a light elastic string AB, of
natural length L m and modulus of elasticity 2mL N'. Initially the particle and the
string lie at rest on a smooth horizontal surface, with |AB| =L m

At time t =0, the end B of the string is set in motion with constant speed 2U ms ™! ,

in the direction AB, and at time ¢ s, the extension of the string is x m and the
displacement of the particle from its initial positionis y m.

There is air resistance impeding the motion of the particle, of magnitude 3mv, where

vms™ is the speed of the particle at time 7 s.

a) Show that while the string is taut

2
ﬂ+3@+2x=6U.
dr>  dt

b) Express x interms of U and ¢.
¢) Hence find the speed of the particle at time ¢ s.

d) State the extension of the string and the speed of the particle as ¢ gets
infinitely large

x:U(3+e‘2’—4e") , v:2U(1+e'2t—Ze"t) :

as t—oo, x—3U and v—-o>2U

R R TR e
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Question 14 (F**%)

A particle of mass 2 kg, is attached to one end A of a light elastic spring AB, of

natural length 1.5 m and modulus of elasticity 12 N . Initially the end of the spring B
is ‘held at rest, with the particle hanging in equilibrium vertically below B .

At time 7 =0, the end B of the spring is set in oscillatory motion so that the vertical
displacement of B below its initial position is given by 5sin2¢ m, where ¢ is
measured in s.

At time ¢ s, the extension of the spring is x m and the displacement of the particle
from below its initial position is y m. It is assumed that there is no air resistance

impeding the motion of the particle.

a) Show clearly that

4y
2

++4y=20sint .
dt

b) Express y in terms of ¢.

y =4sint —2sin 2t
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Question 15  (¥**%¥)
A particle P, of mass 2 kg, is attached to one end of a light elastic spring of natural
length 0.55 m and stiffness 8 Nm™'.

The other end of the spring is attached to a fixed point O, so that P is hanging in
equilibrium vertically below O.

At time =0, P is pulled vertically downwards, so that OP =1.5 m,and released
from rest.

The motion of P takes place in a medium which provides resistance of magnitude

10|v| N, where |v| ms™! is the speed of P attime ¢ s.

If x denotes the distance of the particle from O at time 7, express x in terms of 7.

[ ]« 2%6_4t—26_t+3

3 Ux ¢ 22 - 5% © DIFf6TIATE And ARRY (oNDImONS
| BREaEY g Al hLE &
— Hisk ol = gt22 a= A<ty
— Xa S b 2, A=i-he Re
@ t-0,3= = LS=ATR +3
AtR

] sy
L4y ey * o
2

T s

@ LOUPLEESTN Funcxion)

@ THE E0RTION OF MUTION | ok G AT THE Tl
Agoe Ve B A= AS T4 Re M

@ SRRNLNG INUGRAL BY INSPecTion)

o xi53
=35 = u- ky - ov e
= a3 23— 8(a-0:55) ~lo © GEXAL STion)
P Uk
- - 8- 4(z-ess) — S A=A BeT 43

Created by T. Madas



Created by T. Madas

Question 16 (****4)

A small raindrop of mass m kg, is released from rest from a rain cloud and is falling

through still air under the action of its own weight.

The raindrop is subject to air resistance of magnitude kmv N, where v ms™! is the
speed of the raindrop x m below the point of release, and k is a positive constant.

a) Show, by forming and solving a differential equation, that

X =

E | &=L,
k2 g—kv) k

The raindrop has a limiting speed V .

distance of
2g

V—z(—1+ In4) metres.

b) Show further that the raindrop reaches a speed of %V ,

after a falling through a

, |proof

a)

b)
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Question 17  (¥**%4)

7asin 2t

v %

A particle, of mass m , is attached to one end of a light elastic spring of natural length
a and modulus of elasticity %mg . The other end of the spring is initially stationary at

the point O so that the particle is hanging in equilibrium vertically below O.

At time t=0, the end of the spring which is at O begins to oscillate so that its

positive displacement from O is given by %asin 2t

If x denotes the distance of the particle from O attime ¢, show that

aw . .
x= 3a+—( : )[a)s1n2t—2s1na)t] ,
where @™ =—=-.
2a
, |proof
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Question 18 (¥***4)

A small raindrop of mass m kg, is released from rest from a rain cloud and is falling
through still air under the action of its own weight. The raindrop is subject to air
resistance of magnitude kv N, where v ms™! is the speed of the raindrop ¢ s after
release, and k is a positive constant.

a) Show clearly that

1 1_ —ZCgl k
v=— % , where ¢? =——.
cl1+e ¢ mg

The raindrop has a terminal speed V .

b) Show that the raindrop reaches a speed of %V in time ’rngik In3 seconds.

proof
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Question 19  (¥**%4)

A particle, of mass m , is projected vertically upwards with speed u and moves under

2
the action of its weight and air resistance of magnitude %mg\ﬁ , where v is the speed

of the particle at time ¢.

Show that the distance the particle covers until it comes to instantaneous rest is

3[4 2 -]
— u3—8u3+321n(1+zu3) )
8

proof
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Question 20 (F***k)

[In this question g =10 ms ]

Two particles A and B, or respective masses 8 kg and 2 kg, are attached to the ends
of a light elastic string of natural length 2.5 m and modulus of elasticity 80 N .

The string passes through a small smooth hole on a rough horizontal table.

A is held at a distance of 2.5 m from the hole and B is held at a distance of 2. m
vertically below the hole. The coefficient of friction between A and the table is 0.5.

Both particles are released simultaneously from rest.

a) Find an expression for the subsequent velocity of A and hence verify that A
first comes to rest 0.47524 s after release.

b) Calculate the distance A covers until it first comes to rest.

d =0.15578... m

y= \/gsin(\/%t)—Zt :

2
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