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Question 1

A surface S is given by the Cartesian equation
X +y?=25.
a) Draw a sketch of §, and describe it geometrically.

b) Determine an equation of the tangent plane on S at the point with Cartesian
coordinates (3,4,5).

3x+4y=25

Question 2

A Cartesian position vector is denoted by r and r = |r| .

Show by detailed workings that

Vr=

]
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Question 3

A Cartesian position vector is denoted by r and r = |r| ;

Given that a is a constant vector find

V(a-r).

V(ar)=a

Question 4

A surface S is defined by the Cartesian equation
yo+ 2 =8.
a) Draw a sketch of S, and describe it geometrically.

b) Determine an equation of the tangent plane on S at the point with Cartesian
coordinates (2,2,2).
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Question 5

The scalar function V is defined as
V(x,y,z)=(y+z)2+y2(x+y)+xyz+l.

Determine the value of the directional derivative of V at the point P(l,—l,l) , in the

direction —i+ j+k.

NG

Question 6

The scalar function ¢ is defined as
o(x,y,z)=¢""Vsinz.

Determine the value of the directional derivative of ¢ at the point P(l,l,O) , in the

direction i+ j+k.

1
B
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Question 7

The point P(l, 2,3) lies on the surface with Cartesian equation
27% =6x° +3y2.
The scalar function u is defined as
u(x,y,z)= xzyz+x2y.

Determine the value of the directional derivative of u at the point P in the direction
to the normal at P .

63
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Question 8

The point P(l, Yo» zo) lies on both surfaces with Cartesian equations

x2+y2+z2=9 and z=x2+y2—3.

The two surfaces intersect each other at an angle €, at the point P .

Given further that P lies in the first octant, determine the exact value of cos@ .
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Question 9

A Cartesian position vector is denoted by r and r = |r| ;

Given that ¢(r)=Inr, show that

proof

Question 10

A Cartesian position vector is denoted by r and r = |r| .
Show by detailed workings that

V=3,

proof
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Question 11

A Cartesian position vector is denoted by r and r = |r| ;

Given that y(r) = 1 , show that
r

proof

Question 12

A Cartesian position vector is denoted by r and r = |r| .

Show clearly that

proof
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Question 13

The surface S has Cartesian equation
f (x, v, z) = constant ,

where f is a smooth function.

Given that Vf # 0, show that Vf is anormalto S .

proof
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Question 14

A Cartesian position vector is denoted by r and r = |r| ;

Given that f(r) is a differentiable function, show that

VI (r)==£(r).

r

< L4
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Question 15

The smooth functions F(x,y,z) and G(x,y,z) are given.

Show that

VF}: G(VF)G—ZF(VG)

proof

Question 16
‘P(x,y,z) _ (xz n y2 k. Zz)e—,/x2+y2+z2

Show that

V¥ (xy.2)|=(xi+yj+ Zk)(z—m)e—1/x2+y2+12_'

proof

A
D

S
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Question 17

A Cartesian position vector is denoted by r and r = |r| ;

Show that

r

3 _3
V(9r2+i—12\/7j=2(3—2r 2)(3+r er.

proof

Question 18

A Cartesian position vector is denoted by r and r = |r| .

The smooth function f(r) satisfies

V[ f(r)]=10rr.

Determine a simplified expression for f (7).

f(ry=2r+cC
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Question 1

A Cartesian position vector is denoted by r.

Determine the value of

Question 2

A Cartesian position vector is denoted by r.

Given that a is a constant vector, find

V.(anr).

V.(aar)=0
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Question 3

A Cartesian position vector is denoted by r.

Given that a is a constant vector, show that

V-[(a-r)r]zﬂra-r.

proof

Question 4

A Cartesian position vector is denoted by r.

Given that a is a constant vector, show that

V.[ra(raa)]=2ar.

proof
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Question 5

Show clearly that
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r(x,y,z)=xi+yj+zKk.

proof
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Question 6

A Cartesian position vector is denoted by r.

Given that m is a constant vector, show that

, |proof
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Question 7
r(x,y,z) =xi+yj+zK.

Show clearly that

proof
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Question 8
r(x,y,z)=xi+yj+zKk.
Show, with a detailed method, that

v-(refef* ) =6

proof
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Question 9

A Cartesian position vector is denoted by r and r = |r| ;
Show that

V-(r"r)z(n+3)r".
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Question 10
r(x,y,z)=xi+yj+zKk.

Show, with a detailed method, that

V| |r|V % =i4.
el )] Ird

proof

e b s st
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CURL
curlk =V A K
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Question 1

A Cartesian vector is denoted by

A=Ai+Aj+ Ak,
where A; = f(x,y,2), i=1,2,3
Given that A; are differentiable functions, show that

V.VAA=0.

Question 2

A function ¢ is denoted by

¢=0(x,5.2).
Given that ¢ is differentiable show that

V/\V¢:0.

proof
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Question 3

A Cartesian position vector is denoted by r and r = |r| ;

Determine the value of

V/\l’.

Question 4

A Cartesian position vector is denoted by r and r = |r| .

Given that a is a constant vector, find

Va(anr).

V/\(a/\r)=2a
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Question 5

A Cartesian position vector is denoted by r and r = |r| ;
Determine

Vale+yk).

V A(r+y’k)=2yi

Question 6

A Cartesian position vector is denoted by r and r = |r| .
Given that a is a constant vector, show that

V/\(rza)EZr/\a.

proof

Created by T. Madas



Created by T. Madas

Question 7

A vector function A is defined as
A=A (xy2)i+A(xy,2)j+ A (xy 2)k.
Given that the standard Cartesian position vector is denoted by r , show that

V-(A/\I‘)EI‘-V/\A 5

proof

Question 8

The smooth vector functions, A and B, are both irrotational.

Show that A AB is solenoidal.

proof
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Question 9
r(x,y,z)=xi+yj+zKk.

Find the value of
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Question 10

If ¢=¢(x,y,z) is a smooth function, prove that.
Va(pVe)=0.

proof

Question 11
r(x,y,z) =xi+yj+zKk.
Given that a is a constant vector, find the value of

V/\V/\(r/\a).
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Question 12

The irrotational vector field F is given by
F=(8x+8y+az)i+(bx+8y—4z)j+(—4x+cy+2z)k,

where a, b and c are scalar constants.

Determine a smooth scalar function ¢(x, y, z) such that

Vo=F.

o(x,y,2)=(2x+2y —x)2 +constant = 4x” +4y% + 72 —4xz =4 yz+8xy + constant
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Question 13

a) Define the vector calculus operators grad, div and curl.

A Cartesian position vector is denoted by r and r = |r| .

b) Determine the vector

V/\[r/\i+V(sinexyZ)J.

1. V/\[rAi+V(sinexyZ)}=—2i

q) SN of & S TAvle Foution < Hiuy2)
Vo = L%
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Question 14

The smooth functions f and A are defined as
f=f(xyz) and A=A(xy2)i+A(xy,2)j+4(xy 2)k.

a) Define the vector calculus operators grad, div and curl with reference to f
and A

A Cartesian position vector is denoted by r and r = |r| .
b) Determine the vector
V/\[r/\i+(x+ y)k:l .

¢) Show that

3 _i_j

O e @A of me Saue Red £ Loy ) S 1o AUOR Guiger
(3% 20 203 & =0 .
v (BR%) 2 (§)- &) = Fmem]
THe Muefexe of e weror fie A= [ B ARy A Gy = 2 3T 4 2 T a1, 22 aea ]
D DefEne oF THe ook Flew e L A4E) Bk Gy wL@«gaﬂ,ya,t_a:syzl)j»S;(ﬁwu
Yeas A 20 24 J
SR AR THe GORSON HAS CIILC SIULETRY OUNISE O OF The DTV
THe 0oL of e werme feen b= [ G Al MRS e 1 o e &
e et 6 P T | = 2 -caadfoy] = 20 o2
S LSRR | = 5 &gl | = ) @e@ﬁzﬁ]
| G - o oG
ARt
_ 208 secagn2)
g ©

Qb8 | elatiaf-2e?
(eeg+ap (J#xj’h%‘\l

R
[?5@ 2

A0 B SR THE ML Ty ompomnn

= eleageRd o aGhged | 2
Gongra® G a)® Gadry™
w
A7 uquad

Created by T. Madas



Created by T. Madas

Question 15

A Cartesian position vector is denoted by r and r = |r| ;

Given that a is a constant vector, show that
Val(ar)r]=anr.

proof
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Question 16
The smooth functions A=A(x,y,z), B=B(x,y,z) and ¢ =¢(x,y,z) are defined

as
A=yzi—x2yj+xz2k, B:x2i+yzj—xyk and @=xyz.
Find, in simplified form, expressions for
a) (A-V)op.

b) (B-V)A.

C) (A/\V)Q

(A'V)(P: y2z2 —x3yz+x2yz2 ,

(B-V)A= (yz2 —xyz)i+(—2x3y—xzyz)j+(x2z2 —2x2yz)k

-

(AAV)p= (—x3y2 —xzz3)i+(xyz3 —xyzz)j+(xyz2 +x2y2z)k
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Question 17

a) Define the vector calculus operators grad, div and curl.

b) Given that ¢(x,y,z) and y(x,y,z) are smooth functions, show. that

V/\[¢VI/I]EV¢/\VI//.

¢) Evaluate
3. 3 .
VA[VA[V/\[VA((x+y+z) 1+(4x —yZ)J+(xyz)k):|}}.
d) Use the vector function
A(x,y,z):(exﬂ’)i+(xsinz)j+(4\/;)k

to verify the validity of the identity

VA(VAA)=V(V-A)-V3A.

VA[VA[V,\[V/\(()Hy+z)3i+(4x3—yz)j+(xyz)k):|ﬂ =0
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Question 18

A Cartesian position vector is denoted by r and r = |r| ;

Given that f(r) is a differentiable function, show that
Va[rf(r)]=0.

proof
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Question 19

Given that A=A (x, v, z) is a twice differentiable vector function, show that
VA(VAA)=V(V-A)-V?A.

proof
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Question 20

r(x,y,z)=xi+yj+zKk.
Show that r f (|r|) is irrotational, where f (|r|) is differentiable function of |r|

proof

AV VA
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Question 21

The vector function E satisfies

_r
2’

r|¢0,

where r(x,y,z)=xi+ yj+ zKk.

Show that E is irrotational, and find a smooth scalar function ¢(|r ) , with (p(k) =0,

so that E = —V(p(|r|) .
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Question 22

A Cartesian position vector is denoted by r and r = |r| ;

Given that a is a constant vector, show that

r 3a-r a
V/\ .‘:l/\—3 :—51'——3.
r r r

proof
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Question 23

VA (AAB)=(B-V)A+(V-B)A—(A-V)B—(V-A)B.

a) Giventhat A =A(x,y,z) and B=B(x,y,z) are smooth vector functions, use

index summation notation to prove the validity of the above vector identity.
b) Verify the validity of the vector identity 1f

A=i+2j-3k and B=xi+yj+zk

both sides yield 2i +4j—6k
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Question 1

A Cartesian position vector is denoted by r and r = |r| ;

Determine the value of

div{grad[lﬂ , r£0.
r

SE8E
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Question 2
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V- (pA)=Vp-A+¢V:A.

b) Given further that f and g are functions of x,
partial derivatives exist, deduce that

A smooth scalar field is denoted by @=¢(x,y,z) and a smooth vector field is
denoted by A =A(x,y,z).

a) Use the standard definitions of vector operators to show that

y and z, whose second

V(fVg-gVf)=fV’g—-gVf.

, |proof
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Question 3

A Cartesian position vector is denoted by r and r = |r , r#0.

Show that

proof
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Question 4

Itis given that ¢ = ¢(x, v, z) and ¥ = l//(x, y,z) aretwice differentiable functions.
Show, with a detailed method, that
Vi (py) =y Ve+2Ve. . Vy+oVy.

proof

Ve 4 2( 2 28, (2w 2w W)
50y 5 ) (5 S
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Question 5
r(x,y,z) =xi+ yj+zK.
Show clearly that

V2 (") = nlnr e

proof
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Question 6

It is given that
@(x,y,z)=z+sinhxsiny.
a) Verify that ¢ is a solution of Laplace’s equation
Vip=0.
b) Hence find a vector field F, so that
V.:F=0 and VAF=0.

¢) Verify that F found in part (b) is solenoidal and irrotational.

F =(cosh xsin y)i+(sinhxcos y)j+k
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Question 7

A Cartesian position vector is denoted by r and r = |r| ;
Given that f(r) is a twice differentiable function, show that

2
:ﬂ+2d—, r#0.

VZ
f dr?  rdr

proof
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Question 8
r(x,y,z) =xi+ yj+zK.

Show, with a detailed method, that

v2v.| E =2
[MZJ I’

proof
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Question 9

The scalar function ¢ is given below in terms of the non zero constants 4 and z.

o(x,y,z)=e"sin(Ay+Az)cos(uy—puz).

Given that

V. (Vg)=0,

show, with a detailed method, that 4> + ,L12 =

=

proof

Created by T. Madas



Created by T. Madas

Question 10
It is given that

A/\(B/\C) EB(A-C)—(A-B)C.

a) Use the above identity to find a simplified expression for VA(V AF), where

F is a smooth vector field.

The smooth vector fields E and H, satisfy the following relationships.

e V.E=0
oH
o VAE=—+—
N ot
[ V.H:O
L] V/\HZB—E
ot

b) Show that E and H, satisfy the wave equation .

2
VZU:a—IZJ.
ot

VA(VAF)=V(V-F)-V°F
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Question 11

The Laplacian operator V2 in the standard two dimensional Cartesian system of
coordinates is defined as

Show that the two dimensional Laplacian operator is invariant under rotation.

proof
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Question 12

Itis given that if F is a smooth vector field, then
VA(VAF)=V(V-F)-VF.

a) By using index summation notation, or otherwise, prove the validity of the
above vector identity.

Maxwell’s equations for the electric field E and magnetic field B, satisfy

P oB oE
VE=—, VAE==—, V.B=0 and VAB=uyJ+ucy—.
& A i AD = fod + Ho&y Y

where p is the electric charge density, J is the current density, and f, and &, are

positive constants.

b) Show that %—p+V-J:O.

t

¢) Given further that p=0 and J =0, show also that
0°E 0°B
VE= jiyg,— and V’B=u,g,— .
0<0 at2 0<0 atz

proof
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Question 13

Show that the Laplacian operator in the standard two dimensional Polar system of
coordinates is given by

A e
or?

V()= )42+ ).
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