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Question 1

f(z)=—5, zeC.

Find the residue of the pole of f(z).

[ [ ]res(z=0)=1
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Question 2
f(z)=e®z7, zeC.

Find the residue of the pole of f(z).
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Question 3

2
+2z+1
1z =L T2T eC.

2-2z+1
Find the residue of the pole of f(z).
[ ] |res(z=1)=4
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Question 4
2z+1
f(z)=— ,zeC
-

Find the residue of each of the two poles of f(z).

L1, reS(z=2)=%, res(z:—l):%
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Question 5

Find the residue of each of the two poles of f(z).

7L

res(z=%)=—

A\~

res(z =2)=%
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Question 6

1_ iz
flz)=——. zeC.
<

a) Find the first four terms in the Laurent expansion of f (z) and hence state the

residue of the pole of f(z).

b) Determine the residue of the pole of f (z) by an alternative method
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Question 7

Find the residue of each of the three poles of f(z).

—

res(z=0)=2|, |res(z=—1+i) =L (=1431)|, |res(z =—1-i) ==L (1+3i)

[\

Question 8

Find the residue of the pole of f(z):
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Question 9

Find the residue of each of the three poles of f (z).

res(z=21)=%(7+i) , res(zz—Zi)zL(7—i) , res(zz—l):—ﬂ

Question 10

fl(z)= , ze C.

e“—1

Find the residue of the pole of f(z), at the origin.

res(z=0)=1
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Question 11

fl2)= L, zeC.

(322—10iz—3)

Find the residue of each of the two poles of f(z)-

res(z=3i) =% , res(z =%i)=——
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Question 12

f(z)ECOtZC;)ch 2 C.

<

Find the residue of the pole of f(z) at z=0.

[ 1 fres(z=0)=-55
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Question 13

6
7 +1
flz)= ,z2eC.
() 225—524+223

Find the residue of each of the three poles of f(z).
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Question 14

4
= ) C.
/) 22 (1-2i)+6zi—(1+2i) °c

Find the residue of each of the two poles of f(z).

res(z=2-1) =i, |res(z=1(2-1)) =i
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Question 15

Zekz
f(z)==—, zeC, keR, k>0.
Z +1

Show that the sum of the residues of the four poles of f (z) , 18

sin L sinh i
N WG

s 8L ge Sweucny

IT 18 REST 7 ek Wi ORdeShAs N THS gotsticny

k. g 2, ‘
SREN ! (8- B (e e
@ T R SR ot i SOM OF 4 Retiy = = ye ],: "‘l‘]*x" !
EAN, E\(mmﬂ: J(:»m/ olids 44 T = p
4 _TFew Eavai) ;
2T s G tapop) - 4(4[ Mo | bl tara) : ﬁu-.m;]

DI SR, ST
2 B OF, OF 8

CAUIUNE THEE DEUIDUES VRING A GENEGAL MEGED ~ET A PO RE AT 2=

Res(£32)% Lim [cz»wﬁ‘ .
25 L7 2l 1%

Ths bus Prunuce %o o zead A 2oz MOTT B¢ A4 FATR of Tt

DEOMINATR S0 we Peoceen Ry U'oshraL RULE = q‘l, Jteh

Bes (62 < L {EME Lo [R_MJ 1L e (k) s 20N
sv L d G 2 s Ar
1 X am S (al
s g < i;ia - —f{; = A (ab) w28 Gk
= snial] salt
HEIT Ol D BaDOE AT o oF The! Rup foues = Sl )
Tl 3 IS iy £
BB emT | LMEE) < lan(Eebly
] A% T
7R wawo

gt lEhE)
4eE -4

Created by T. Madas



REAL
INTEGRALS



UNIT CIRCLE
CONTOUR



Question 1
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By integrating a suitable complex function over an appropriate contour find

2z
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Question 2

By integrating a suitable complex function over an appropriate contour find
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Question 3

By integrating a suitable complex function over an appropriate contour find

2z
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Question 4
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By integrating a suitable complex function over an appropriate contour find the exact

value of
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Question 5

By integrating a suitable complex function over an appropriate contour find the exact
value of

o sin’t
—— dt.
0 5—4cost
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Question 6

By integrating a suitable complex function over an appropriate contour find the exact
value of

2z 1
[
o (5-3sinb)

57
32
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Question 7

27 1
I=J‘ - dx .
o 3—2cosx+sinx

By integrating a suitable complex function over an appropriate contour find the exact
value of 1.
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Question 8

e cos3x
7 j _cosdx
0 5—4cosx

By integrating a suitable complex function over an appropriate contour find the exact
value of 1.
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Jordan’s Lemma

Suppose that f(z) — 0 uniformly, as |z| — e, for 0<argz<7z.

If >0, then jf(z)eiazdz —0 as R — o0, where y(6)=Re'?, for 0<0<7.

YR

Proof

Given £ >0 we may always pick R, so thatif R > R, f(z)‘<€, Vze yg -

Thus
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Question 1
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By integrating a suitable complex function over an appropriate contour find
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Question 2

By integrating a suitable complex function over an appropriate contour find
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Question 3

By integrating a suitable complex function over an appropriate contour find
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Question 4

By integrating a suitable complex function over an appropriate contour find
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Question 5

By integrating a suitable complex function over an appropriate contour find

oy
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Question 6

By integrating a suitable complex function over an appropriate contour find

N[N

Created by T. Madas



Question 7
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Given that k£ > 0 find the exact value of

xcoskx dx Y

- X2 +2x+5

xsin kx
- dx .
e X+ 2x+5
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Question 8

By integrating a suitable complex function over an appropriate contour find

oOCOSCDC
a) j‘ ﬁdx,a>0.
0 X +b

b) j %dx,a<0.
0o X +b

T e—ab T eab

2b 2b
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Question 9

By integrating a suitable complex function over an appropriate contour find

xsinax
j > 5 dx, a>0.
0o X +b
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Question 10

By integrating a suitable complex function over an appropriate contour find

fe)

(l—xz)cosa'x

3 dx, a>0.
(1+x2)
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Question 11

By integrating a suitable complex function over an appropriate contour find

cosax

( ; 2)2 dx, a>0.
x“+b

e % (ab+1)
4b*
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Question 12

By integrating a suitable complex function over an appropriate contour find
“ cosx
j g dx.
0 1+x

é 1+\/E cos(§j+ 3sin(§j
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Question 13
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By integrating a suitable complex function over an appropriate contour find an exact

simplified value for

1

5 dx,
Lo aX“+bx+c

where a, b and c are real constants such that ¢ >0 and b>—4ac<0.
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Question 14

In (x2 + 1)
1= 3 dx .
x“+1
0
. . In(z+1) . .
By integrating 1 over a semicircular contour find the exact value of 1.
Znild-
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Question 1
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By integrating a suitable complex function over an appropriate contour show that
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Question 2

By integrating a suitable complex function over an appropriate contour show that

sin x _ T -a
Omdx—zaz(l e )

, , |proof

onsioet 46 = S Icamo oo cuke e coR Sl ow!

Twa
gl

NXT 0008 {(2) aitrerams v T, — PAMueTrIRe o

2-ce® y de=ied® )6 pow Fouwg ® o Cosue)

(o [1°_ailed®) o g
w\‘ﬂz {dk - \)V K-%&w‘&j(wz&dg

. B3 \{Q]Q
= o
‘*j\, sevrw <
(@)t S FOUR AT 2=g, 2ol 4 T =al, OF ket auy e ok 4T M) AR €50 THS INHCOAL Thins T
2= 1S wEpe [ — GUPUTE THE RESIDVE o :
4 R e
o Ganteils PR et Jo B
s [£3a1] }jm, [Eene] = b et : Sl
o i@ ge Hoxe A 2o & o0 we 4k —NR 2= 4 de=ch
= Soan) T2 . o =
(o™ ("ol oo Ay
A58y B o e =l ® et T T o)
fHd@rde < anx S Cmmuser £ ot ) N Pemaas | (et L T
o el v S G )
T ), .
LA S = ( g [ s e (-
Bavgl =1 L@ w
Wow 45 20 2 ook T T 1AL oF 4G v, R SN )
g g \ Lo 2o #s
A Tema e o s R B Jorons s Ap Ry o
‘ - T ZL Ere il S
~Jops Uik
F 38 —0 vnikomay As el —> 0, PR O<age <T, | R e
T ©L 050 o ) 2 w{._e )

\E[‘ Y@ d = 0 A 2w v g

Created by T. Madas



Created by T. Madas

Question 3

By integrating a suitable complex function over an appropriate contour show that
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Question 4

Inx
14 x*

dx .
0

a) Find the value of the above improper integral, by integrating

|
f(z)= Ogi, ze C,
1+z

over a semicircular contour with a branch cut starting at the origin and
oriented in some arbitrary direction in the third or fourth quadrant.

b) State the value of

72| |72

16 4
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Question 5

” (In x)2

3 dx .

0 14+ x

Find the value of the above improper integral, by integrating

2
1
f(z):%, ZC
I+z

over a semicircular contour with a branch cut starting at the origin and oriented in
some arbitrary direction in the third or fourth quadrant.
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Question 6

(o)

(In x)2

1+ x* dx.

0

a) Find the value of the above improper integral, by integrating

2
1
f(o) = Le,
1+z

over a semicircular contour with a branch cut starting at the origin and
oriented in some arbitrary direction in the third or fourth quadrant.
d 1 7[\/5
dx = ——
4

4
1+x

You may assume without proof that j

0

b) State the value of

Inx
1+ x*

37:3x/§ 7[2\/5

64 16

Created by T. Madas



Created by T. Madas

KEYHOLE
CONTOUR

(Branch Cuts)
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Question 1

|
f(z)= ngz, zeC.
I+z

By integrating f'(z) over a suitable contour I', show that

proof
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Question 2

By integrating a suitable complex function over an appropriate contour show that

p-1
X dx=rmcosec(pr), 0< p<l.

: 1+x

e
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Question 3

By integrating a suitable complex function over an appropriate contour show that

[

p—1
2

X

dxzzcosec(p—ﬂ-j, O<p<2.
1+x 2 2

proof
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Question 4

log 7
Ko ey =

By integrating f(z) over a suitable contour I", show that

B 1
jo m dx=In2.

proof
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Question 5

log z

Fz)=

where ae RY, be R* with b>a.

By integrating f(z) over a suitable contour I", show that

1 1 b
(x+a)(x+D) b—a \a
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Question 6

By integrating a suitable complex function over an appropriate contour show that

” VX T
3 dx=—.
0 7 x 3

proof
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Question 7

(o)

(In x)2

14 x° dx.

0

An attempt is made to find the value of the above improper integral, by integrating

2
=2 e,
1+z

over the standard “keyhole” contour with a branch cut taken on the positive x axis.
a) Show that such attempt fails.

b) Calculate the value of the two integrals that can be found during this attempt.

j 12 dxzz, j lnx2 dx=0
0 1+x 2 0 1+x
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Question 8

Use a substitution followed by integration of a suitable complex function over an
appropriate contour, to show that

1
272’

j (tan x)” dx:%frsec(%ﬂ'a'), -l<a<l.
0

proof
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Question 1

Consider the contour I' located in the first quadrant, defined as the boundary of a
quarter circular sector of radius R, with centre at the origin O.

By integrating a suitable complex function over I" show that

| 2
— dx = ——.
0 1+x 4

.22
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Question 2
By integrating a suitable complex function over a contour defined as the outline of a

circular sector subtending an angle of %ﬂ' at the origin, find an exact value for

o)

1
0 1+ x

3 dx.

No credit will be given for integration over alternative contours.
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Question 3

By integrating a suitable complex function over an appropriate contour find

j 13 dx.
0 1+X
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Question 4

By integrating a suitable complex function over an appropriate contour show that

jmcos(xz) dx:j‘oosin(xz) dx = %

0 0

proof
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Question 5

By integrating a suitable complex function over an appropriate contour show that

“ Inx wlna
i dx = }
0 a”+x 2a
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Question 6

By integrating a suitable complex function over an appropriate contour show that

j sechx dx=rx.

—00

proof
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Question 7

It is required to evaluate the integral

< 2
j e’ cosx dx.
0

a) Show that the above integral can be written as

b) By integrating the complex function f(z)=

with vertices at (-R,0), (R,0), (R,%i) and —R,%i), show that

2
“, over a rectangular contour

°° 2 1
j e " cosx dx:%e s+ Jr .

0

You may assume without proof that

'[ e_x2 dx =Lr.

0

=

proof
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Question 8

1
f(z)=—,zeC, z#0.

I\l

By considering the integral of f (z) over two different suitably parameterized closed

paths, show that

2r
! dé =

z
0. 9cos® @ +4sin 6 By

ok A e G NG i -
ok PR st ConThs, The SINVARITY AT THE GBI S A ouT o [ ommCidn) s Ye0Quddd | oo
S8ee Jr we o), 4. ARS + havier

%;J{Aé:,m: <= a0 2r0T “’r L -
Joode+ dantd N

{708 FmAETORE 4 2= o8 %2= 190, 6 fowo B @

e
. - A8 +sit0 - =
i fin- > | =t

J, o +duie

NEXT SOTek NI CACRSAY FeT Wik A4 4oy Pt enocss. O,y || S g Iy = ar
T ST N ChCreh RET Wik Ao dosmve Bt Goso, 0 vy | = | Sewigme 4 -
MR STV E= YA,
& oY § ’ T
{ I T 7
-T

SPUT W0 2HAE § I 6 WoRE WO IMAGNARY Je®dwie do Vi

§>ﬂ %ﬁ[m*‘x;aﬁ_w‘%t = ani

P
’{f’ 1;;1@ vioagoad o o
- - "

n T
O DRAL PAQT N RS
dbvady oo
E%\“ T - T

 PAMETOEED QS A Folos

- da=-2onRdb
<6 Bg fom 0 21

Y= 20 -dy= 2wy

Created by T. Madas



Created by T. Madas

Question 9

The complex number z=c+acos@+ibsinf, 0<8<2x, traces a closed contour C,
where a, b and c are positive real numbers with a >c.

By considering

@ldz,
Z

C
show that
2w 0 )
a+c2005 . dH:—ﬂ-.
0 (c+acos@)” +(bsinb) b

proof
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