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Question 1

It is given that z =z(x,?) satisfies the wave equation

azz_ 1 82z 0
o o T

a) Derive the above partial differential equation from first principles, for standing
waves or propagating waves, where ¢ is a positive constant.

b) Show further that if z represents the vertical displacement of propagating
wave then ¢ represents the propagating speed.

proof
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Question 2

subject to the initial conditions

z(x,0)=

9%z
ox> ¢ o

F(x) and

It is given that z = z(x,7) satisfies the wave equation

1 92
=—B c>0,

0z
ot

a) Derive D’ Alembert’s solution

for —co< x <0, 120.

It is further given further that

F(x)=

1-x° |x|£1
0 |x|>1

—(x,0)=G(x).

b) Indicate in the different regions of the x-¢ plane expressions for z(x,).

¢) Sketch the wave profiles for 1=0 and ¢ = 2

c

solution below|
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Question 3

It is given that z = z(x,7) satisfies the wave equation

ri_1ok
x> ot ’
subject to the initial conditions
0z
z2(x,0)=F(x) and g(x,O) =G(x).
a) Derive D’ Alembert’s solution
x+ct
2(xt)==F(x—ct)+=F(x+ct)+— G(¢&)dé&,
¢ x—ct
for —co< x <0, 120.
b) Given further that
1 |x|£1
F(x)= d G(x)=0,
(=1, o> (*)

sketch the wave profiles for ¢ = n ,n=0,1,2,3,4.
c

solution below|
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Question 4

It is given that z =z(x,?) satisfies the wave equation

%z _ 19 .
subject to the initial conditions
Jz
z(x,O) = F(x) and g(x,O) = G(x) .

a) Derive D’ Alembert’s solution

for —co< x <0, 120.

It is further given further that

2
Floy=l " Bs 0 G =0
0 |x|>1

b) Indicate in the different regions of the x-¢ plane expressions for z(x7).

; 1 r )
¢) Given that r =T >—, determine expressions for z(x,).
c

|solution below|
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Question 5

It is given that z =z(x,?) satisfies the wave equation

%z _ 19 .
subject to the initial conditions
0z
z(x,0)=F(x) and g(x,O):G(x).

a) Derive D’ Alembert’s solution

for —co< x <0, 120.

It is further given further that

1=h s ]
F(x)—{ 0 |x>1 and  G(x)=0.

b) Indicate in the different regions of the x-t plane expressions for z(x,f).

¢) Sketch the wave profilesfor =0 and = ZL .
c

|solution below|
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Question 6

It is given that z =z(x,?) satisfies the wave equation

Po_1eh
ox? - c? o ’
subject to the initial conditions
Jz
z(x,0)=F(x) and g(x,O) =G(x).

a) Derive D’ Alembert’s solution

for —co< x< o0, £20.

b) Given further that

1 |x<1

F(x)=0 and G(x)z{o X>1°

sketch the wave profiles for ¢ = n ,n=0,1,2.
c

|solution below|
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Question 7

It is given that z =z(x,?) satisfies the wave equation

%z _ 19 .

subject to the initial conditions

0z
z(x,0)=0 and E(x,o) =G(x).

a) Derive D’ Alembert’s solution

for —co< x <0, 120.
It is further given further that

G(x): cos(%ﬂ'x) |x|£l

0 | >1

b) Indicate in the different regions of the x-¢ plane expressions for z(x,z).

|soluti0n below|
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Question 8

It is given that z =z(x,?) satisfies the wave equation

Po_1eh
ox? c? o’ ’
subject to the initial conditions
Jz
z(x,O) = F(x) and g(x,O) = G(x) .

a) Derive D’ Alembert’s solution

for —co< x <0, 120.

It is further given further that

coS X |x|<%7r
F(x)= and G(x)=0.
0 |x|2%7£

b) Indicate in the different regions of the x-f plane expressions for z(x,t) , and
hence show that there is a region of x-t plane where z(x,7) represents a

stationary wave.

|solution below|
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Question 9

It is given that z =z(x,?) satisfies the wave equation

w0’
subject to the initial conditions
0z
72(x0)=F(x) and =(x,0)=G(x).

a) Derive D’ Alembert’s solution

for —o< x<oo, £20.
b) Given further that

1 x<0
x+1 x>0’

F(x)=0 and G(x)z{

use the method of the characteristics in the x-t plane to solve the equation of
part (b) and hence sketch the wave profile when 7=1.

|solution below|
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Question 10

Itis given that z =7 (x,t) satisfies the wave equation

%z _ 19 .
aw car T
subject to the initial conditions
dz
Z(x,0)=F(x) and g(x,O)zG(x).

a) Derive D’ Alembert’s solution

for —co< x< o0, £20.

It is further given further that

CoS X |x| S%
G(x)= 2
0 |x|>—

2

b) Indicate in the different regions of the x-t plane expressions for z(x,7).

. T b .
c¢) Show that if t<2— there exists a range of values of x, over which z(x,t)
c

represents a stationary wave.

|solution overleaf |
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Question 11

Itis given that z =7 (x,t) satisfies the wave equation

%z _ 19 .
aw car T
subject to the initial conditions
0z
z(x,0)=F(x) and g(x,O)zG(x).

a) Derive D’ Alembert’s solution

for —co< x< o0, £20.

It is further given further that

1 <1

0 [xj>1 and  G(x)=0.

F(x)z{

b) Use the result of part (a) with the method of characteristics to determine
expressions for

z(x,1), fort<l, t:l alndt>l
c c c

¢) Sketch the wave profiles for ¢ = 2i, n=0,1,2,3.
c

|solution overleaf |
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Question 12

It is given that u =u(x,1) satisfies the wave equation

w0t
subject to the initial conditions
ou
u(x,O) = f(x) and E(X,O) = g(x) .

a) Derive D’ Alembert’s solution

1 1 1 X+t
u(x,t)==f(x—t)+=f(x+1)+—= G({)ds,
2 2 2).
for —co< x<o0, 120.
It is further given further that
— 42 <
F(x)=0 and g(x)=1 " M=t
0 |x|>1

b) Use the result of part (a) with the method of characteristics to determine
expressions for

u(x,t), for tz%, 1, %

|soluti0n below|
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Question 13

Itis given that z =7 (x,t) satisfies the wave equation

%z _ 19 .
aw car T
subject to the initial conditions
0z
z(x,0)=F(x) and g(x,O)zG(x).

a) Derive D’ Alembert’s solution

for —co< x< o0, £20.

It is further given further that

I |x <1
F(x)=0 and G(x)z{o ||x||>l

b) Use the result of part (a) with the method of characteristics to determine
expressions for

¢) Sketch the wave profiles for ¢ = 2i, n=0,1,2,3.
c

solution overleaf |

b
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Question 14

It is given that z = z(x,7) satisfies the wave equation

o _13%

oxr 4ot

subject to the initial conditions

($0)=e, —o<x<oo and a—f(x,o)=o.

a) Determine the solution of this wave equation.

b) Sketch the wave profiles for t =i, i=0,1, 2, 3.

You may use without proof the standard D’Alembert’s solution for the wave equation.
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Question 15

Created by T. Madas

It is given that z = z(x,7) satisfies the wave equation

subject to the initial conditions.

2(x.0)=

2 2
0z _19d%z

ox> ¢ o

1—|x| |x|£1
0 [4>1

3

ot

and

(x,O)ZO.

a) Display the values of z(x,t) in the regions of an (x,r) plane diagram.

1

b) Sketch the wave profiles for 1 =0, t=—, t = l and 1 = i .
2c c 2c

You may use without proof the standard D’Alembert’s solution for the wave equation.

solution below|

b
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Question 16

It is given that z=z(x,?) satisfies the wave equation

82
ot

N

9%z
=

1
ox- 4

b

[\S]

subject to the initial conditions.

3 % 3 4— x? |x|£2
z(x,0)=0 and at(x,o)_ o 2

a) Display the values of z(x,#) in the regions of an (x,r) plane diagram.

).

You may use without proof the standard D’Alembert’s solution for the wave equation.

\S](o8}

b) Determine expressions for z(x,%) and z(x,

|solution below|
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WAVE EQUATION
927 _ 1 927
ox> % or’

, z=1z(x1)

Standing Waves
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Question 1

Itis given that z =72 (x,t) satisfies the wave equation

0’z 19% c>0
ox> o’ ’
subject to the conditions
dz
2(x0)=F(x) . Z(x.0)=G(x) and 2(0u1) =2 (L) =0.

Derive the solution

[e)

z(x,2) = Zsin (”—fx)[Pn cos ( "icr ) +Q, sin ( ”ﬁcr )} f

n=l1

where

[solution overleaf]
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Question 2

Created by T. Madas

A taut string of length 20 units is fixed at its endpoints at x =0 and at x=20, and
rests in a horizontal position along the x axis. The midpoint of the string is pulled by
a distance of 1 unit and released from rest.

If the vertical displacement of the string u satisfies the standard wave equation

show that

w9

proof
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Question 3
Solve the wave equation
P 1 0%

=————,¢>0,
x> ¢? or?

for u=u(x,r), 0sx<zm, 120,

subject to the following boundary and initial conditions.

u(0,)=0,  u(mt)=0, ?)—L;(x,O)zo, i (x,0) = 3sinx.

u(x,t) =3 sinx cosct
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Question 4
Solve the wave equation
0%u 1 0%u

SE__C% 50,
x> ¢ or?

for u=u(x,r), 0sx<l1, 120,

subject to the following boundary and initial conditions.

u

= (x,0)=0,  u(x,0)=sin(57x)+2sin(77x).

u(O,t)zO, u(l,t)zO,

[ 1 |u (x,2) =sin(57x)cos(57zct)+2sin(7zx)cos(7zct)
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Question 5

Solve the wave equation

for u=u(x,r), 0sx<l1, 120,

subject to the following boundary and initial conditions.

1. u(0,¢)=0.

2. u(lr)=0.
ou

3. —(x,0)=0.
5, (1:0)

4. u(x,0)=sin(7zx)+3sin(27x)—sin(57x).

u(x,t)=sin(57x)cos(57zct)+2sin(77zx)cos(7zct)
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Question 6

The vertical displacements, u =u(x,t) , of the oscillations of a taut flexible elastic

string of length 0.5 m, fixed at its endpoints is governed by

2 2
a_;‘:ia_;‘, 0<x<0.5, 120.
ox* 250t

Given further that the string is initially stationary, and u(x,0) = %sin(ZOﬂx) , find a

simplified expression for u/(x,t)

[ 1 u(x,t) =%sin(207rx)cos(1007zt)
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Question 7
A taut string of length L is fixed at its endpoints at x =0 and at x =L, and rests in a
horizontal position along the x axis. The midpoint of the string is pulled by a small

distance & and released from rest.

If the vertical displacement of the string z satisfies the standard wave equation

322_ 1 9%z 0
EYREIPW A 5 o

show that
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Question 8

A taut string as its fixed endpoints attached to the x axis at x=0 and at x=1.

The vertical displacement of the string u(x,) satisfies a standard wave equation

%u 1 9%
ax—zzc—zy, |x|£1, t>0,

where ¢ is a positive constant.

At time t =0, while the string is undisturbed, it is given a transverse velocity of

magnitude %cx(l —x) along its length.

Show that

[o]

u(x1) _%Z{sin[(ﬂc +1)7L’x:| sinI:(Zk +1)7Z'ct:| |

(2k+1)*

k=0

proof
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Question 9

A taut string of length 2 units is fixed at its endpoints at x==1 and rests in a
horizontal position along the x axis.

At time =0, while the string is undisturbed, it is given a small transverse velocity

1-x° along its length. It is assumed that the displacement of the string

u(x,t), x| <1,t>0
satisfies a standard wave equation
o%u _19%u
ox* . 4or

Show that

u(x,t) =3—32[ ()" cos{(zn _zl)ﬂx}sin[(Zn—l)ﬂ't]} ,

4
. | (2n—1)

and hence determine of the normal modes of the vibration of the string

[ L f=dn-1)

[solution overleaf]
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Question 10

A taut string is fixed at its endpoints at x=0 and x= L. The string is vibrating in a
resistive medium and its transverse displacement u(x,z) from a horizontal position

satisfies the modified wave equation

—_ + s
o ot

azu_i & Ju
ox>  c?

}, 0<x<L, t=0,

where A and ¢ are a positive constants.

Show that

where

proof

Created by T. Madas



Created by T. Madas

Question 11

A taut uniform string lies undisturbed along the x axis.

One of its ends is fixed at x =0 while the other end at x = L is attached to a light ring.
The ring is free to slide along a smooth wire at right angles to the x axis.

The vertical displacement of the string z(x,7) satisfies the standard wave equation

o1t
o c? ot

0<x<L, t=0,

The string is released from rest and its initial displacement is given by

EX
Z(X’O)ZT’ 0<x<L, O<e<<l.
Determine an expression for z (x,t), and hence state the periods of the normal modes
of vibrations of the string.

[You may assume without proof the standard solution of the wave equation in variable
separate form|]

Z(x’t):i 85(_1)n+12sin{(Zn—l)ﬂx}cos:(Zn—l)ﬁct} |

7>(2n-1) 2L 2L (2n=1)c

n=l1
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WAVE EQUATION
97 A" 927
ox*> > o

, z=2z(x1)

Use of Complex Numbers
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Question 1

A semi infinite string S; of density p; lies along the x axis for x <0 and another
semi infinite string S, of density p, lie along the x axis for x> 0. The two strings
are attached to particle P of mass m,at x=0.

The mass of the two strings is negligible compared to that of P . The strings and the
particle lie undisturbed in an infinite horizontal plane.

A small disturbance z with equation
, Re[Aei(nt—kx)} ’

is propagated from x <0 in the direction of x increasing, where n and k are the
frequency and wave number, respectively.

Show that the amplitude of reflected wave in the section for which x <0, is

\/Tz(k—k2)+m2n4
a

T2 (k+ky)+m*n*
and the amplitude of the transmitted wave in the section for which x>0 is

2kTa
\/T2 (k+ky)+ m*n*

where T is the tension in the strings and &, = n, /% .

proof

[ solution overleaf |
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Question 2

Two uniform strings, S; and S, , are joined together at one end and the other two free
ends are attached to two fixed points 2L apart.

S; has length L and density p; and lies along the x axis for x<O0.
S, has length L and density p, and lies along the x axis for x>0.

The combined string is taut and the tension is constant throughout.

Given that the combined string performs small amplitude transverse oscillations,
show that
wL wL
¢ tan| — |+cytan| — (=0,
a F2

27 . : -
where — 1is the period of the normal modes of vibration, and ¢; and ¢, are the
(1)

respective wave speeds in Sy and S, .

proof
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MULTIDIMENSIONAL
WAVE EQUATION

1 9%
Vig=—=Z2, 7=72 X, V,t
¢’ ot ( )
1 92
V2Z:_28_2Z’ Z:z(r,e,t)
c” ot

Created by T. Madas



Created by T. Madas

Question 1

The two dimensional wave equation for u =u(x, y,#) in a rectangular cartesian region

satisfies the following partial differential equation.

o2u 2{azu o%u
=cC +

8t2_ 02 ayz}’ 0<x<a,0<y<h,

where ¢ is a positive constant.

It further given that u =u(x,y,t) satisfies

w(0,3.1) = (s yo6) = 0 (5.0.0) =u(x.5.1) =0.

Use separation of variables to show that

(x,y.,) ZZ{ 1 €08 (At )+ By sin (4, t]sm( j in(nzyﬂ,

n=l m=1

where A B

s and A4, are constants.

nm

proof

[solution overleaf]
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Question 2

The vertical displacement z=z(r,6,t) of a two dimensional standing wave in plane

polar coordinates, satisfies the following partial differential equation.

P te 1 @ 1k

——+ = :
or ror  r2960* % or?
where ¢ is a positive constant.

Use separation of variables to show that the general solution of the above equation
can be written as

%} [}

z(r,6,t) =[acos Act + fsin Act | ZCnsinn6+Dncosn0 ZAan(/erBnYn(/lr)
n=0 n=0

where «, B, A,, B,, C, and D, are constants.

proof

Created by T. Madas



Created by T. Madas

Question 3

The vertical displacement z= z(r, ﬁ,t) of a circular drum-skin, secured on a circular

rim of radius a, satisfies the wave equation in standard plane polar coordinates

P 1o 1 @19

a2 ror r2ae: 2ot
where ¢ is a positive constant.
The drum-skin is displaced from its equilibrium position and released from rest.

Use separation of variables to show that general solution of the above equation is

z(r.0,1)= ZZH J, ( r ﬂ:,m ﬂ {cos (%H [Cn,m sinn@+ D, , cos nﬁ]
n=0 m=1

where C,,, and D, are constants, and 4, ,, denotes the m™ zero of J,, (x).

proof

[solution overleaf]
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