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LAPLACE’S EQUATION

’d  9°d
+ =0, ®=DP(ux,
x> ayz ( y)

Two Dimensional in Cartesian
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Question 1

The temperature distribution, T(x, y), in a rectangular plate for which 0 < x<2 and

0< y <1, satisfies Laplace’s Equation

+ =0.
ox* 9y’

The edges of the rectangular plate are maintained at the following temperatures

e T(x0)=0, xe[0,2]

e T(x1)=0, xe[0,2]

o T(0,y)=0, ye[0,1]
(

e T(2,y)=30sin(87y), ye[01].

Determine the temperature distribution of the plate

[You must derive the standard Cartesian solution of Laplace’s equation in variable
separate form|

80sinh (87x)sin (87y)
sinh 1677

T(x,y):

4
) L L] o 1
- 2 | »
RURRLE SEACHBLE B0n
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Question 2

The function @ = @(x, y) satisfies Laplace’s Equation

2 2
99,90 _,,
ox° dy

where 0<x<7 and y>0.

Determine an expression for ¢(x,y), given further that
e ¢(x,0)=3, xe[0,7]
* 9(0,y)=0, ye[0,)

e lim [(p(x,y)]zo, xe [0, 7]

y—eo
o ¢(7,y)=0, ye[0,0).

[You must derive the standard Cartesian solution of Laplace’s equation in variable
separate form|

o)

12 Zepr:—y(Zn—1):|sin[x(2n—l):|

q’(x,y):; (2n—l)3

n=l1
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Question 3

The function @ = ¢(x,y) satisfies Laplace’s Equation

2 2
a_gﬁ_gzo,
ox° dy

where 0<x<a and 0< y<b, with a and b positive constants.
Determine an expression for ¢(x,y), given further that

* ¢(x,0)=0, xe[0,a]

e p(xb)=0, xe[0.d]

* 9(0.y)=0, ye[0.5]

o ¢la,y)=by-y*, ye [0,5].

[You must derive the standard Cartesian solution of Laplace’s equation in variable
separate form]

fee)

o(x,y) _%Z sinh[%(Zn—1)}5in[%(2n—1)}

T (21-1)°sinh| Z¢(2n-1) |

n=l

[solution overleaf]
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Question 4

The function u =u(x, y) satisfies Laplace’s Equation

2 2
a_bz‘+a_;‘:o, 0<x<2,0<y<I.
ox~ dy

Determine an expression for u =u(x, y), given further that

x 0<x<1
u(O,y)ZO, ”(ZJ):O’ ”(X’O)ZO’ u(x,1)= 2—x 1<x<2

(1
8Sln(2 nﬂ') sin (%nﬂx) sinh (%nﬂy)

[ L ju(xy)=

n’z? sinh (% nf[)

n=1
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Question 5

A square plate of unit length has three of its sides kept at temperature 0 °C, while the
fourth side is kept at temperature 50 °C.

In a steady state the temperature, 6(x, y) satisfies Laplace’s Equation

9%0 9°6
2+ =0
ox> 9y’

2

Solve the equation and hence show that

)10 (=1)°

" L (2n+1)cosh{(2n+l)§}

[You must derive the standard Cartesian solution of Laplace’s equation in variable
separate form|

proof
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Question 6

The function ¢ = ¢(x,y) satisfies Laplace’s Equation

2 2
a_gqa_gzo,
ox° dy

in a rectangular region where 0<x<3 and 0<y<2.
It is further given that

* ¢(x,0)=0, xe[0,3]
. (p(x,2)=0, xe[0,3]

e ¢(0,y)=0, ye[0,2]

y yel0]]
h ¢’(3’y):{2_y ye (1’2]‘

Solve the equation and hence show that

[}

sech| 37 (2n—1)
N

n=l1

[You must derive the standard Cartesian solution of Laplace’s equation in variable
separate form|

proof

[solution overleaf]
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Question 7

The temperature 8 =6(x,y) for a steady two-dimensional heat flow in the semi-

infinite region for which y =0 satisfies Laplace’s Equation

0% 9%0
_+_ —_

=0,
ox* 9y’

subject to the boundary conditions

26

L a—(O,y):O, y€[0,°°)
X
00

L4 a—(L,y):O, yE[L,OO)
X

o lim[6(x.y)]s|M

y—oo

,MeR, xe(—o0,00), ye][x,oo)

Solve the equation and hence show that

2nw
MV Wi il
257 s ) 2 :

n=l1

[You must derive the standard Cartesian solution of Laplace’s equation in variable
separate form]|

, |proof

[solution overleaf]
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LAPLACE’S EQUATION

°®d 10P 1 9°dD
+——+
o’ ror 1’ o6*

=0, ©=d(r,0)

Two Dimensional in Plane Polars
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Question 1

The above partial differential equation is Laplace’s equation in a two dimensional
Cartesian system of coordinates.

Show clearly that Laplace’s equation in the standard two dimensional Polar system of
coordinates is given by

¢ 10p 1%

e~ "0

ort. ror r?96°
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Question 2

In a two dimensional universe the gravitational ® would satisfy the two dimensional
Laplace’s equation

V=0,

Find a general circularly symmetric solution for &®.
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Question 3

The function @ = ®(r,8) satisfies Laplace’s Equation in plane polar coordinates

’® 100 1 0°®

+-—Ff——— =0,
o’ ror 1> 06?

a) Derive the general solution of the above equation, in variable separable form.

b) Hence find a specific solution subject to the conditions
i. @©(0,0)=0

ii. ®(r,0) is finite for 0< r <a and for all 6.

®(r,0)=A+Blnr+ Cr'+Dr"|cosn@+\E r"+F r " |sinné ||,
n n n n

n=l

®(r,0)="sind
a
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Question 4

The function @ = ®(r,8) satisfies Laplace’s Equation in plane polar coordinates

’® 100 1 0°®

+-—Ff——— =0,
o’ ror 1> 06?

a) Derive the general solution of the above equation, in variable separable form.

b) Hence find a specific solution subject to the conditions
i. @(0,0)=0

ii. ©(1,0)=2cosb.

D(r,0)= A+Blnr+Z[(Cnr" +Dnr_")cosn9+(Enr" +Fnr_")sinn9} ,

n=l1

®(r,0)=2rcosb
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Question 5

The steady state temperature distribution ® =®(r,8) in a circular thin metal disc of

radius 1, satisfies Laplace’s Equation in plane polar coordinates

°d 19® 1 9%d
—t———t=—=
or: ror 1 96*

Given further that @(1,8) = sin 26, determine a simplified expression for @(r,8).

[You are expected to derive the general solution of the partial equation in variable

separate form|

[ | |®(r.6)=r*sin26

ASSUME A SOWMON N UARNBIE SEAgABLE Bom — DIFRRATTIATE AND
SogsnTuR WL The P.0.€
0 Do) = ROH = . Doy Olo)
— 2% . Yo
= 2= PoSE

= 5. RE(e)

. qz¢¢L3i+L%:o

o T e T
= Rt « LRAGE) + L RISTY - ©

_, D086 | | RBe | L ROEe - o
4 66 T TRNEE T T ROBE)

- Ro 120, L%
R R I A
- alo U SO

> " e Y S c©
~|eRo 2 - _ 8.
= |"em t° E!{rw 60

A THe UR.S T THE ALSU OPRESION & A RNCTIoN of T only AND
THe DUS W A ANNon of 6 ony| B} SO Agt AT Mo

A _onea7 ) SAY A

LQOWNG AT THE M-S OF THE <@t €XPRession, We Requige Gouan)
SOUMONS W 6 | D T THE FOLAE SSiTm REINO_§KAY AT — Givend
THAT TS0 18 A MRS IN THE .48, We DEDKE T ASO, SAY p2

_8® e
= "% - P

— 6l) = -’66

= |8 = Awpl) v Renfeg)

(00U AT THE "® - souTion! WTH A .sives (o wsieg)

b= an(Oram) = sn(p9) = snp(eeam)
= sin(p6 + 2pr)

== P =v= MK = 012,y

N=0 18 0.K. A4S IT PLOUKE A ConrAST SCWTIoN

N<O NEER NG BE (NSIDEND SEOMATEY 4T THE wiw B ABSORGD
18 THE CONTANTI 4T T STAEE , BT THEY WU ACUAUY ARAE
AGRN 4T THE AID

- B A ]

VO W e 0 T Lts CRcton of © onor) | wnpn e

- plo, 2 _

B T TR TN T O
m = L R
Ry, 20 - ¢ iy
ST 8 oo -2 B
=6+ PO =0 = P+ R -6
= 26 = -0 TS U A AU €U o0 E
Yo . - L % w Res ik
= o N % Y= e SR T one
, vE o= it
= Wtz ~beshc’ Fors e
- bl = WS =Gy e
, ‘ % =Pk +k -0
- P &= \§ =
J§ = k=xh

= Py - Chretd

= Ro- LT AN

(RUATTNG AR TiHE RRUCT

[E =0

Q- A

R = et D '& —
|£68-861R6) - Clw+ 0

1€ 0= 123

Q)= Asud + Bowd

Rz a4 B
Fray 06 40k A i sowmon)

D)= [ches ] + i [t s o 271
HRSRRNG. § ReARIE THE ;Wmﬂ&
é?ms\ = Aol § £« Dot +E, Pyt T s | ]
N - A )

ST e AR (OIS MO TR D00) Mot 3 e W AL PoTS o
T D AND N PATONAL AT SO

. B=0 B=o ,f=0
L \
Be) = At 20 (G Reud + Etund ]
§ - 44

A0 Ho)= s

-
= b=kt ) (Cawd+ Gony]
=

Created by T. Madas

Ao G=o, Bl Eeo w2

= Z0)- ams
= Qb))
= 2@ GresS)
=2y

_

=
—




Created by T. Madas

Question 6

The steady state temperature distribution ® = CI>(r,t9) in a circular thin metal disc of

radius 1, satisfies Laplace’s Equation in plane polar coordinates

°d 19@ 1 9%®
—t——t=—=
or: ror 1 96*

Given further that

ch(1,9)+aai’(1,e)=1oo-zcosza,

r

determine a simplified expression for ®(r,0).

[You are expected to derive the general solution of the partial equation in variable
separate form|

d(r,0) :50—%r2 cos26
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Question 7

The steady state temperature distribution u =u(r,8) in a circular thin metal disc of

radius a, satisfies Laplace’s Equation in plane polar coordinates

Pu_ 1o 1 7

+——5=0.
ar*  ror r* o4’

The top half of the circumference of the disc, 0 <@ < 7, is maintained at 100 °C, and
the bottom half of the circumference of the disc, 7 < @ < 27x, is maintained at 0 °C.

Determine a simplified expression for u(r,6).

[You are expected to derive the general solution of the partial equation in variable
separate form|

T n a

i(r0)-50+ 22 {smne(zj }

n=l1

Created by T. Madas



Created by T. Madas

Question 8

The function ® = ®(r,0) satisfies Laplace’s Equation in plane polar coordinates

°®d 10 1 9°d
tE S+ ——=
or’ rar r* 96’

V2 = 0.

a) Derive the general solution of the above equation, in variable separable form.

The functions @, = P(r,0) and P, =D, (r,8) satisfy
Vi, =0,1<r<2
Vi, =0,r>2.

It is further given that

P, (1,6)=0, @(2.0)=1, ®,(2.6)=1 and lim|[®,(r.0)—rcosd]|=1.

r—>%0

b) Determine expressions for @, and &, .

(o)

<I>(r,9)=A+Blnr+Z

n=l1

(Cnr" +Dnr_")cos n49+(Enr" + Fnr_”)sin ne} ,

D, (r,0) =13l <I>2(r,t9)=1+rcos<9—§cos0

[solution overleaf]

Created by T. Madas



Created by T. Madas

Created by T. Madas



Created by T. Madas

Question 9

The steady state temperature distribution u =u(r,0) in a thin metal disc in the shape

of a circular sector of radius 1, satisfies Laplace’s Equation in plane polar coordinates

Ou 1w 1% _
orr ror r296°

It is further given that u(r,0) = u(r,%ir) =0 and g—u(ﬁ,l) =0.
r

Determine a simplified expression for u(r,8).

[You are expected to derive the general solution of the partial equation in variable
separate form|

u(r,H)—Z{(_l) V2k281n(2k9)]
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Question 10
The steady state temperature distribution u =u(r,8) in a circular thin metal disc of

radius 1, satisfies Laplace’s Equation in plane polar coordinates

Ou 1w 1% _
orr ror r296°

) ) 6 Lzco<ly
It is further given that u(1,0) = 2 2
0 otherwise

Determine a simplified expression for u(r,8).

[You are expected to derive the general solution of the partial equation in variable

separate form|
u(r,6)= ancos (lnfr) +%sin(lnﬁ)} r" sin nﬁ}
n 2 n 2
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Question 11

The steady state temperature distribution u =u(r,8) in a circular thin metal disc of

radius 1, satisfies Laplace’s Equation in plane polar coordinates

Ou 1w 1% _
orr ror r296°

T—0 0<é<rx

It is further given that «(1,0) ={ 0 s B
otherwise

Determine a simplified expression for u(r,6).

[You are expected to derive the general solution of the partial equation in variable
separate form|

(o)

n 1-(=1)"
u(r,0) =£+Z r—{sinnéﬂgcosnﬁ]
4 n n

n=l1
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Question 12

The function @ = ®(r,0) satisfies Laplace’s Equation in plane polar coordinates

0°®d 10 1 9°®
S+ ——=
or’ rar r* 96’

V2 = 0.

a) Derive the general solution of the above equation, in variable separable form.

The functions @, = P(r,0) and P, =D, (r,8) satisfy
V@, =0, 0<r<l

Vi, =0,r>1.

It is further given that
o |®(0.0)<M, MeR.

o lim|[®,(r.0)=rcosd]|=0.

r—o0

o @ (16)=0,(L8).

9% 1,9)+3°22

r or

(1,6)=0.

b) Determine expressions for ®, and &, .

D(r,0)= A+Blnr+Z[(Cnr" +Dnr_")cosn49+(Enr" +Fnr_")sinn9} ,

n=l1

®,(r,0)=3rcosb|, |P,(r,0)= rcos0+gcos9

r

[solution overleaf]
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Question 13

The function @ = ®(r,0) satisfies Laplace’s Equation in plane polar coordinates

0°®d 10 1 9°®
S+ ——=
or’ rar r* 96’

V2 = 0.

a) Derive the general solution of the above equation, in variable separable form.

The functions @, = P(r,0) and P, =D, (r,8) satisfy
Vi, =0, r>1

Vi, =0, 0<r<1.

It is further given that
o lim[®(r.6)-rcosd]|=2.

r—>o0

o D, (1,6)=D,(1.6).

o 1+221(1,0)=9%2(1 ).
r or
li D, (r,0)— 61=0.
) rl_r)ré[r 2 (r,8)—cos :|

b) Determine expressions for ®; and &, .

®(r,0)=A+Blnr+ Cr'"+D, r"|cosn@+(E "+ F r " |sinnd ||,
n n n n

n=l

[ 1 |@i(re)=2+(r+L)cost|. |, (r.0)=2+Inr+(r+L)coss

[solution overleaf]
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Question 14

The function @ = ®(r,0) satisfies Laplace’s Equation in plane polar coordinates

’® 190 1 9°d

+=—+——5=0.
or’ rar r* 96’

V2 =

a) Derive the general solution of the above equation, in variable separable form.

The functions @, =®Py(r,0) and ®; =P, (r,0) satisfy
Vid,=0, r>1
Vid, =0, 0<r<1.

It is further given that
o lim[®y(r,0)—2rcosd]|=0.

r—>o0

o lim|rd(r,0)]=0

r—0

09,
or

20,
or

(1,6)=3221(1,6).

b) Determine expressions for ®; and &, .

D(r,0)= A+B1nr+Z[(Cnr" +Dnr_”)cosm9+(Enr” +Fnr_")sinm9} ,

n=l

@ (r.0) =(2r—%)cos 6|, [, (r.0) =3+ 2rcos 0

7

[solution overleaf]
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Question 15

The function @ = ®(r,0) satisfies Laplace’s Equation in plane polar coordinates

’® 190 1 9°d

+=—+——5=0.
or’ rar r* 96’

V2 =

a) Derive the general solution of the above equation, in variable separable form.

The functions @, =®Py(r,0) and ®; =P, (r,0) satisfy
Vid,=0, r>1
Vib, =0, 0<r<1.

It is further given that
o lim[®y(r,0)—rcosd]|=0.

r—0
o @,(0,6)<M,MecR.
o 2d,(1,6)+P,(1,6)=2x.

9P, 99,
or or

b) Determine expressions for ®, and P, .

(1L.o)=221(1,0).

d(r,0)= A+Blnr+Z|:(Cnr” +Dnr_”)cosn€+(Enr’1 +Fnr_")sinm9} :

n=l

@ (r,0)= (r—éjcose , | @y (r,60)=27+4rcos6
r
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Question 16
The function @ = ®(r,0) satisfies Laplace’s Equation in plane polar coordinates

’® 190 1 9°d

+=—+——5=0.
or’ rar r* 96’

V2 =

a) Derive the general solution of the above equation, in variable separable form.
The functions @, = P(r,0), ©, =P, (r,0) and P;=D;(r,0) satisfy
Vi, =0, r>2
Vi, =0,1<r<2
Vi, =0, 0<r<l.
It is further given that

o lim|® (r,0)-rcosd|=0.

r—oo

o,
or

o,

(2,6)=2cos8.
or

(2.0)=

o @,(1,0)=P;(1,0)=coséb.

. 1im{raq’3 (r,@)}=1.

r—0 r

b) Determine expressions for ®;, ®, and P;.

e}

l:l , |®(r,0)= A+Blnr+Z[(Cnr" +Dnr_")cosnl9+(Enr" +Fnr_”)sinm9J ,

n=l

d)l(r,e)zrcos@—icos@ , ¢2(r,9)=%(9r—ijcose, ®5(r,0)=Inr+rcosé

r r
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LAPLACE’S EQUATION

P 10P 1 9°d 09°d
+—— +
ol rdr r?36* 97°

=0, ©=d(r,0,7)

Three Dimensional in Cylindrical Polars
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Question 1
The potential function V.=V/(r,60,z) satisfies Laplace’s equation in cylindrical polar
coordinates, shown below.

OV 19V 1 9%V azv_o

or* ror’ 296° 07

Use separation of variables to show that the radial part of the general solution of
Laplace’s equation in cylindrical polar coordinates, satisfies Bessel’s equation

2
xzd g_+xﬂ+(x2_n2)y:0’ n=0,1,2,3,..
dx dx
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