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Question 1 (*%)

A right circular cylinder has radius 5 cm and height 10 cm.

Use a differential approximation to find an approximate increase in the volume of this
cylinder if the radius increases by 0.4 cm and its height decreases by 0.2 cm.

357 ~109.96..cm>

Question 2 (*%)

y=—4, w#0.

Determine an approximate percentage increase in y , if x decreases by 5%, z
increases by 2% and w decreases by 10% .
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Question 3 (¥%)

The function f depends on # and v so that

f[u(x,y,z),v(x,y,z)]zuv, u=x+2y+z> and v=uxyz.

Find simplified expressions for a—f, aland a—f, interms of x, y and z.
ox dy 0z
a—f: 2xyz+2yzz+yz3 , a—f:4xyz+)czz+xz3 : ai=3xyz2 +)c2y+2xy2
ox dy 9z

Question 4 (*%)

A surface S is defined by the Cartesian equation

x2+y2=25.

a) Draw a sketch of S, and describe it geometrically.

b) Determine an equation of the tangent plane on S at the point with Cartesian
coordinates (3,4,5).

3x+4y=25
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Question 5 (*%)

A surface S is defined by the Cartesian equation
yo+ 2 =38.
a) Draw a sketch of §, and describe it geometrically.

b) Determine an equation of the tangent plane on S at the point with Cartesian
coordinates (2,2,2).

y+z=4
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Question 6  (*%)

The function ¢ depends on u, v and w so that

olu(x.y.2).v(x.y.2).w(x.y.2) |=uv+w.
It is further given that
u=x+2y, v=xyz and w=z°.

By using the chain rule for partial differentiation find simplified expressions for
99 ¢

200 .
—and —qo,mterms of x, y and z.

P dy 0z

l:l, a—(p=2yz()c+y) ¥ a—(p:)cz(x+4y) , %:x2y+2xy2+2z
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Question 7  (*%)

The point P(1,y) lies on the contour with equation x? y+ y2x -6=0.

Determine the possible normal vectors at P

18+ 5]

3i — 5}

b

YAy

Question 8 (*%)

1

The radius of a right circular cylinder is increasing at the constant rate of 0.2 cms™

and its height is decreasing at the constant rate of 0.2 cms ™.

Determine the rate at which the volume of this cylinder is increasing when the radius
18 5 cm and its height is 16 cm.

277 ~84.82..cm>s
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Question 9  (*%)

A curve has implicit equation

x2+2xy+y3=8.

. k| . ; d
Use partial differentiation to find an expression for d_y .
X

No credit will be given for obtaining the answer with alternative methods

d 2x+2
i | L

dx  2x+3y?

et {Gu= Tragsyd s o {Gy)=8

— & - %%a, +(%C«°"
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Question 10  (*%)

A surface § is defined by the Cartesian equation
z=xy(x+y).

Find an equation of the tangent plane on S at the point (1,2,6).

:

8x+S5y—z=12
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= i\; Bt
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Question 11 (*%)

A curve has implicit equation

eV+x+y=1.

Use partial differentiation to find the value of % at (0,0).
X

No credit will be given for obtaining the answer with alternative methods

Created by T. Madas



Created by T. Madas

Question 12 (**+)

The function f is defined as
f(xy.2) =2x+y +xz,
where x=2f, y:t2 and z=3.
a) Use partial differentiation to find an expression for i ,in terms of .

b) Verify the answer obtained in part (a) by a method not involving partial
differentiation.

qaf

=41 +10
di
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Question 13 (**+)

The function ¢ is defined as

¢(x,y,z)5x2+y2+tz+t, t#0,

1
where x =3¢, y=t2 and z=-
t
C _ . ’ do .
a) Use partial differentiation to find an expression for d_ ,in terms of 7.
t

b) Verify the answer obtained in part (a) by a method not involving partial
differentiation.

9941841
dt
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Question 14  (**+)

Plane Cartesian coordinates (x.y) are related to plane polar coordinates (r,8) by the

transformation equations

x=rcos@ and y=rsinf.

a) Find simplified expressions for ﬂ 4 and % ,in terms of r and 6.

ax’$’§ dy

b) Deduce simplified expressions for ﬁ or 9g and % ,in terms of x and y.

8x’$’g dy

or or 00 _ sin@| (00 _cosé
ox r dy r
or X or y 96 _ y 90 x
ox /x2 4 y2 ’ dy 21 y2 “lox 2+ y2 ’ dy 2+ y2
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Question 15  (**+)

The point P(l, Yo» zo) lies on both surfaces with Cartesian equations

x2+y2+z2=9 and z=x2+y2—3.

At the point P, the two surfaces intersect each other at an angle 6.

Given further that P lies in the first octant, determine the exact value of cos@ .
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Question 16  (**+)

The point P(l,l, 2) lies on both surfaces with Cartesian equations

z2(z=1)=x*+xy and z=x"y+xy’.
At the point P, the two surfaces intersect each other at an angle 4.

Determine the exact value of 6.

@ = arccos (Ej
19
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Question 17  (*¥%%)

The point P(—1,1,3) lies on both surfaces with Cartesian equations

z(z-2)=x*-2xy and z=xy(Ax+By),

where A and B are non zero constants.
The two surfaces intersect each other orthogonally at the point P .

Determine the value of A and the value of B.

|A=-14], |[B=-17|

b
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Question 18  (**%)

The function f depends on #, v and ¢ so that
f{u[x(t),y(t),z(t):l,v[x(t),y(t),z(t):l,t} —u’+v+2t.
It is further given that

u=x+y=2z, v=4x-2y—-z and x=2t,y=t2,z=5.

a) Find simplified expressions for a—f, a—fand a—f, in terms of x, y and z.
ox dy 0z

i ) df .
b) Determine an expression for ?f ,in terms of 7.
t

of of 1 of
—=2x+2y—-4z+5|, |[=—=2x+2y—-4z+—=-2|, |=—=—x—-4y+8z—1],
o T oy Y P e

Y _ 43 4122~ 36130
dt
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Question 19 (**%)
The function z depends on u# and v so that

z=(2x+3y)2, u=x>+y> and v=x+2y.

Find simplified expressions for % and g—z ,interms of x and y.
u %

du 2x—vy | |0v 2x—y

0z _ 2x+3y| |0z _2(3x-2y)(2x+3y)
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Question 20 (**%)

The function w = ¢[u (x,3)sv(x, y):l satisfies

x=¢e"cosy and y=e “sinv.

ou du v

v .
Determine simplified expressions for — and —, interms of u# and v.

ox’ ay x dy’

I:I du e “cosv| |du e“sinv| |dv e “sinv| |dv e“cosv
==, =, ==, |—=——

ox  cos2y dy cos2v| |9x cos2v | |dy  cos2v

Menps A — bY Digeer erawnon) %@i‘u—sm}ﬂ&m = Slast dx 4 elamy dy

w= dly)  asdew ,y-elmy = el di = S A" + <
1 2 4 = = -;m\l TR
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Question 21  (¥%%)

A surface S has Cartesian equation
z=x—y%.

a) Sketch profiles of S parallel to the y-z plane, parallel to the x-z plane, and
parallel to the x-y plane.

b) Find an equation of the tangent plane on S, at the point P(1,1,0).

|2x—2y—z=0
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Question 22  (¥*%)

A surface § is given parametrically by

x=atcosh@, x=btsinh @, 2 :tz,
where ¢ and @ are real parameters, and @ and b are non zero constants .
a) Find a Cartesian equation for S .

b) Determine an equation of the tangent plane on § at the point with Cartesian
coordinates (X, y»20) -

2 2
X Y 2 2 2,2
[ =22 [oron—2a% g =a (2 20)
a b
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3= b & 2=k
Z - whp
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Question 23 (**%)

The function z depends on x and y so that

3.2
P2(x,y)=22 " yz0.
X

Show that

0z dZ 5y
XZ—+yz—=2"—=—.
ox Y 0 X

proof
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Question 24 (**%)
The function f depends on # and v where
2 .2

u=2xy and v=x"—y

Assuming x# y, x#0 and y#0, show that

of of { of 8f}
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Question 25 (**%)

The functions F and G satisfy

G(x.y)=F[u(x.y),

v(x%y)],

where u and v satisfy the following transformation equations

u=xcosy, v=xsiny.

Use the chain rule for partial derivatives to show that

HEENHER)

v
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Question 26 (***4)

The function f is defined as

foyz)=x ~75x+3z(y-1)+2°.
The point Q lieson f .
The derivatives at Q in the directions i+ j+k and —i+ j—k , are equal.
a) Show that Q must lie on the surface of a sphere S .
The point P(1,3,a) lieson S.

b) Find a vector equation of the normal line to S at P.
A sphere T is concentric to S and has radius three times as large as that of § .
The normal line to S at P intersects the surface of T atthe points A and B.

¢) Determine the coordinates of A and B.

(% y:2) = 2+1,24+3,2(A+1)5 ||, |A(3,7,6V5) ‘B(-3-5,-65)
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Question 27  (**%4)

The function z depends on x and y so that

z=r2tan9, x=rcosf and y=rsind.

a) Express r and @ in terms of x and y and hence determine expressions for

% and %,interms of x and y.
ox dy

Give each of the answers as a single simplified fraction

b) Verify the answer to part (a) by implicit differentiation using Jacobians

o oy -9) for a3y
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Question 28 (***4)
The function ¢ depends on # and v so that

u

x=2u+e? and y=2v+e?

Without using standard results involving Jacobians, determine simplified expressions

fora—u,a—u,ﬁandi,intermsofu and v.
ox dy Ox dy

du 1 ou e”” e

I: ; $:_2+262(V—u)- ’ $=——2+262(V_u) , a—m ’
v 1

dy 242207
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A= ute | Yee ™ (/m, 2+ 2Ty \‘
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5 | o ™
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Question 29 (***4)

A hill is modelled by the equation

(2.2
£(xy)=300e e ), xeR, yeR.
A railway runs along the straight line with equation
y=x—2.

Determine the steepest slope that the train needs to climb.

_5
+300:/2¢ 2
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Question 30 (***4)

The functions F' and G satisfy
G(u,v)= FI:x(u,v), y(u,v):l ,

where x and y satisfy the following transformation equations.

u+v

u—y

Use the chain rule for partial derivatives to show that

oG . oG __ OF uz—vz{ oG E)G} OF
An SO A PG, [ VA e ) el
ou v ox 2uv dv  du dy

MO N SIupAL Msthed
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Qu\, E-T 1m/ D @py
Ster &Y crpne 3 Re, 3,3 ~ '—v‘%fﬁz_{ L?}gﬂ
)
. o .2 M = =2
S =Y = [ s e (o aE
w | vty T e |
P R (1) I T S
£} el [CED R = - 0w o
2 Tt o9
BY e afmi Role ) aF
X% KW L S oy af (v 2
0 T3y X T (e Yy _ 2GeQn) 3F
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= 2w 3f
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(****)

The function z depends on x and y so that

Z=(u+v)2, x=u?—v?

Show clearly that ...

and y=uv.
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Question 32 (F**%)

The function z depends on x and y so that
z=f(u,v), u=x+y and v=2x-2y.
Show clearly that

0’z _ 0%z _482z
oxdy  ou’ oz

proof
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Question 33  (G¥*¥%F)

The function z depends on x and y so that

z= al where fzf(l—lj.
I+xf y X
Show clearly that
x° %+ y2 % =z%.
ox dy

proof
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Question 34  (¥*¥%F)

The surface S has equation

z=yf[£j,
y

ﬁj is differentiable.

where the function f [
y

Show that the tangent plane at any point on S passes through the origin O

proof
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Question 35  (¥*¥%F)

The functions u =u(x,y) and v=v(x,y) satisfy

u+3v3=3x+y2 and v—2u3=x3—2y.

d(u,v)
d(x.y)

Determine the value of at (x,y)=(0,0).
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Question 36  (**¥%¥)

A surface S has equation f(x,y,z)=0, where

f(wy,2) = 2% +2xy —dx+2y” +2yz -8y — 2> 4z,

a) Show that there is no point on § where the normal to S is parallel to the z
axis and hence state the geometric significance of this result with reference to
the stationary points of S .

S is translated to give a new surface 7" with equation
f(x,y,z)=-56.
The plane with equation x+ y+z =k, where k is a constant, is a tangent plane to 7 .

b) Determine the two possible values of k.

N0 THE Torl R TTTALY 4 MOBMAL PAAUHL TO
Tfe 2 Axs

J
f NO Suf JOND GUTS 4 HHHRAE W0 SraTeef PN

Y e wima o me e o g Cii1)
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Question 37  (¥*¥%F)

A surface S has equation f(x,y,z)=0, where

f(x,y,z)=x2+3y2+2z2+2yz+6xz—4xy—24.

Show that the plane with equation
10x—y+2z=6,

is a tangent plane to S, and find the coordinates of the point of tangency.
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Question 38  (¥*¥%F)

It is given that g is a twice differentiable function of one variable, with domain all
real numbers.

It is further given that for x>0
f(xy)=g(ynx).
Show that

2 2
B_f_ of +xai+ya—f=0.

2 e
o2 Y oxdy dx ~ dy

x“ Inx

proof
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Question 39 (F**¥)

The function w depends on x and y so that
w=f(u), and u=(x—x)(y—y),
where x, and y, are constants.

Show clearly that

2 2
ow _ 9L I
oxdy  ou® ou

proof
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Question 40 (F**¥)

The functions f and G satisfy

G(r.0.0)=f|x(r.0.9), y(r.0.9), z(r.6,9)],

where x, y and z satisfy the standard Spherical Polar Coordinates transformation
relationships

x=rsinfcos@, y=rsinfsing, z=rcosl.

Use the chain rule for partial derivatives to show that

2 2 2 2 > )
o (g 1 T
or rdé rsin@ 0@ ox ady 0z

, |proof

aRny 1 |
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2= rsBeash @« 8 (% : ; i
& Gty + wds | + 4,
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Question 41  (¥**%4)

It is given that
z2(xy)=f(u.v),
so that
u=)c3+y3 and v=

Y
X

a) Use the chain rule to show that

x%+y%=3uai and yx3%— 3%=uvai

Xy ¢
ox ~ dy ou dy ox v
b) Hence show further that

v%:a_y and %: vzi.
ou du ov v

proof
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Question 42  (F**E4)

It is given that f and g are differentiable functions of one variable, with domain all

real numbers.

It is further given that for x>0

F(x,y)=f[x2+y2+g(3x—2y)]

If the function y = y(x) is a rearrangement of F(x,y)=0, show that

3d—g+2x
ﬂ: du
de ,ds_,,
du

where u =3x-2y
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Question 43 (¥**%4)

The surface S has Cartesian equation
z=f(xy).
The tangent plane at any point on S passes through the point (0,0,=1).

Show that

dz 0z
—+y—-z=1.
xax yay :

proof
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Question 44 (Gr¥¥%F)

It is given that the function f depends on x and y. and the function g depends on
u and v , so that

f(xy)=g(uv), u=x*—y* and v=2xy.

a) Show that

og 282g 32g 2828
=2—=>+4 +8 +4 )
P P R W N P

. . o> f
and find a similar expression for ? .

J

b) Deduce thatif f(x,y)=x+y

2 2
98 98 _
ou> o’

proof
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Question 45 (Gr¥¥%F)

Created by T. Madas

The function z depends on x and y so that

z=f(uv), u=x=2y and v=x+2y.

Show that the partial differential equation

can be simplified to

, |proof
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Question 46 (F**%%)

The above partial differential equation is Laplace’s equation in a two dimensional
Cartesian system of coordinates.

Show clearly that Laplace’s equation in the standard two dimensional Polar system of
coordinates is given by

ort. ror r?96°

09 139 1%
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Question 47  (F*FEF)

It is given that for ¢ =@(x,y) and =y (x,y)

9 _ g 2.
ox dy dy ox

Show that the above pair of coupled partial differential equations transform in plane
polar coordinates to

oy 1d¢

or roé or rof

Il
I
o
=
o
Il

proof
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