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Leibniz Theorem

If y=u(x)v(x) then

r

o -1)(n-2
Yn = Z[njurvn—r = Uy T nu,_ +%un—2v2 + n(n 3)(" )

r=l1

d"u d™y
where U, = o and Vor = o
dx dx

n'? order differential coefficients

d" ! i
i (xa):y”:(afn)!aa '
d” (eax): e

n

. . T
(sinax)=y, =a"sin ax+2=
dx" 2

n

T
(cosax) =y, =a" cos ax+ =
dx" 2

n

(sinhax)=y, =

a" [[1 —(-1)" } sinh ax + [1+ (—l)nJcosh ax}

=

dx"

n

—(coshax)=y, = %a" [[1 + (—1)n}sinh ax+ [1 — (—1)"}cosh ax}

dx
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Question 1

Use the Leibniz rule to find a general solution, as an infinite series, for the following
differential equation

2
(1+x2)d—g+xﬂ—4y=0.
dx dx

y= A(1+2xz)+Bx(l+%x2 —%x4 +%x6 +)

Created by T. Madas



Created by T. Madas

Question 2

Use the Leibniz rule to find a general solution, as an infinite series, for the following
differential equation

d*y d
2 Y Y _
(1+.X )?—35—5)7—0

— 524154, 5 6, 5 8 .3 10 4.2, 8 4
y—A(l+2x + g X +16x +128x +256x +...)+Bx(l+3x +15x )
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Question 3

Use the Leibniz rule to find a general solution, as an infinite series, for the following
differential equation

d’y  dy

—+2xy=3,
dx? dx !

subject to the boundary conditions y =0, ? =1 at x=0.
X

13,2 13 1A L5 11,61 .7
YEXASX TN 7Y T3 T7a0r Te30”t ¢
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Question 4

Use the Leibniz rule to find a general solution, as an infinite series, for the following
differential equation

d2
x—y+ﬂ+xy=1.

dx®  dx

Give the final answer in simplified Sigma notation.

n=0 n=0
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Question 5

Use the Leibniz rule to find a general solution, as an infinite series, for the following
differential equation

2
xd—§+ﬂ+xy=1,
dx” - dx

subject to the boundary conditions y =1, ? =2 at x=0
X

Give the final answer in simplified Sigma notation.

_1 n 9 n !
y= ( ) xZn +2x ( ) n: oy
2" (2n+1)!
n=0 n=0
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Question 6

Chebyshev’s equation is shown below

2
(1—x2)ﬂ—xﬂ+n2y:0, n=0,1,2,3..
dx? dx

Find a series solution for Chebyshev’s equation, by using the Leibniz method

y:
O L T o D L Gt o
X 3 X 5) X Py X
) +
5 l_ﬁxz_n2(4—n2)x4_n2(4—n2)(16—n2)x6_n2(4—n2)(16—n2)(36—n2)x8_m
2! 41 6! 8!

Created by T. Madas



Created by T. Madas

Question 7

Use Leibniz rule to find a solution, as an infinite series, for the following differential
equation

2
4(x+1)d—§+2@+7:2y=0.
dx dx

Give the final answer in simplified Sigma notation.
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Question 1

(x+l)%—(x+2)y=0, y(0)=1.

a) Find the solution of the above differential equation, by separation of variables.
b) Show that the solution can be written as

. 32,23, 5 4,15 6
y—1+2x+2x LR e T R +0(x )

¢) Assuming a solution of the form

[e’e)

y= E ax’,

r=l1

use the Frobenius method to verify the answer of part (b).

y=(x+1)e"
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Question 2

Chebyshev’s equation is shown below

2
(1—x2)ﬂ—xﬂ+n2y:0, n=0,1,2,3..
dx? dx

Find a series solution for Chebyshev’s equation, by using the Frobenius method.

y=
O L T o DO Lt o
X 3 X S) X Py X
) +
5 l_ﬁxz_nz(él—nz)x _n2(4—n2)(16—n2)x _112(4—112)(16—112)(36—112))C
2! 41 6! 8!
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Question 3

Find the two independent solutions of the following differential equation

d’y dy
—+x—+y=0.
dx* dx Y

Give the final answer in simplified Sigma notation.
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Question 4

Find the two independent solutions of the following differential equation

2 Ny Ay
(x —1)?+4xa+2y—0, I <1.

Give the final answer in simplified form without involving infinite sums.
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Question 5
Find the two independent solutions of the following differential equation

(xz—l)%+x%—y=0.

Give the final answer in simplified Sigma notation.

y=Ax+B|1- E St
n.(n+1)!

n=0
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Question 6

Use the Frobenius method to find a general solution, as an infinite series, for Airy’s
differential equation

2
Z;j xy=0.

Give the final answer in simplified Sigma notation.
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Question 7

Find, as a series, a solution of the following differential equation

Give the final answer in simplified form up and including the term in xS,

y=Ax

1,214, 1.6 1 .8
I:I, +B[1+2x 24% T540% ~ 7638~ +}

21,1 ,..1.2, 1 3, 7 4,1 .5 29 .6
+x [2+3x+8x +30x +720x +315x +40320x +o }
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Question 8

Find the two independent solutions of Legendre’s equation

d* d
(l—xz)ﬁ—Zxd—z+n(n+l)y:0, ne R.

A_l_(n+l)nx2+(n+3)(n+1)n(n—2) x4_(n+5)(n+3)(n+l)n(n—2)(n—4) x6 +}

B_x_(n+2)(n—l) E +(n+4)(n+2)(n—l)(n—3) E _(n+6)(n+4)(n+2)(n—l)(n—3)(n—5) J +]

2! 4! 6!

_|_

3! 3! 7!
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Question 9

Find one series solution for the Legendre’s equation

d*y . dy
(l—xz)?—2x5+n(n+l)y:0, nelR,

about x=1.
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FROBENIUS
METHOD

[2" order O.D.E.s, where the roots of the indicial equation do not differ by an integer]
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Question 1

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
4x2%—4x%+(3—4x2)y=0.
X X

Give the final answer in terms of elementary function.

y= \/;(Acoshx+ Bsinhx)

Created by T. Madas



Created by T. Madas

Question 2
Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
—dy+1—1dy y—O.
dx? 2x ldx 2x*

Give the final answer in simplified Sigma notation.

! 1
[ ] |y=ax ﬁ(“‘x)r +Bx2e™
r+1)!

r=0
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Question 3

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2

=0.
dx>  dx 0

Give the final answer in simplified Sigma notation.

~ 1 — + 2 3 — X
yAXF(3)Z riIx3TxC(32H) +Bxx3xr(3)Z: rix3"xI(353)
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Question 4

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
3xd—§+4§+z=0.
dx dx

Give the final answer in simplified Sigma notation.
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Question 5

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
36x2%+36x2y+5y=0.
X

Give the final answer in simplified Sigma notation.

D) | reals) | (5]
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Question 6

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
2xd—§+ﬂ+y=0.
dx~ dx

Give the final answer in simplified Sigma notation.

-
N (—2x) A+ BJ/x
(Zr)! 2r+1

r=0
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Question 7

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

22 d*y dy

P —xa+y—xy=0.

Give the final answer in simplified Sigma notation.

(o] (o)
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Question 8

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
3zd—f+2@+x=o.
dt dt

Give the final answer in simplified Sigma notation.
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Question 9

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
2x%+(x+l)%—2y=0.
X X

Give the final answer in simplified Sigma notation.

e}

1 _1\? | n+3
y:A(1+2x+lx2)+Bx2 1+lx+lx2—3 ( 1) (2n+1).x
. 202 2" n!(2n+7)!

n=

Created by T. Madas



Created by T. Madas

FROBENIUS
METHOD

[2" order O.D.E.s, where the roots of the indicial equation differ by an integer but one of the coefficients is undetermined]
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Question 1

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
%+y:0.
$°

y=Acosx+ Bsin x
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Question 2

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

Give the final answer in a simplified form.

y = Asinh x + B cosh x
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Question 3

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

Give the final answer in simplified Sigma notation.

) CO" | pr(3) (1) 5
— 24rxr!><l"(%) 4 7 24r><r!><1"(4”f‘j‘5)

S
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Question 4

The above differential equation is known as modified Bessel’s Equation.

Use the Frobenius method to show that the general solution of this differential

equation, for n = A is

_1
y=x 2[Acoshx+ Bsinhx]|.

proof
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Question 5

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
Q—xyzO.

dx’

Give the final answer in simplified Sigma notation.

v | Ar(3)  Br(3)
Lo 1, y:Z - Foort 3r7+:jt

Created by T. Madas



Created by T. Madas

Question 6

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

Give the final answer in simplified Sigma notation.

(o)

VR N el G i
\/; (Zn)!

n=0
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FROBENIUS
METHOD

[2" order O.D.E.s, where the roots of the indicial equation differ by an integer but no coefficient is undetermined]
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Question 1

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation
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Question 2

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
d y+(x+2)ﬂ

x ———
dx? dx

-2y=0.

y=A 1+x+lx2 +B (l+x+lxzjlnx+l 1—4x—10x2—2x3+0(x4)
6 6 12

x_
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Question 3

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
xd—§)+ @—yzo.
dx dx
(o] e oo r
y=A Zx— +B ln)cz:x—+i 1—x+lx2+£x3+0(x4)
ri(r+2)! ri(r+2)! %2 4 36
r=0 r=0
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FROBENIUS
METHOD

[2" order O.D.E.s, where the indicial equation has repeated roots]
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Question 1

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

d’y . dy
—+—+xy=0.
* dx? - dx 4
oo [eS] oo n
y=A (_1)" (lx)zn +B|Inx (_1)” (lx)zn + (_1)” ( 1 x)zn
(n1)* \2 (n1)? 2 m(n))’
n=0 n=0 n=l m=1
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Question 2

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

x%+%—3y=0.
y—AZ{(3x);}+B lan{(?’x);}-ZZ{ (3x)r2]
r=0 (r!) r=0 (r!) n=l  m=l m(n')
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